Incentives in Market Design: Robust Auction Theory and Applications to Electricity Markets

Jirawat (Jerry) Anunrojwong

Submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
under the Executive Committee
of the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2025



© 2025
Jirawat (Jerry) Anunrojwong

All Rights Reserved



Abstract
Incentives in Market Design: Robust Auction Theory and Applications to Electricity Markets

Jerry Anunrojwong

Markets coordinate decisions of and interactions between agents and allocate resources. This
coordination requires a deep understanding of the operational details of each particular market:
who the participants are, what they have, what they know, and how they can interact.

While some markets form spontaneously, most markets do not. All of the aforementioned mar-
kets are human constructs that must be thoughtfully designed and optimized to function effectively
and equitably. A common thread throughout this thesis is the critical role of participants’ strategic
behavior and their interplay with constraints on market structure, available resources, and infor-
mation access. This thesis explores two themes in markets: robustness, and applications to energy
markets and battery operations.

Chapters 1 and 2 comprise the first theme. Traditional market design solutions often assume
that the designer knows the environment perfectly, but (i) this knowledge is often neither avail-
able nor reliable, and (ii) the optimal mechanism prescribed by the theory is often too complicated
or fine-tuned to the details of the environment, to be used in practice. Our work on robust auc-
tion design aims to design mechanisms that perform “well” against any “reasonable” shifts in the
environment.

One of the fundamental questions in market design is how to optimally sell an item. Devel-



oping mechanisms that are robust to incomplete information has remained an open question. In
Chapter 1, based on [1], we formalize and answer this question. We consider a seller optimizing
over dominant strategy incentive compatible (DSIC) mechanisms to minimize the worst-case gap
between mechanism revenue and the benchmark, where the only thing known about the value dis-
tribution of n buyers is the upper bound and the correlation structure. Surprisingly, despite the
rich class of DSIC mechanisms, we find the optimal mechanism is a second-price auction (SPA)
with random reserve, which remains optimal across a range of distribution classes capturing pos-
itive dependence, including i.i.d. and affiliated distributions. This provides an explanation for the
widespread use of SPA in practice.

In practice, while we do not have complete knowledge about the environment, we often do
have partial knowledge and we aim to incorporate side information into the robust framework. In
Chapter 2, based on [2], we extend the previous work by analyzing the role of support information
[a, b] of buyer valuations. We show that if a/b is below a threshold, second-price auctions (SPA)
is optimal; if a/b is above another threshold, SPAs are now strictly suboptimal, and a new class of
mechanisms we call pooling auctions (POOL) is optimal; if a/b is between the two thresholds, a
randomization between SPA and POOL is optimal.

Chapter 3, based on [3], comprises the second theme, studying the impact of incentives and
market power for battery operations in electricity markets. Grid-scale batteries have become much
bigger just in the last few years to shift demand from the growing renewables from when the sun
shines and the wind blows to when people need energy. Because these privately-owned big batter-
ies maximize profit, they may not be fully aligned with the system goal of minimizing system cost.
We propose an analytically tractable model that captures salient features of the highly complex
electricity market. We analyze the resulting battery behavior and generation cost in three operat-
ing regimes: (i) no battery, (ii) centralized battery minimizing system cost, and (iii) decentralized
battery maximizing profit. We show that a decentralized battery distorts its discharge decisions

in three ways. First, there is quantity withholding, i.e., discharging less than centrally optimal.



Second, there is a shift in participation from day-ahead to real-time. Third, there is reduction in
real-time responsiveness, or discharging less in response to smoothing real-time demand than cen-
trally optimal. We quantify each of the three forms of distortions in terms of market fundamentals
through Price of Anarchy (PoA) and prove that PoA is always between 9/8 and 4/3. We cali-
brate our model to real data from Los Angeles and Houston and show that the loss from incentive
misalignment could be consequential, but still relatively small compared to the gains from having

enough battery capacity.
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Introduction

This thesis focuses on the role of incentives in the design and analysis of markets, and their
implications on the form of market structure, robust value of information, and market power.

The first two chapters of the thesis focus on the fundamental theory of auction market design,
with an emphasis on how to design auctions with optimal worst-case revenue guarantees in settings
with limited available information. Classical Bayesian mechanism design relies on the common
prior assumption, but the common prior is often not available in practice. In Chapter 1, we study
the design of prior-independent mechanisms that relax this assumption: The seller is selling an
indivisible item to n buyers such that the buyers’ valuations are drawn from a joint distribution that
is unknown to both the buyers and the seller (only the upper bound is known), buyers do not need
to form beliefs about competitors, and the seller assumes the distribution is adversarially chosen
from a specified class. We measure performance through the worst-case regret, or the difference
between the expected revenue achievable with perfect knowledge of buyers’ valuations and the
actual mechanism revenue. We study a broad set of classes of valuation distributions that capture
a wide spectrum of possible dependencies: independent and identically distributed (i.i.d.) distri-
butions, mixtures of i.i.d. distributions, affiliated and exchangeable distributions, exchangeable
distributions, and all joint distributions. We derive in quasi-closed form the minimax values and
the associated optimal mechanism. In particular, we show that the first three classes admit the

same minimax regret value, which is decreasing with the number of competitors, whereas the last



two have the same minimax regret equal to that of the case n = 1. Furthermore, we show that the
minimax optimal mechanisms have a simple form across all settings: a second-price auction with
random reserve prices, which shows its robustness in prior-independent mechanism design. En
route to our results, we also develop a principled methodology to determine the form of the opti-
mal mechanism and worst-case distribution via first-order conditions that should be of independent
interest in other minimax problems.

In Chapter 2, we study the same setting, but now we assume that both the lower bound a and the
upper bound b of the support of the buyers’ valuations are known. To be robust, the seller chooses a
DSIC mechanism that optimizes the worst-case performance relative to the ideal expected revenue
the seller could have collected with knowledge of buyers’ valuations. Our analysis unifies the
regret and the ratio objectives.

For these objectives, we derive an optimal mechanism and the corresponding performance in
quasi-closed form, as a function of the support information [a, b] and the number of buyers n.
Our analysis reveals three regimes of support information and a new class of robust mechanisms.
i.) When a/b is below a threshold, the optimal mechanism is a second-price auction (SPA) with
random reserve, a focal class in earlier literature. ii.) When a/b is above another threshold, SPAs
are strictly suboptimal, and an optimal mechanism belongs to a class of mechanisms we intro-
duce, which we call pooling auctions (POOL); whenever the highest value is above a threshold,
the mechanism still allocates to the highest bidder, but otherwise the mechanism allocates to a
uniformly random buyer, i.e., pools low types. iii.) When a/b is between two thresholds, a ran-
domization between SPA and POOL is optimal.

We also characterize optimal mechanisms within nested central subclasses of mechanisms:
standard mechanisms that only allocate to the highest bidder, SPA with random reserve, and SPA
with no reserve. We show strict separations in terms of performance across classes, implying that
deviating from standard mechanisms is necessary for robustness.

In Chapter 3, we consider the impact of incentives and strategic behavior in a particular mar-



ket: battery operations in electricity markets. Electric power systems are undergoing a major
transformation as they integrate intermittent renewable energy sources, and batteries to smooth out
variations in renewable energy production. As privately-owned batteries grow from their role as
marginal “price-takers” to significant players in the market, a natural question arises: How do bat-
teries operate in electricity markets, and how does the strategic behavior of decentralized batteries
distort decisions compared to centralized batteries? We propose an analytically tractable model
that captures salient features of the highly complex electricity market. We derive in closed form
the resulting battery behavior and generation cost in three operating regimes: (i) no battery, (ii)
centralized battery, and (ii) decentralized profit-maximizing battery. We establish that a decentral-
ized battery distorts its discharge decisions in three ways. First, there is quantity withholding, i.e.,
discharging less than centrally optimal. Second, there is a shift in participation from day-ahead to
real-time, i.e., postponing some of its discharge from day-ahead to real-time. Third, there is reduc-
tion in real-time responsiveness, or discharging less in response to smoothing real-time demand
than centrally optimal.

We also quantify the impact of the battery market power on total system cost via the Price of
Anarchy metric, and prove that the it is always between 9/8 and 4/3. That is, incentive misalign-
ment always exists, but it is bounded even in the worst case. We calibrate our model to real data
from Los Angeles and Houston. Lastly, we show that competition is very effective at reducing
distortions, but many market power mitigation mechanisms backfire, and lead to higher total cost.
The work provides stakeholders with a framework to understand and detect market power from bat-
teries. It also shows that the potential loss from battery market power is relatively small compared
to the cost reduction achievable from having enough battery capacity in the system. Therefore,
independent system operators in rapidly changing markets might want to prioritize market entry of

batteries and only shift to market power mitigation once the market is more mature.



Chapter 1: On the Robustness of Second-Price Auctions in

Prior-Independent Mechanism Design

1.1 Introduction

One of the most fundamental questions in all markets is how to optimally sell an item. Selling
mechanisms have been prevalent throughout history, and they have been systematically studied in
the literature on optimal mechanism design dating back to the seminal work of [4]. The theory
is elegant and has led to an extensive literature. The classical theory, however, has a major con-
ceptual limitation encapsulated through the common prior assumption. It assumes that both the
seller and the buyers know the distribution of valuations of buyers and act optimally according
to this prior. This leads to mechanisms that depend on the detailed distributional knowledge and
the strategic and informational sophistication of the buyers, which are often not available in prac-
tice. This fundamental need to develop mechanisms that are “more robust” and less sensitive to
modeling assumptions is often referred to as the “Wilson doctrine” [5]. While there have been an
emerging literature on the topic in the last decades, the general derivation of appropriately “good"
mechanisms has been an open question, with few exceptions noted below. In the present chapter,
we make progress in understanding “good" prior-independent mechanisms across a variety of envi-
ronments. Quite strikingly, the mechanisms we obtain are minimax optimal across a broad variety
of classes of distributions typically considered.

In particular, this chapter focuses on the classical mechanism design setting in which a seller
wants to sell a good to n buyers. The buyers’ valuations are unknown to the seller and are assumed
to be drawn from a joint distribution F. In the classical mechanism design literature, F is assumed

to be known to the seller and the buyers. Here, we consider a prior-independent setting: while we
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still assume that the buyers’ valuations are drawn from a distribution, the buyers and the seller do
not know this distribution. We will only assume that the seller knows that the distribution belongs
to a class ¥ (we will analyze many such classes). Similarly, we will assume that the buyers do
not know the underlying joint distribution. We will therefore focus only on mechanisms that are
dominant strategy incentive compatible (DSIC): each buyer finds it optimal to report the truth
independent of all the other buyers’ valuations and strategies.

To quantify the performance of mechanisms, we will focus on the worst-case regret, or the
difference between the ideal expected revenue the seller could have collected with knowledge of the
buyers’ valuations and the expected revenue garnered by the actual mechanism. Because the seller
does not know the distribution, we assume the seller selects the mechanism that performs well
against any element in the class of distribution. In more detail, we take a minimax approach: the
seller selects a mechanism that minimizes the worst-case regret over all admissible distributions.
We refer to Section 1.2.1 for discussions on the choices of the benchmark, objective, as well as our
informational assumptions.

Our problem can be understood as a zero-sum game between the seller, who selects a mecha-
nism, and Nature, who best-responds by choosing a distribution. We focus on bounded valuations
and 1n this class, we will also consider a broad set of natural classes of joint distributions of valu-
ations: independent and identically distributed (i.i.d.) distributions, mixtures of i.i.d. distributions,
affiliated and exchangeable distributions, exchangeable distributions, and all joint distributions.

We aim to characterize the minimax optimal mechanism and its associated performance.

1.1.1  Summary of Main Contributions

Our main contributions can be summarized at a high level in Figure 1.1. The unified frame-
work and techniques we develop yield the minimax optimal mechanisms for regret for any number

of buyers n and across the classes of bounded i.i.d. distributions,! two central classes that capture

Note that in the i.i.d. case, we do not impose shape restrictions on the distribution such as regularity. However, as
we will see later, the worst-case distribution is regular, so the minimax optimal mechanism is exactly the same under



dependence in valuations (exchangeable and affiliated distributions, and mixtures of i.i.d. distri-
butions), exchangeable distributions, and all joint distributions. Furthermore, we show that a cen-
tral mechanism emerges: the same mechanism is minimax optimal across the classes of bounded
1.1.d. distributions, mixtures of i.i.d. distributions, and affiliated and exchangeable distributions.
Our approach also yields optimal mechanisms for the exchangeable distributions and general dis-
tributions. A striking feature of our results is that optimal mechanisms have a surprisingly simple
form: across all our settings second-price auctions with random reserve prices attain the optimal
minimax regret. Our results thus speak to robustness of second-price auctions in prior-independent

settings.

exchangeable and
affiliated distributions

ii.d. . i | exchangeable | C all
distributions distributions distributions

same minimax optimal
mechanism and performance
(reduceston =1)

mixture of
1.1.d. distributions

..........................................................................

same minimax optimal
mechanism and performance
(depends on n)

Figure 1.1: Summary of minimax optimal mechanisms and performances derived for different
distribution classes.

The case of i.i.d. valuations. We start by studying the case of i.i.d. valuations. Our main in-
novation is a principled methodology to come up with the candidate optimal mechanism and the

worst-case distribution via a saddle point argument. More specifically, assuming that a saddle

the class of regular i.i.d. distributions (cf. Remark after Theorem 1).



point exists and that the optimal mechanism is a second-price auction with random reserve (along-
side a few regularity conditions), we derive necessary conditions for the structure of a worst-case
distribution (cf. Proposition 10) and the distribution of reserve prices (Proposition 11). We can
then establish the optimality of this mechanism, without any additional assumptions, via saddle
inequalities. The main result is presented in Theorem 1. In particular, this result yields the exact
structure, in quasi-closed form, of the minimax optimal mechanism. The distribution of the ran-
dom reserve price has to be constructed carefully, however, and is determined by a solution to a
particular ordinary differential equation.

A corollary of our analysis specialized to the case of a single buyer recovers the results of [6].

The case of positively dependent valuations. In addition to the i.i.d. case, we study two central
classes that capture the possibility of positive dependence. The first is the notion of affiliation,
which was studied under the name multivariate total positivity of order 2 (MTP;) in statistics [7,
8]. Affiliation was introduced to the mechanism design literature by [9] and has since become
standard in Bayesian mechanism design. To the best of our knowledge, this work is the first to
analyze affiliated distributions in a robust (minimax regret) setting. We establish, quite notably,
that the optimal mechanism against i.i.d. distributions is also minimax optimal against this broader
class (Proposition 2). We establish this result through another saddle point argument, where the
key is to control for the impact of allowable dependencies across valuations. We also establish
a similar result for the class of mixtures of i.i.d. distributions, which are used extensively in the
statistics literature due to their remarkable modeling power [10].

In other words, as shown in Figure 1.1, a second-price auction with carefully constructed dis-

tribution of reserve price is minimax optimal against a variety of classes of distributions.

General Insights. We then use our results to study a variety of related questions. First, we ex-
plore in more detail the structure of optimal mechanisms and the associated performance. In par-

ticular, we can quantify, for any number of buyers, the best performance achievable. In Table 1.1,
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we provide an example of the minimax regret with valuations in [0, 1].

number of buyers 1 2 3 4 5 10 00
minimax regret || 0.3679 | 0.3238 | 0.3093 | 0.3021 | 0.2979 | ... | 0.2896 | 0.2815

Table 1.1: Minimax regret as a function of the number of buyers » for valuations in [0, 1].

In order to obtain a baseline performance and to quantify the value of mechanism design in
a prior-independent environment, we also characterize the worst-case performance of two natu-
ral benchmark mechanisms: a Vickrey auction, i.e., a second-price auction with no reserve, and
also a second-price auction with a deterministic reserve price (cf. Proposition 5). Quite notably,
the worst-case performance of these mechanisms are similar across the the classes of i.i.d., ex-
changeable and affiliated, and mixtures of i1.i.d.. These results are of independent interest, as they
characterize the worst-case performance of commonly used mechanisms.

We establish that the optimal minimax mechanism yields significant improvements over both
mechanisms. In particular, a reserve price is very valuable in prior-independent environments and
the use of a randomized reserve price is also critical to minimize the worst-case regret.

The results also allow us to characterize the impact of increased competition in prior-independent
environments. We characterize the minimax regret as the number of agents grows large (cf. Corol-
lary 2). In particular, we establish that even with large number of buyers, our optimal mechanism
(second-price auction with random reserve) still performs better than the standard second-price
auction. Our results also highlight that as the number of buyers grow large, the minimax regret
does not shrink to zero as the number of buyers grow large, and the limiting minimax regret can
be fully characterized. This apparently counter-intuitive result is driven by the fact that we allow
the worst-case distribution to depend on n; Nature can select (n-dependent) distributions that limit
(but not eliminate) the value of increased competition for the seller. Furthermore, this phenomenon
is robust to the choice of the benchmark. In fact, when taking the alternative benchmark associ-
ated with optimal revenues achievable with knowledge of the distribution of values, we can show

(Proposition 16) that for any n, the minimax regret also does not shrink to zero as n increases, and
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is at least e=2 ~ 0.1353.

The case of arbitrary joint distributions. Finally, we also show that our framework readily
yields a minimax optimal mechanism in the case of general exchangeable distributions or general
distributions (cf. Proposition 4). In these two cases, the problem in essence reduces to the case
with a single agent (n = 1) in terms of achievable performance. Intuitively, with arbitrary joint
distributions, nature may simply select only one “effective” buyer and not allow the seller to capi-
talize on competition across buyers. Our framework recovers the result for minimax regret against
general distributions obtained in [11].

We also note that our minimax problems are in general non-convex because of the restriction
on the classes of distributions Nature can optimize over. This is in sharp contrast to other robust
mechanism design problems studied in the literature, such as those in [6] and [12], where the
minimax problems are bilinear and, thus, efficiently solvable.

More broadly, there has been significant open questions on how to operate in prior-independent
environments and on the type of achievable performance in mechanism design in the absence of
priors (see, e.g., discussions in [13]). The present work can be seen as providing a broad spectrum
(across distribution classes and number of buyers) of exact/tight characterization of achievability
results in mechanism design without priors when the benchmark is the maximal value achievable.
The results and techniques developed here may open up the possibility of characterizing minimax

performance against alternative benchmarks or with alternative information structures.

1.1.2 Related Work

Our work is related to the streams of work on auction design and mechanism design, pioneered
by [14, 4, 15]. We refer the reader to the monographs by [16] and [17] for a review of classical
materials on auction design and mechanism design. These works set a stage for classical Bayesian

mechanism design for subsequent works, but they share an assumption that the distribution of



valuations is common knowledge to both the buyers and the seller.

The present work contributes to a stream of work that aims at weakening the knowledge of the
seller, in the spirit of Wilson’s early call for detail-free mechanisms [5].

In the context of one agent, the problem reduces to that of pricing, and the early works most
closely related to our work are [6] and [18]. [6] considers a minimax regret problem, while [18]
considers a maximin ratio problem. Both papers consider the one-bidder case only. In the orig-
inal formulations of the two papers, [6] considers the first-best benchmark, while [18] considers
the second-best benchmark. An argument analogous to the proof of our Proposition 15 in Ap-
pendix A.6 immediately implies that in the one-bidder case, the first-best and the second-best
benchmarks are equivalent.

Both [6] and [18] specifically consider the random-posted-price mechanism class. In the one-
bidder setting, any DSIC mechanism is equivalent to posting a random price, so their settings
directly correspond to ours, and [6] is an immediate corollary of our results for n = 1.

However, there are unique problem features (and associated technical and conceptual compli-
cations) that arise in the presence of competing buyers (n > 2) in our work that do not arise in the
n = 1 case. In the latter case, any DSIC mechanism is a random posted price, so the only question
involves determining this optimal distribution of posted prices, but in the n > 2 case, there is no
such characterization. In a sense, the class of DSIC mechanisms is “large” and “unstructured.” In
particular, it is not obvious a priori that the optimal mechanism class should be SPA. We consider
identifying SPA as a focal mechanism class to consider as one of our main contributions.

Furthermore, the different distribution classes that we consider in our work (cf. Figure 1.1)
become distinct only for n > 2; for n = 1 they all collapse to the same distribution class. Then > 2
case is also structurally different from the n = 1 case because the n = 1 case is bilinear, that is, the
objective is linear in both the seller’s mechanism and Nature’s distribution and the problem can be
efficiently solved via linear programming duality as in [11, 12]. In contrast, for n > 2 the objective

is still linear, in the seller’s mechanism but is no longer linear in Nature’s distribution, and we need
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to introduce new techniques to solve this problem.

[11] considers a minimax regret problem with multiple bidders and multiple items. They also
consider the first-best benchmark and the class of DSIC mechanisms. Each bidder’s utility is
assumed to be additive in each item, and the resulting mechanism separates across items. They also
let the distributions be arbitrary, and only bounds on the support are known; it is straightforward
to adapt our argument from Section 4.3 to imply that arbitrary distributions for any n reduces to
n = 1. The optimal mechanism exhibited in [11] is the same as our optimal mechanism for %
given in Proposition 4, Section 1.4.3 in our work.

The concurrent work of [19] considers maximin revenue rather than minimax regret, so there
is no benchmark. They consider the mechanism with the highest worst-case over the class of
1.1.d. distributions with known upper bound on the support and known mean. In the setting of our
work (in which only the upper bound is known) the maximin revenue is trivially zero, achieved
when Nature chooses the distribution that is always zero. Furthermore, they restrict the mechanism
class to second-price-auctions (SPA) with random reserve, and characterize the robustly optimal
SPA for every number of bidders n > 1. They prove that a SPA is also optimal in the class of
all DSIC mechanisms when n < 2. It remains open to characterize the optimal mechanism for
n > 3. In contrast, we show that for the minimax regret objective, a SPA is optimal over all DSIC
mechanisms for all n > 1 and over different distribution classes.

In the context of prior-independent mechanism design, very few optimality results are available.
In an approximation ratio context, and with the benchmark of optimal revenue with knowledge
of the distribution, initial guarantees against regular distributions are obtained in [20] through a
reinterpretation of the classical results of [21], and these are later improved in [22] and [23] for
two buyers, together with impossibility results. Optimality results are obtained for two buyers with
monotone hazard rate distributions in [23] and in [24] for regular distributions. We also refer the
reader to [25] for a survey.

Our work also relates to the design of optimal pricing and mechanisms with limited data. Some
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works assume access to samples drawn from the distribution [26, 20, 27, 28, 29, 30, 31]. Other
works assume knowledge of summary statistics of distributions; see, e.g., [32, 33, 34, 35].

Here, we focus on dominant strategy incentive compatible mechanisms. This is also motivated
by the fact that buyers often have limited aggregate information about the market. We refer the
reader to [36] for a formal justification for this assumption. Other works make different assump-
tions about the buyers. For example, [37, 38] assume that the buyers have ambiguity sets about the
valuations or distributions of other buyers.

Robustness has received significant attention in the mechanism design and contracting litera-
tures and we refer the reader to the recent survey [39]. We highlight here that a different form
of robustness is often also studied: robustness to the information structure such as higher order
beliefs and type spaces; see, e.g., [40]. The concurrent work of [41] studies optimal auction design
with mean constraints that is robust in this sense. In particular, he considers the class of arbi-
trary (not necessarily i.i.d.) distributions with bounded support and known marginal means, and
the objective is maximin revenue (no benchmark). Most importantly, the seller is allowed to use
any mechanism, that is not necessarily DSIC, and the solution concept is Bayes-Nash equilibrium
rather than dominant strategy equilibrium. The calculation of Bayes-Nash equilibrium involves
not just the valuation distribution itself, but also the information structure, i.e., who knows what,
and who knows about who knows what, and so on (higher order beliefs). [41] assumes that Nature,
apart from adversarially selecting a distribution from a distribution class, also adversarially selects
an information structure as well. He first restricts the mechanism class to SPA and characterizes
an optimal distribution of reserve prices. He then shows that the SPA is optimal among a broader
class of mechanisms he calls “competitive” but it remains open to show whether a SPA is optimal
among all mechanisms.

Lastly, there are also works on optimal robust mechanisms for selling multiple goods under

various objectives and knowledge assumptions; see, e.g., [42, 43].
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1.2 Problem Formulation

The seller wants to sell an indivisible object to one of n buyers. The n buyers have valuations
drawn from a joint cumulative distribution F.> We assume that the seller does not know the distri-
bution of valuations of buyers F, and only knows the upper bound of the valuation of each agent,
normalized to 1. That is, the seller only knows that the support of the buyers’ valuations belongs to
[0, 1]"*. The goal of the seller is to design a mechanism that minimizes her worst-case regret given
the limited information about the underlying distribution of valuations of buyers, where the regret
is defined as the difference between the revenue the seller could achieve with knowledge of the
valuations and the ones actually garnered. With knowledge of the valuations, the maximum rev-
enue achievable is given by the maximum valuation of all the buyers max(v) = max(vy,...,v,). In
other words, the difference between the benchmark and the revenue quantifies the value of knowing

the agents’ valuations.

Seller’s Problem. We model our problem as a game between the seller and Nature, in which the
seller first selects a selling mechanism and then Nature may counter such a mechanism with any
distribution of buyers’ valuations with the admissible support. Buyers’ valuations are then drawn
from the distribution chosen by Nature and they participate in the seller’s mechanism.

A selling mechanism m = (x, p) is characterized by an allocation rule x and a payment rule
p, where x : R" — [0,1]" and p : R" — R. Given buyers’ valuations v € [0, 1]", x;(v) gives
the probability that the item is allocated to buyer i, and p;(v) his expected payment to the seller.
We will restrict attention to dominant strategy incentive compatible (DSIC) direct mechanisms.
For such mechanisms, buyers need not make any assumptions about the underlying distribution of
valuations and will find it optimal to report their true valuation, independently of the realization of

valuations of the other buyers. More formally, we require that the mechanism m = (x, p) satisfies

2Throughout, we use boldface to denote joint cumulative distributions or vectors.
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the following constraints:

vixi(vi,v—) = pi(vi,v=i) 20, Vi,vi,v_; (IR)

vixi(vi,v=) = pi(vi,v_i) 2 vixi(V;,v_) — pi(Vi,v_i) Vi, vi,v_i, v (IC)
n

le-(v,-, y)<1 Wy (AC)

i=1

The ex-post individual rationality constraint (IR) states that each buyer i is willing to participate
because his payoff is at least his outside option, normalized to zero. The ex-post incentive com-
patibility constraint (IC) states that each buyer i always finds it optimal to report his true valuation,
regardless of the valuation of other buyers. Lastly, the allocation constraint (AC) states that the
seller can allocate at most one item. Note that we allow the seller’s mechanism to be randomized.

Throughout this chapter, we will focus on the class of all mechanisms satisfying these con-

straints, which we will call DSIC mechanisms:
M ={(x, p) : IR), IC), (AC)} . (1.1)

Informally, the seller seeks to maximize the expected revenue E, . [Z:.’Zl Di (v)] relative to the
benchmark associated with the revenues that could be collected when the valuations of the buyers

are known E, . [max(v)]. We consider the regret objective defined by

Regret(m, F) = E,.f (1.2)

max(v) = > pi(v)

i=1

After the seller chooses a mechanism m, Nature then chooses a distribution F' from a given
class of distributions # such that the valuation of the n agents v € R/ are drawn from F. The

seller aims to select the mechanism m to minimize the worst-case regret. Our goal, therefore, is to
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characterize the minimax regret

R (F) := inf sup Regret(m, F). (1.3)
meM peg

The problem is specified by the choice of the class of mechanisms M, and the choice of the
class of distributions ¥ . As stated before, we will consider the class of all DSIC direct mechanisms

M satisfying (IR), (IC), (AC) as defined in (1.1).

Admissible distributions. Lastly, we consider the choice of the class of admissible distributions
¥ . This class can be seen as capturing the “power” of Nature: the larger the class, the more power-
ful/adversarial Nature becomes. To date, when imposing no shape constraints in the distributions,
the only available results for this class of problems are for the regret objective and n = 1 [6], and
for arbitrary n when the class ¥ is the class of arbitrary joint distributions [11]. Interestingly, the
minimax regret in the latter case is equal to that when n = 1. In other words, without further re-
strictions on its power, Nature can simply eliminate competition and more buyers do not improve
minimax regret against arbitrary distributions.

In the present work, we consider a broad set of natural candidates for # that represent a spec-
trum of possible levels of power for Nature. In particular, we will consider typical classes con-
sidered in the mechanism design literature when the distribution is assumed to be known, ranging
from the independently and identically distributed (i.i.d.) valuations case, to various notions of
common positive dependence structures (affiliated and exchangeable valuations and mixtures of

i.i.d. valuations), to general exchangeable distributions and general distributions.

1.2.1 Problem Formulation Discussion

Having laid out the problem formulation, we study, we now discuss different features of the

formulation.

15



Benchmark. We consider the first-best benchmark, the maximum revenue achievable when the
valuations are known. Another reasonable choice of the benchmark is the second-best, the max-
imum revenue achievable when the distribution is known. Both the first-best benchmark and the
second-best benchmark are extensively used in the literature, and there is not necessarily a single
universal benchmark. The first-best benchmark has been used in the economics, operations, and
computer science literatures such as [6, 44, 11, 45, 46]. The first-best benchmark is also remi-
niscent of the offline optimum benchmark, which is extensively used in the analysis of algorithms
[47]. An advantage of the first-best benchmark is that it is easily computable and can be evaluated
counterfactually (using the reported values when the mechanism is DSIC).

We can show (cf. Proposition 15) that when the distribution class consists of all distributions,
minimax regret against the first-best benchmark and the second-best benchmark are equal, so the
choice of the benchmark is immaterial in that case.

When the distribution class is i.i.d., the choice of the benchmark matters. Extending our work to
the characterization of the minimax regret against the second-best benchmark when the distribution
class is i.i.d. is an important direction for future work. In general, it is not clear a priori if it
is possible to solve for the optimal minimax mechanism. In this chapter, we were able to show
that it is possible to do so against the first-best benchmark through a pure saddle point approach.
Characterizing a minimax mechanism against the second-best benchmark would require a different
approach because a pure saddle point cannot exist; we provide a more extensive discussion in
Appendix A.6.1. Instead, one would need to identify a mixed saddle point, which consists of an
optimal mechanism and the corresponding distribution over distributions, which is, at least at this

stage, a much harder object to deal with.

Upper Bound Information. Throughout the main text, we assume that the values have support
included in [0, 1]. This is purely a normalization for expositional convenience. If the support is

[0, ] for some known upper bound b, then the mechanism, distribution, and regret are all scaled

16



by b (we formalize this in Proposition 13).

The motivation for the knowledge of an upper bound on the support is that we operate in a
world with minimal or no data, and significant “Knightian” uncertainty. In particular, we think
of the upper bound as some “minimal amount of information” that can be collected even in the
absence of data. Upper bounds can be obtained by consulting experts, using domain knowledge,
or common sense. Some examples might be launching a new product, or auctioning rarely traded
goods (fine art, collectibles, jewelry). In these contexts, it might be easier or more intuitive for
experts to come up with a range of values than distributional parameters such as the mean of the
distribution of values, derived quantities such as the optimal monopoly price, or the exact shape of
the distribution.

We emphasize that the upper bound simply defines an absolute upper bound on the feasible
region of the distributions and need not be the exact actual support of the distribution of values.
For example, the seller can err on the side of caution and choose a conservative upper bound. Even
when the upper bound is “misspecified,” the performance degrades gracefully with the error; we

provide an extensive discussion and analysis in Appendix A.5.

DSIC Mechanism Class. Our work focuses on dominant strategy as a notion of robustness be-
cause this notion of robustness protects against uncertainty in both the valuation distribution and
bidder behavior. Under dominant strategy incentive compatibility, each bidder is incentivized
to report her value truthfully regardless of all other bidder’s behavior. This solution concept is
very compelling because the optimal bidder strategy is simple and, therefore, predictable to the
seller and bidders alike, and it levels the playing field between bidders with potentially different
knowledge and ability to strategize [48]. In contrast, if we further extend our mechanism class
to non-DSIC mechanisms, some bidders may behave strategically, and how they behave will de-
pend intricately on the amount of their knowledge and sophistication, which are not necessarily

known to the seller. The choice of DSIC mechanisms allows us to avoid having to make strong
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assumptions about bidder behavior.

1.3 Analysis of Minimax Regret for i.i.d. Valuations

In this section, we focus on the class Fiiq of i.i.d. valuations with support in [0, 1]”, which we

can define formally as follows.

Definition 1. The class Fiq consists of all distributions such that there exists a distribution F with

support on [0, 1], referred to as the marginal, such that F (v) = [1'_, F(v;) for everyv € [0, 1]".

Before introducing the main result, we recall the definition of a second-price auction (SPA)
with reserve as such mechanisms will appear in the result. Letv = (vq,...,v,) € R} be the
valuations of the n agents and v(!) > v(®) > ... > y(" be the order statistics. A second-price
auction with reserve p allocates the item to the highest bid (breaking ties arbitrarily) and charges
payment max(v®, p) if the highest bid is at least p, and otherwise, does not allocate or charge
anything. When p is drawn from a distribution, the mechanism is a second-price auction with
random reserve price. It is straightforward that such mechanisms are DSIC.

We are now ready to give the statement of our main result that fully characterizes the optimal

mechanism and optimal performance of the minimax regret problem.

Theorem 1 (Optimal mechanism and optimal performance). The minimax regret admits as an
optimal mechanism a second-price auction with random reserve price with cumulative distribution

®; on [r,, 1] given by

v n—1 v n—l1 v n—1-k
SRS W R
n I'n =1 n

where r;, € (0, 1/n) is the unique solution to

(1= )" +log(r" )+Z(1_r o,
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Furthermore, the minimax regret is given by

v=1 x|\ n—1
R = (1 -7 - [ ( —’—") dv.

x
v=ry,

This result provides, in quasi-closed form, a minimax regret optimal mechanism for any num-
ber of buyers when the valuations are i.i.d., and the corresponding optimal performance. Quite
remarkably, the minimax optimal mechanism admits a simple structural form: a second-price auc-
tion with reserve, but the minimax optimal reserve price is random. We present and discuss these

in detail, together with more intuition on the structure of the optimal mechanism, in Section 1.5.

Remark. As we will see in the proof, the worst-case distribution against the optimal mechanism
above happens to have non-decreasing virtual values on the interior of its support, with a mass
at the maximum of its support. In turn, the result above implies that we have also identified the

minimax regret when restricting attention to regular distributions with finite support.

Remark on the case n = 1. An important corollary is the n = 1 agent case, where we get the
results of [6] associated with support [0, 1] as a special case.

Corollary 1. Suppose n = 1. We have r{ = 1/e and ®](v) = log(v) + 1 forv € [1/e,1]. The

minimax regret is 1/e.

1.3.1 Key Ideas for the Proof of Theorem 1

Below, we detail the key ideas underlying the derivation of a candidate minimax regret optimal
mechanism. The proof is presented in Section 1.3.3.

The proof relies on a saddle point argument. Formally, a saddle point is defined as follows.
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Definition 2 (Saddle Point). (m*, F*) is the saddle point of R, (m, F) if

R,(m*,F) < R,(m"*,F*) < R,(m, F") forallm e M,F € ¥

Note that if (m*, F*) is a saddle point then inf,, supp R, (m, F) < supy R,(m*, F) < R,(m*, F*) <
inf,, R,(m, F*) < inf,, supp R,(m, F), which allows us to conclude that R,(m"*, F*) = inf,, supp R,(m, F).
So to solve the minimax problem, it is sufficient to exhibit a saddle point and prove the correspond-
ing saddle inequalities. Existence of a saddle point implies that the simultaneous-move game be-
tween the seller and Nature in which the seller chooses a mechanism and Nature a distribution
admits a Nash equilibrium.

Our approach relies on two main parts: 1.) a principled method to pin down (under additional
assumptions) what the structure of m* and F* should be, and then ii.) verify formally that the pair
(m*, F*) derived earlier is indeed a saddle point.

Our approach for i.) relies on two main steps. We first conjecture that m* is a second-price
auction (SPA) with random reserve drawn from a distribution ®* which admits a density. Then, we
provide an explicit formula for the regret R, (®, F). In particular, we show that this regret admits

two possible representations:

* An expression that involves only the marginal F(v) and not its derivative. This expression

will appear in (Regret-F) in Proposition 1.

* An expression that only depends on @ and not its derivative, and is explicitly linear in ®.

This expression will appear in (Regret-®) in Proposition 1.

Based on these two alternative representations, we heuristically derive a candidate saddle point
using an “inverse” optimization approach.
To do so, first, we use the seller’s first-order conditions for an optimal distribution of reserve

prices ®@* to derive a worst-case distribution F*. In particular, because the regret can be seen as
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being linear in ® (cf. (Regret-®)), if we plug-in the (unknown) worst-case distribution F*, the first-
order conditions for the seller (under some conditions) dictate that the coefficient of each ®*(v)
should be zero whenever the optimal distribution of reserve prices @ is interior. Because this
coefficient only depends on the distribution, this gives an equation that F* should satisfy, pinning
the value of a candidate F*.

Second, we use Nature’s optimality conditions for the worst-case distribution F* to pin down
the candidate optimal distribution of reserves ®*. The crucial ansatz we make is that both distri-
butions have the same support [r*, 1]. We require that the distribution F* we derived is actually
worst-case optimal for Nature. Because the regret expression in (Regret-F) only involves the
marginal distribution, fixing ®*, we show that pointwise optimization leads to simple optimality
conditions for the worst-case distribution F*. By requiring that the worst-case distribution is F*,
we obtain an ODE equation that pins down the distribution of reserve prices ®*. Lastly, we show
that a unique r* is possible. In Appendix A.1, we give more details on our derivation of candidate
mechanisms and distributions in the saddle point.

Finally, once we have the candidate m* = SPA(®*) and F*, we formally verify the saddle
inequalities in Section 1.3.3. Importantly, the saddle verification does not require any of the addi-
tional assumptions that we made to obtain the candidate saddle point and so the result yields the

actual minimax optimal mechanism (in the space of all DSIC mechanisms) and its performance.

1.3.2 Regret of a Second-Price Auction with Random Reserve

Consider a second-price auction with random reserve price distribution ®. In such an auction,
first, all n agents submit their bids v € R/, then we draw the random reserve price p from the
distribution @ and finally the seller runs the second-price auction with reserve p to determine
the allocation and payment. We denote such a mechanism as SPA(®). The expected revenue
of SPA(®) is E,-a [max(v(z),p)l(v(l) > p)]. As noted earlier, for any @, SPA(®) € M: the

second-price auction with random reserve mechanism is DSIC.
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We will now derive the regret of SPA(®) against the distribution F, denoted R,(®, F). We
will further assume that @ has a density and is supported on [r*, 1] because that is all we need for
the proof. We will first derive the (Regret-F) expression that is valid for any joint distribution F.
Then we will specialize to the case when F is 1.1.d., and we get the (Regret-F) expression and an

alternative (Regret-®) expression.

Proposition 1. Assume that ® has a density and is supported on [r*, 1]. Then the regret of SPA(®)

under distribution F, denoted R, (®, F), is given by

V=

R, (®,F)=r" —/
v=0

v=1
+ / (1 —v® (v) = d()) (1 = FV(v)dv + D) (FP (v) = FV (v))dv

=r

F,gl)(v)dv

(Regret-F)

where Ff,l)(p) = Prp (v(l) < p) and F,(12) (p) = Prp (v(z) < p) are the CDFs of the first- and
second-highest order statistics, respectively, and the subscript n is to explicitly note that we com-
pute the probability over n agents.

If we assume that F is i.i.d. and write F (-) for each agent’s marginal CDF;, then

5

R, (®,F)=r"- / F(v)'dv
v=0

v=1
+ / (1 —v®'(v) — @) (1 = FW)") + ®(W)nF ()" (1 - F(v))dv (Regret-F)

=r*
Furthermore, if we assume that F is supported on [r*, 1] and F'(v) exists on (r*, 1), then

v=r*

R,(D,F)=r"— / F(v)"dv
v=0
v=1
+ / (1 -FW)") +nFW)" ' (1 - F() —vF (v))®(v)dv (Regret-®)
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1.3.3  Proof of Theorem 1
We are now ready to prove our main result, Theorem 1.

Proof of Theorem 1. We define F, = (F,)" to be the i.i.d. distribution over n valuations with
marginal F,;, and F), is the isorevenue distribution starting at r;, as given by F,(v) = 1 —r;,/v for

v e [r;,1)and F,; (1) = 1. We also define the optimal mechanism m; = SPA(®D}).

Step 1 (Nature’s optimality). We will first prove that R, (m;,, F) < R,(m;, F}), or equivalently,
R, (D}, F) < R, (D}, F,,). Note that ®; has a density, and is supported on [r}, 1], so R(®},, F) is

given by the (Regret-F') expression in Proposition 1. Because fv :)r'*l F(v)" > 0, we have

v=1
Ru(®,, F) <1, + / (1= ®,(v) = v(®,) (M) (1 = F(v)") +nF ()" (1 = F(»))®},(v)dv

v=rj,

v=1 * _
_ +/ {nrn v + nF(V)n_l _ uF(V)n} (I)Z(v)dv

n *
ek
=I'n

1

V—r, v—r;,

v=1 *

. nry—v 4 (m=T1)v

Sr,‘t+/ sup { —— +nz7" 1——* Z”}q)fl(v)dv
v=ri ze[0,1] LV — Tn V=",

where the equality in the second line follows from from the fact that satisfies the ordinary differ-

(n—=1)r;,
v(v=r})

ential equation (ODE-®): (®7)"(v) +

P (v) = %; this fact is established in Proposition 12.
Finally, the last inequality is a pointwise bound.

The derivative of the expression in inside the supremum with respect to z is n(n — 1)z (v —
rr —vz)/(v —r;) which is less than or equal to zero for z < 1 —r}; /v and is greater than or equal

to zero for z > 1 — r, /v. Therefore, it is maximized at z = F,;/(v) = 1 —r;;/v. As aresult,

v=1 *
, nr;, —v -1 .
Ry@F) <1+ [ {— +nF () - uﬁfw} ,(v)dv = Ry(®], F)).
v=ry, V=T, V—=ry

Step 2 (Seller’s optimality). Now we want to show that R, (m}, F}) < R,(m, F}). That is, if

we fix the distribution to be F;, then m* achieves the lowest regret among all mechanisms. We
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note that R, (m, F;) = Eycp: [max(v)] — Eyep: [Z?zl p,-(v)]. The first term does not depend on
m and the second term is the expected revenue under F,. Therefore, we want to show that m
maximizes the expected revenue under F,. Our calculation is analogous to [4] but we cannot use
the standard results directly because F, is a mixture of a point mass and an absolutely continuous
distribution with density, so we will work out the expected revenue expression from first principles.
The details are standard (because it is a Bayesian mechanism design problem) and are provided in

Appendix A.2 for completeness. [

1.4 Minimax Regret under Various Families with Dependent Valuations

So far, we have characterized the minimax regret inf,,c p( Supgc# R, (m, F) only for the class
Fiia of n i.i.d. agents. In this section, we extend our framework by considering other choices of the

class of distribution ¥ that capture different notions of dependence between agents’ valuations.

1.4.1 Exchangeable and Affiliated Distributions

In this section, we analyze the class of exchangeable and affiliated distributions (referred to as
multivariate total positivity of order 2, or MTP,, in statistics). The notion of affiliation is a notion
of positive dependence that was introduced to the mechanism design literature by [9] and has since
become standard. We restrict attention to distributions that are symmetric as, otherwise, Nature

can eliminate competition by setting the valuations of all but one bidder to zero.

Definition 3. A distribution F over n real valuations is exchangeable if it has the same joint
distribution under any ordering of those valuations. Formally, a vector of random variables
v = (vi,...,Vv,) is exchangeable if for any permutation o : {1,2,...,n} — {1,2,...,n}, the
random variables (Vo (1), Va(2)s - - > Vo(n)) and (vi,...,v,) have the same joint distributions. A

joint distribution F is exchangeable if the corresponding random variable is exchangeable.
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To give a formal definition of affiliation, we need a few auxillary definitions.? First, a subset A
of R" is called increasing if its indicator function 14 is nondecreasing. Second, a subset S of R" is a
sublattice if its indicator function 1y is affiliated, i.e., forany v, v’ € S we have vAv’ € SandvVy’ €
S where vAV’ = (min(vy, V), ..., min(v,,vy)) and vVvy’ = (max(vi,v)), ..., max(v,, v,)) denote
the component-wise minimum and maximum of v and v’, respectively. For a distribution F and sets
A and S, we write Prp(A|S) as the probability that a random variable drawn from the conditional
distribution F restricted to S is in A.

We can now give the definition of affiliation.

Definition 4. A distribution F is affiliated if for all increasing sets A and B and every sublattice

S, Prp(A N B|S) > Prp(A|S) Prr(B|S).

The following property of affiliation is well-known (see e.g. Theorem 24 of [9]) and we will
use it throughout. Assume that the distribution F has a density f. F is affiliated if and only if
f satisfies the affiliation inequality f(v)f(v’) < f(v Av’)f(v vV v’) for almost every v,v’. If F
is a discrete distribution, the same relationship holds when we interpret f as the probability mass
function.

We denote by F,¢r the set of all exchangeable and affiliated distributions with support [0, 1]".
Clearly Fiig C Fafr and hence R, (Farr) = R (Fiia). We are now ready to state our main result of

this section.

Proposition 2. Let m, be a SPA with reserve CDF ®; with the corresponding r, as given by
Theorem 1, and F, be the n i.i.d. isorevenue distributions with r, as given in (F-IsoRevenue).

Then for any exchangeable and affiliated distribution F over n agents and any mechanism m,

Ry,(m;,F) < R,(m;,F;) < R,(m, F,). Therefore, R, (Fatt) = R} (Fiid)-

Before we proceed to the formal proof, we give some high-level idea on the forces behind

the result. Fixing the marginal distributions, increasing dependence should increase revenue of a

3We follow the treatment in the appendix of [9].
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SPA because the second highest valuation would tend to be closer to the highest valuation. One
also needs to understand the impact of increasing dependence on the benchmark. For affiliated
distributions, we show in Lemma 1 below that the distribution of the first-order statistic is first-
order dominated by the maximum of »n i.i.d. copies. Our result uses this to establish that the

worst-case distribution of Nature is 1.i.d.

Proof of Proposition 2. We have already shown in the second part of the proof of Theorem 1
that R,(m;,, F;) < R,(m,F}), so we only need to show the first part, which is R,(®},F) <
R, (®;, F;). In the proof, we will work with order statistics of the distribution over a subset of

agents, defined as follows.

Definition 5. Let F be an exchangeable distribution and 1 < k < n. Any restriction of F to k
valuations leads to the same distribution regardless of which k specific valuations we choose. We
can then define F ](Cj ) to be the distribution of the j-th highest order statistics under such a restricted

distribution. For example, FIEI)(p) = Pr,.p (max(vi,va,...,vg) < p).
We first prove the following lemma.

Lemma 1. If F is exchangeable and affiliated, then F,El)(p)l/” > Fﬁ)l ()= for every p.

Proof of Lemma 1. Theorem 23 in the Appendix of [9] implies that if v ~ F such that F is affili-
ated, and A1, ..., h, are nondecreasing functions of v, then h(v), ..., h,(v) are affiliated. There-
fore, if we define the random variables Y = 1(v; > p) for each k, then Y = (Y4, ...,Y,) are affil-
iated. Because v is exchangeable, so is Y. By exchangeability, we can define for each 0 < k < n
andy € {0,1}",Pr(Y =y) = ur ify = (y1,...,y,) has k I’s and n — k 0’s. We use the nota-
tion 1 for 1 repeated k times, and likewise for 0. The affiliation inequality for ¥ implies, for

0<k<n-1,

Pr(Y = (14, 0,-4)) Pr(Y = (04, 1,0,-4-1)) < Pr(¥Y = (1441,0,—4-1)) Pr(Y = 0,),
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oruiu; < upy1ug. We can apply this inequality inductively to get ukug_l > u’l‘ forevery 1 < k < n.
From Y, Pr(Y = y) = 1 we have ug + X}, ({)ux = 1 because there are (}) possible y’s that have

k 1’s. Therefore,

1 _ _ _
FV(p)y = = up ™t = ut!

n n
up + " up| = ug + " up ™ ul = (uo +up)" = F(l)l(l?)n
=i k k

Back to the main proof. Using the regret expression* from Proposition 1, we have

p=1
R(®;,F) < r;‘l+‘/

(1= @) () = @5(p) (1= F" () dp + 3, (p) (F? (p) = LY (p)) dp
P=rn

[49], equation 5.3.2, states that the distribution of the second order statistics satisfies (in our nota-

tion)

FP(p)=nF (p) = (n - HF (p).

The defining ODE of @), is

1 (n—1Dr;

(®)'(p) = p plp—ri)

——— D, (p).

Substituting the expressions for F ,(12) (p) and (@)’ (p) in the inequality above gives

R(®;,F) < rZ+/

P=r

=l ((n— Dry

T 1) @, (p)(1 = F,” (p)) + n®,(p)(F,", (p) = ;" (p))

e / 1 (M—l—( C =P e ) 4 PO () 0 (p)dp
p

%
=r;, pP—T p_rn

“To prevent confusion, we remind the reader that F f,l) is the CDF of the first order statistics of F over n agents,
whereas F, is the i.i.d. isorevenue distribution starting at r}, and is not related to the generic F.
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Now we apply Lemma 1 which gives Ffll_)l (p) < F,(Zl)(p)(”_l)/”, SO

1 —Dr* -1
R(®;.F) <)+ / (u - 2D, +nF,S”<p><"—”/") @;,(p)dp
p=ry pP—T P—Tn
! - re -1
<r, +/ sup {—(n )*r” -1- (n=Dp )*pz +nz("_1)/"} @, (p)dp.
p=ryze[0,1] L P —Tn P—"ry

The derivative of the expression inside the supremum with respect to z is —(;__—lr?’ +(n—1)z7ln
——t n
which is less than or equal to zero for z < (ppJ) = F;(p)" and greater than or equal to zero for

z > F;(p)". Therefore, the expression is maximized when z = F,;(p)", giving us

(n—1)p

* (— 1= LP R (py 4 nF (p)" | @ (p)dp = Ru(®;, F)

R, (®;,F) < rZ+/ -
p—Ty pP—T

P=ry

as desired. L]

1.4.2 Mixture of L.I.D. Distributions

In this section, we consider another common class of distributions that captures positive depen-
dence. We consider the class Fpix of all mixtures of i.i.d. distributions over n agents. The mixture
of 1.1.d. class is very common in statistics as a way to flexibly model dependences through latent
variables [50], which is interpretable in our mechanism design context as unknown random states

of the world.

Definition 6. 7, is the class of all distributions F such that there exists a probability measure u

on the set of distributions satisfying F(v) = / [T, G(vi)du(G) for every v.

In the previous definition, G is the i.i.d. distribution that n agent valuations are drawn i.i.d. from,
and u(G) is the weight of G in the mixture that comprises F. We note that mixtures of i.i.d. have

pairwise non-negative covariance, i.e., if v ~ F € Fpix, then Cov(v;,v;) > O for every i, j 3

SProof: denote by m(G) the mean for marginal G, then by the law of total covariance, Cov(v;,v j) =
Varg (m(G)) = 0.
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Therefore, the class Finix also captures positive dependence.
We note that the classes F,¢ and Fnix, While both capturing positive dependence, are not “com-

parable” in the sense that one is not contained in the other, as formalized below.

Lemma 2. We have that Toy © Fmix and Fpix © Fap-

=

In the proof of Lemma 2, we construct an explicit example of a distribution that is affiliated
but not a mixture of i.i.d., and another example of a distribution that is a mixture of i.i.d. but not
affiliated.

Clearly Fiig C Fmix and hence R} (Fmix) = R;, (Fiia). The main result of this section is:
Proposition 3. R} (Fmix) = R (Fiia)-

This equality holds because the class of mixtures Fpix is the convex hull of Fjq. Therefore, if
we interpret the minimax problem as a game between Nature and the seller, under #,ix, Nature can
choose a strategy randomizing over ;g whereas under F;g Nature must choose a pure strategy.
However, because Nature goes second in the sequential game, there is an optimal pure strategy.
This follows because Nature’s payoff is linear in its action, i.e., the distribution. The formal proof

is given in Appendix A.3.

1.4.3 Exchangeable Distributions and All Distributions

In this section, we consider the class F¢x. of all exchangeable distributions and the class %y
of all distributions. Clearly Fexc € Fan and hence R (Fa) > R} (Fexc)- The main result of this
section is that R’ (Fexc) = R (Fan) = 1/e, which is independent of n. This result is a slight
generalization (in the case of one item) of [11], who proved a similar result on %%j;. In the present
case, the result emerges from the same framework as the rest of this chapter. The proof is given in

Appendix A.3.°

%We also omit the subscripts of F*, m*, ®*, r* in the proposition and proof to reduce conflation with the analogous
quantities from the i.i.d. case and to reduce clutter.
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Proposition 4. For each k = 1, ..., n, let F** be a distribution on [0, 1]" such that for v ~ F**,

v; =0 for any i # k, and vy follows the isorevenue distribution on [1/e, 1], that is,

0 ifvi € [0,1/e]

F ) =11- L ifv, e [1/e,1)

evi

1 ifvi = 1.

Let F* = % Dhet F*k be the uniform mixture of all the F**’s. Let m* = SPA(®*) such that ®* is

supported on [1]e, 1] and is given by

®*(p) =log(v) + 1 for p € [1/e, 1]

Then, for any mechanism m and distribution F € ¥y, R,(m*,F) < R,(m*,F*) < R,(m, F*).

Moreover, R (Fexc) = R (Fan) = Ry(m*, F*) = 1]/e because F* is exchangeable.

This proposition shows that for any »n, the minimax regret with respect to either %5 or Fexc 1S
1/e. This is the same value as the minimax regret with respect to Fig with n = 1 in Corollary 1.
Furthermore, the optimal mechanism in this case is the same as the optimal mechanism for Fjg
with n = 1, and the worst-case distribution is of the form: select an agent uniformly at random
such that this agent has the same isorevenue distribution as the n = 1 case, and all the other agents
have zero valuation. These are the formal correspondences that we previously alluded to when we

say that under %) and Fexc, Nature eliminates all competition and any n reduces ton = 1.

1.5 Minimax Optimal Mechanism and Performance: General Insights

Now that we have derived the optimal mechanism, the optimal performance, and the worst-
case distribution for the minimax regret, in this section, we explore the structure of the optimal

mechanism, compare the performance with “natural” alternative mechanisms, and evaluate the
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value of competition. We do so for the cases of 1.i.d., exchangeable and affiliated, and mixtures of

1.i.d. distributions.

1.5.1 Structure of the Optimal mechanism
Through our analysis, we obtain the first minimax regret results for an arbitrary number of
buyers across a spectrum of distribution classes. In Figure 1.2, we illustrate the saddle point.
On the left part of the figure, we depict the distribution of the reserve price @, associated with
the saddle point, and on the right part, we depict the corresponding worst-case distribution F,.
We observe that as n increases, the distribution of reserves decreases in the first-order stochastic
dominance sense. This is expected because, as competition increases, the role of reserve prices
diminish. We also note that the seller sets reserve prices with positive probability even in the limit
as competition increases. As we will discuss later, Nature can counter the seller by limiting the

effective competition, even if the number of buyers is large. In turn, the seller continues to use

positive reserve prices.

value CDF (minimax regret) as a function of n

reserve CDF as a function of n
1.01 w{
//// /,.,-—-—_'_‘,‘_'2'.'-1
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Figure 1.2: Optimal reserve CDF @} and worst-case distribution F,, for minimax regret as a func-

tion of n.
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1.5.2 Optimal Worst-Case Performance versus Alternative Mechanisms
Performance of Alternative Mechanisms

It is also instructive to compare the minimax regret to the worst-case regret under “natural”
mechanisms. We will consider two such mechanisms: SPA without reserve, and SPA with optimal
deterministic reserve. We derive the worst-case regret under these mechanisms in the following

proposition, whose proof is given in Appendix A.4.

Proposition 5. The following results hold for all of Fiia, Fatf, Fmix- For n > 2, the worst-case regret

(1-r)"(n—1)"!
((1=r)n—r)n-1

1
forr < 5

of SPA(r), the second-price auction with fixed deterministic reserve r, is

andr forr > % For n = 1, the worst-case regret is max(1 —r, r). Therefore, the worst-case regret
n—1

of the SPA with no reserve SPA(0) is 1 forn = 1 and (”T_l) forn > 2. If we can choose the

e . SR e n_\n
reserve r to minimize the worst-case regret, the optlmal reserve isr = Py | with regret (n+l) .

As expected, the worst-case regret of the optimal SPA with deterministic reserve with n agents
is greater than the worst-case regret for SPA with no reserve with n agents. Moreover, note that as
n — oo, the optimal reserve price converges to zero, and the limiting worst case regret with and
without reserve converge to the same value of 1/e, which is the regret over all distributions.

In contrast to the optimal mechanism, there is no single optimal worst-case distribution for
the optimal second-price auction with reserve but, instead, a sequence of worst-case distributions
whose regret converges to the worst-case value. This follows because the presence of a fixed
reserve price introduces a discontinuity in the revenue of a second-price auction as a function of
the distribution. To wit, in the Fiq case, for the optimal reserve price r* = 1/(n+ 1) and € > 0
small enough, consider the two-point distribution that puts mass on 1 with probability 1/(n + 1)
and on r* — € with probability n/(n + 1). The regret of this sequence of distributions converges
to the optimal regret as € | 0. Intuitively, Nature counters the second-price auction by placing an

atom immediately below the reserve price to maximize the revenue loss when the reserve price
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is not cleared and another at 1 to maximize the difference between the first- and second-highest
valuations.

Interestingly, the worst-case regret of a SPA with optimal deterministic reserve with n agents is
equal to the worst-case regret for SPA with no reserve with n + 1 agents. This result has a similar

flavor with the classic result on auctions versus negotiations of [21].7

Comparison

Next, we compare, for each value of n, the optimal worst-case regret to that of SPA(0) and a

SPA with optimal deterministic reserve price. The results are presented in Table 1.2.

n | OPT | SPA(0) | SPA(r¥)
1 [0.3679 | 1.0000 | 0.5000
2 | 0.3238 | 0.5000 | 0.4444
3 | 0.3093 | 0.4444 | 0.4219
4 103021 | 04219 | 0.4096
5 10.2979 | 0.4096 | 0.4019
10 | 0.2896 | 0.3874 | 0.3855
25| 0.2847 | 0.3754 | 0.3751
o | 0.2815 | 0.3679 | 0.3679

Table 1.2: Worst-case regret under the optimal mechanism in comparison with SPA for each n.
The columns are: OPT is the optimal mechanism, SPA(0) is the SPA with no reserve, and SPA(r*)
is the SPA with optimal deterministic reserve.

We observe that despite the fact that Nature counters competition, as discussed earlier, there is
significant scope for optimization and the worst-case performance can be significantly improved
when moving from SPA(0) or SPA(r*) to the optimal minimax mechanism. For example, with
three buyers, the optimal mechanism leads to an improvement of more than 25% compared to the

alternative mechanisms.

7 An important difference is that in our setting, the worst-case distribution changes (Nature is allowed to react to
the mechanism) whereas in [21] the distribution is fixed.

33



1.5.3  On the Value of Competition in a Minimax Regret Framework

The previous section shows the minimax regret for different values of n. As expected, the regret
decreases as n increases, which highlights the the value of competition for the seller. However, we
observe that the value of competition has diminishing returns. For example, in Table 1.2 we can
see that the minimax regret from n = 1 to n = 2 decreases by 12%; fromn = 2 ton = 3, 4.5%; from
n=3ton=4,2.3%; fromn =4ton =235, 1.4%. We also note that the limiting minimax regret as
n — oo is strictly positive. This is formally captured in the following corollary that characterizes

minimax regret performance as n — oo.

Corollary 2. We have lim,_,« nr;, = ¢ where ¢ = 0.434818 is a solution to e™¢ fl -

The regret R,(®:, F) converges to a constant e~ — /01 e=/Vdy ~ 0.281494. Furthermore, the

optimal mechanism ®;, converges in distribution to ®7, given by

o (v) = /loolexp (——(x - 1)) dx forv € [0, 1].

It might seem surprising at first that increasing competition in a setting with bounded i.i.d. val-
uations does not lead to a vanishing regret as competition increases. However, it is important to
note the following: i.) Nature can select a distribution that indirectly limits the “effective" com-
petition when 7 is large and ii.) the benchmark in the regret is the best revenues one could obtain
without information asymmetry. Indeed, in the present framework, Nature selects a distribution
that depends on n. It is possible to show that asymptotically the distribution associated with the
saddle point puts mass of order ®(1/n) at 1, and significant mass around zero. For large n, under
the optimal mechanism, the fundamental contribution to regret under the worst-case distribution
is as follows: with high probability, there is at most one agent that has a valuation significantly
different from zero, so the mechanism cannot use other agents as a competitive benchmark. In
other words, the choice of the worst-case distribution negates a large part of the effect of com-

petition. A related phenomenon explains the behavior of the worst-case performance under the
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alternative mechanisms. Finally, while the choice of the benchmark impacts the limiting value of
regret, the observation that regret does not vanish as the number of buyers increases is robust to the
choice of the benchmark. For example, in Proposition 16 we show the minimax regret against the
second-best benchmark (optimal revenues with knowledge of the distribution of values) is at least

e™? ~ 0.1353, regardless of the number of buyers.

1.6 Conclusion

In this chapter, we analyze the fundamental problem of optimally selling an item to an arbi-
trary number n of buyers without the common prior assumption. Knowing only an upper bound
on the buyers’ valuations, the seller selects a DSIC mechanism that minimizes the worst-case
regret between the mechanism revenue and the benchmark revenue when the buyers’ valuations
are known. We consider a broad range of classes of admissible distributions: i.i.d, mixtures of
1.1.d., exchangeable and affiliated, exchangeable, and all distributions. We show that the first three
have minimax regret values that depend on n and exactly characterize the optimal mechanism and
performance for each n, while the last two reduce to the case n = 1, i.e., the no-competition case.
Taken together, these results show the strength (or lack thereof) of different distributional class
assumptions and quantify the value of competition in the minimax framework.

There are many natural directions for future work. One potential direction is to consider other
benchmarks, especially the second-best benchmark defined by the maximum revenue achievable
by the optimal mechanism that knows the distribution F but not the buyers’ valuations. This
benchmark captures a different layer of information asymmetry: it captures the value of knowing
the buyers’ valuation distribution, whereas this work’s benchmark captures the value of knowing
the buyers’ valuations. We have discussed the first-best versus second-best benchmarks in Sec-
tion 1.2.1 and Appendix A.6.1, and we expect that novel methodological approaches are required
to deal with the second-best benchmark.

Another direction is to consider the impact of side information. In this chapter, we consider the
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setting with minimal knowledge (only the upper bound on the valuations is known). In practice,
while we do not have complete knowledge about the environment, we often do have partial knowl-
edge. This partial knowledge about the distribution might be the mean or other moments (as in
[19, 41, 51, 52]), the median or other quantiles (as in [33]), or samples from the i.i.d. distribution
(asin [27, 29]), or the shape of the distribution (such as regularity or monotone-hazard-rate). How
to incorporate additional side information into the robust framework is mostly an open question,
but it can be a bridge to bring the robust theory closer to practice.

While in the setting studied in this work, only minimax regret is nontrivial, with other forms of
partial information mentioned earlier all of minimax regret, maximin ratio, and maximin revenue
are nontrivial. Developing new methodologies to unify these objectives and better understand the
tradeoffs between them should be a fruitful agenda.

Another related avenue is to develop mechanisms that optimally tradeoff robust guarantees
when the additional information is correct and when it is not, as in the emerging area of algorithms
with predictions/advice [53].

The other natural direction is to consider different notions of robustness and equilibrium con-
cepts for buyers. While the class of DSIC mechanisms has its advantages in robustness and simplic-
ity (as discussed in Section 1.2.1), there are non-truthful mechanisms, such as first-price auctions,

that are used in practice, and it will be useful to have a way to robustly design them as well.
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Chapter 2: Robust Auction Design with Support Information

2.1 Introduction

The question of how to optimally sell an item underlies much of modern marketplaces, from
online advertising and e-commerce to art auctions. Selling mechanisms are widely used in practice,
and in turn they are studied in economics, computer science, and operations research under optimal
mechanism design, starting from the pioneering work of [4]. The literature often assumes that
the seller knows the environment perfectly, but (i) this knowledge is often either not available or
reliable, and (i1) the optimal mechanism prescribed by the theory is often too complicated or fine-
tuned to the details of the environment, to be used in practice. There is therefore a need to develop
mechanisms that depend less on market details, and this need is often referred to as the “Wilson
doctrine” [5].

The emerging literature on robust mechanism design, in turn, aims to design mechanisms that
perform “well” in the worst case against “any” environment. This line of work often leads to
interesting insights but, taken literally, they can lead to mechanisms that are too conservative. In
practice, while we do not have complete knowledge about the environment, we often do have
partial knowledge, and how to incorporate additional side information into the robust framework
is essential to bring the robust theory closer to practice. In this chapter, we make progress in this
direction by analyzing the role of support information of bidder valuations, as captured by lower
bounds and upper bounds on bidder valuations.

The motivation of the knowledge of such bounds is that we operate in a world with minimal or
no data. The bounds need not be learned from data but rather are derived from asking experts, using

domain knowledge, or common sense. Examples include launching a new product, or auctioning
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rarely traded goods such as fine art, collectibles, and jewelry. In these contexts, the support infor-
mation is a natural form of partial knowledge because it is easier and more intuitive to come up
with a reasonable range of values than to guess something like the shape of the valuation distribu-
tion (either parametric or nonparametric like regularity or monotone hazard rate) or distributional
parameters like the mean or the optimal monopoly price.

More formally, consider a seller who wants to sell an item to n bidders. The bidders’ valuations
are unknown to the seller and are assumed to be drawn from a joint distribution F. The seller does
not know F, and knows only a lower bound a and an upper bound b on the support of F, and that
the valuations belong to the class F of i.i.d. distributions. Similarly, the bidders also do not know
F. Therefore, we focus on mechanisms that are dominant strategy incentive compatible (DSIC).
Under such a mechanism, every bidder optimally reports her true value regardless of other bidders’
valuations and strategies.

We will quantify the performance of mechanisms by the gap between the benchmark oracle
revenue, the ideal expected revenue the seller could have collected with knowledge of the buy-
ers’ valuations, and the expected revenue garnered by the actual mechanism. Our framework will
be general and apply to two classical notions of gaps considered in the literature: (i) the re-
gret (absolute gap) is the difference between these two revenues, and (ii) the approximation ratio
(relative gap) is the ratio of these two revenues. The seller selects a mechanism that performs
well (minimizes regret or maximizes approximation ratio) in the worst case against all admissible
distributions.

The interval [a, b] associated with the admissible distribution class captures the amount of
uncertainty of the decision maker. We will parameterize this uncertainty through a/b, which we
call the relative support information, and which is a unitless quantity ranging from O to 1. When

a/b ~ 0 (either because a ~ 0 or b > a), we have minimal relative support information while

'Our framework also applies to the traditional maxmin (worst-case) revenue, but the worst-case revenue is trivial
in the present case of support information.
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when a/b ~ 1 we have maximal support information as the endpoints are close.

The understanding of the interplay of support information and robust auctions is very limited
outside of very particular special cases (n = 1 [6, 18] and a = 0 [1]), leading to the follow-
ing question: how does support information affect the structure of optimal robust auctions and
achievable performance? We study optimal performance and associated mechanisms across the
relative support information spectrum and establish richness in the structure of the resulting robust
mechanisms with three distinct information regimes corresponding to three mechanism types. In
particular, our work subsumes and unifies the three studies mentioned above, characterizing an
optimal mechanism and the associated performance for an arbitrary number of bidders » and any
support information [a, b], for both the regret and ratio objectives. See Table 2.1 for a high level

summary of known results and the results we develop in this chapter.

Problem Information Objective
Type level Regret | Ratio
pricing (n = 1) all a/b [6] [18]
auctions (n > 1) a/b=0 [1] 0
auctions (n > 1) all a/b —This work—

Table 2.1: Comparison with the closest previous studies along the dimension of the number of
buyers (pricing (n = 1) vs. auctions (arbitrary n > 1) and the level of relative support information
al/b.

2.1.1  Summary of Main Contributions

We develop a unified framework for regret and approximation ratio through a single quantity,
the minimax A-regret, where the A-regret is the difference between A times the benchmark revenue
and the mechanism revenue, and A € (0, 1] is a constant. It is clear that when A = 1, the A-regret
reduces to the regret. The fact that the A-regret can be used to characterize the maximin ratio re-
lies on an epigraph reformulation of the latter problem, which is fairly standard in the context of

optimization with fractional objectives. Our main contribution, however, is the full characteriza-
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tion of a minimax optimal mechanism and its associated performance for A-regret for any value of
A € (0, 1], any number of buyers n and any support information [a, b]. Since we are primarily
interested in the effect of the support [a, b], we initially assume that the valuations are » i.i.d. ran-
dom variables given the canonical nature of this setting. Our family of optimality results across
this spectrum brings to the foreground a very rich structure of optimal mechanisms, and establishes

how relative support information critically impacts the structure of optimal mechanisms.

Novel mechanism class. A natural candidate for an optimal mechanism is a second-price auction
with appropriate random reserve. Previous work [1] shows that this is optimal with zero relative
support information, i.e., for a = 0. Suppose for a moment that relative support information is
high (i.e., a ~ b) and we are restricted to the class of second-price auctions (SPAs). Setting any
nontrivial reserve is risky because when the highest buyer’s value is below the reserve the seller
does not allocate and gets zero revenue. At the same time, the benefits of a reserve price are limited
since the highest and lowest values are close. Indeed, the seller can guarantee a revenue of a with
no reserve, which is close to the maximal revenue achievable of b. Hence, it should be intuitive
that when relative support information is high, a SPA with no reserve is optimal among the class
of SPAs. (A formal result is presented in Section 2.4.2.) A natural question is then whether there
are mechanisms that can outperform a SPA with no reserve from a robust perspective, and what
structure they take.

We define a new mechanism class, with the aim of softening the trade-offs associated with
reserve pricing in second-price auctions. These mechanisms, that we dub “pooling auctions”
(POOL), have an associated threshold. When the highest bid is above the threshold, the mech-
anism allocates to the highest bidder, as in a SPA when the highest bid is above the reserve price.
However, when the highest bid is below the threshold, rather than not allocating as a SPA would
do, the seller allocates uniformly at random to any of the bidders. In other words, this auction

pools the low types and the lowest bidder may get the item. By increasing the allocation at low
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values, the mechanism increases the revenue derived from lower-valued bidders, but in doing so,
the mechanism can extract less revenue from higher-valued bidders due to incentive compability.
In this sense, the pooling auction makes allocation and payment more “uniform” across values and

softens the tradeoffs from reserve pricing.

Characterization of an optimal mechanism. Our main result, Theorem 2, establishes that there
always exists an optimal mechanism that is a randomization over second-price auctions (SPA) with
different reserves and pooling auctions (POOL) with different thresholds. Therefore, an optimal
mechanism can be implemented in terms of a random instance of one of these “base”” mechanisms.
Furthermore, three fundamental relative support information regimes emerge. There are thresholds
k; and kj, such that: if a/b < k; (low information regime), SPA with random reserves is optimal; if
a/b > kj (high information regime), POOL with random thresholds is optimal; if k; < a/b < ky,
(moderate information regime), a randomization over SPA and POOL (i.e. interpolation between
the two extremes) is optimal.

We note that SPA is a “standard” mechanism, meaning that it never allocates to non-highest
bidders, but POOL is not. Therefore, the optimal mechanism we have identified is standard if and
only if a/b < k;. Secondly, POOL always allocates, meaning it allocates with probability one,
whereas SPA does not (because it does not allocate below the reserve). Therefore, the optimal
mechanism always allocates if and only if a/b > k.

While the result above applies for any A, we note that for the maximin ratio problem (the prob-
lem of maximizing the worst-case ratio of revenue to the benchmark), the value of A is endogenous,
and it is not clear a priori in which information regime one falls. Quite interestingly, we can prove
that the optimal maximin ratio mechanism is never in the SPA regime and thus some amount of

pooling is always necessary in this case (see Section 2.3.2 and Proposition 9).

Methodology and closed-form characterization. We characterize the optimal mechanism and

worst-case distribution in closed form via a saddle-point argument. In particular, if we assume that
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a saddle point exists and the optimal mechanism has the form outlined in the previous paragraph,
we derive necessary conditions for Nature’s worst-case distribution (cf. Section 2.3.1) as well as
the distributions of random reserve r and threshold 7, under a few fairly mild technical condi-
tions. We then prove that the resulting mechanism is optimal without any additional assumptions.
Our methodology provides a unified treatment across all support information levels, and objec-
tives (regret and approximation ratio) in one framework. We also characterize Nature’s worst-case
distribution as part of our analysis, which takes the following form: for a/b < kj, the worst-
case distribution is an isorevenue distribution (i.e., zero virtual value), whereas for a/b > kj, the

worst-case distribution has a constant positive virtual value in the interior of the support.?

Quantifying the value of scale information and competition. Using the machinery we develop,
we can exactly compute the minimax regret and maximin ratio for any support information [a, b]
and number of buyers n (cf. Figure 2.4). We show that even a small amount of knowledge can lead
to nontrivial guarantees on revenue. For example, even when we only know that values can vary
over a full order of magnitude (a/b = 0.10), we can guarantee 40.38% of the ideal benchmark
with only 2 buyers. When the knowledge of the scale is more precise, say, if we know the value up
to a factor of two (a/b = 0.50), we get a guarantee of 74.63% with 2 buyers. With more agents,

the guarantees improve (around 5% and 3% more, respectively, for an additional buyer).

Quantifying the power of mechanism features. We have identified an optimal mechanism that
is a randomization over base mechanisms in the SPA and POOL classes. A distinguishing feature
of the latter mechanism is that it is non-standard, i.e., it allocates to non-highest bidders. We show
that this feature is necessary for optimality by characterizing the minimax optimal mechanism and
performance within the class of all standard mechanisms and showing that the optimal mechanism
strictly improves over optimal standard mechanisms. More broadly, in Section 2.4, we quantify

the value of different features in the mechanism class by computing the worst-case A-regret (and

2For a distribution with CDF F and density f, the virtual value at v is defined by v — (1 — F(v))/f(v).
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thus, regret and ratio) for different nested mechanism subclasses of all DSIC mechanisms: all
DSIC mechanisms (May), all standard mechanisms (Msq), SPA with random reserve (Mspa-rand),
SPA with deterministic reserve (Mspa-det), and SPA with no reserve (Mspa-a). These results are
also of independent interest, as they characterize the worst-case performance of commonly used
mechanisms. In terms of maximin ratio, we find strict separation for all subclasses except Mgspa_det
versus Mgpa-a (cf. Figure 2.7). These results show that introducing some features (such as non-

standardness) can lead to significant performance improvements.

2.1.2 Related Work

Auction Design and Mechanism Design [14], [4] and [15] pioneered a long line of work on the
design of auctions and other economic mechanisms with strategic agents. In particular, [4] shows
that if agent valuation distributions are known, i.i.d. and regular, then the optimal (expected-
revenue-maximizing) mechanism is a second-price auction with reserve. This is the classical
paradigm of Bayesian mechanism design. However, once we go beyond the simplest settings, this
paradigm quickly leads to very complicated “optimal” mechanisms that are too detail-dependent
and potentially fragile. In response, part of the algorithmic game theory literature instead focuses
on proving approximation guarantees for specific “simple” mechanisms [54]. This line of work
still assumes that the value distribution is known to both the designer and all players, and the play-
ers play a Bayes-Nash equilibrium. In our setting, however, the value distribution is not known,
the performance is evaluated in the worst case rather than the “Bayesian” average case, and we

require a dominant strategy equilibrium.

Robust Mechanism Design The closest line of work to ours is how to robustly sell an item with
non-Bayesian uncertainty on valuation distributions. This question has been studied in the “prior-
independent approximation” literature in algorithmic game theory [25, Chapter 5], often assuming

the shape of the distribution (such as regular or monotone hazard rate) is known but not the “scale”
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of the distribution. In this chapter, we assume we know the scale of the distribution (as captured by
the bounds [a, b]) but not the shape and we derive both regret and ratio guarantees. The one-agent
case reduces to a pricing problem; [6] and [18] provide exact characterization for minimax regret
and maximin ratio pricing, respectively. [55, 12] analyze minimax regret against any number n of
agents whose valuation distributions are arbitrarily correlated with a known upper bound on the
support. They show that their problem “reduces” to the one-agent case because Nature can choose
the worst-case distribution to only have one effective bidder.

Technically and conceptually, the previous chapter, based on [1], is the closest to our work.
We show that the second-price auction is robustly optimal for any number n of agents when only
the upper bound of the valuations is known, whereas our work assumes that both the lower bound
a and the upper bound b are known. This allows us to capture the entire spectrum of support
information. Whereas both their work and ours share the guess-and-verify saddle point framework,
the main difficulty of this framework is to identify the form of the optimal mechanism in the first
place. This makes our departure from the case a = 0 challenging: it requires us to explore the space
of DSIC mechanisms beyond second price auctions. As soon as one departs from SPAs, the space
of mechanisms is much larger and it is not clear what should be a good candidate class a priori.
We identify new focal mechanisms (namely, pooling auctions) and show that qualitatively different
forms of optimal mechanisms emerge, depending on the amount of information a/b. Lastly, they
only focus on regret, whereas we unify both regret and ratio objectives in a single framework.

Previous works that study robust mechanism design tend to identify second-price auctions
(SPA) as optimal [1, 19, 11, 56, 57, 41, 23]. One of the main contributions of this chapter is
to show why SPA fails to be optimal when we have sufficient relative support information and
propose a new building block for robust mechanism design, the pooling auction mechanism. Other
than the fact that the optimal mechanism in our setting is composed of these new mechanisms, this
new class may also be of independent interest in other robust mechanism design problems.

Our work is also related to a broader literature on robustness in mechanism design and con-
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tracting [39]. In particular, while we highlight the work on robustness to distributions here because
they are most related to our work, there are other forms of robustness as well, e.g., robustness to
higher-order beliefs [40, 58], robustness to collusion and renegotiation [59, 60, 61], and robustness
to strategic behavior that is weaker than dominant strategy [36, 62]. Robust mechanism design
also has conceptual links to robust and distributionally robust optimization; see [63] and [64] for

OVEerviews.

Optimal Mechanisms with Partial Information Our work is also related to the design of ro-
bustly optimal pricing and mechanisms with partial information about the distribution. Some works
assume access to samples drawn from the i.i.d. distribution [26, 20, 29, 30, 31] while others assume

that summary statistics of distributions are known [32, 34, 35, 19, 65].

Pooling in Auctions While the specific form of the pooling auction POOL that we propose is
new, the more general notion of pooling in auctions has appeared in the literature, starting from
the pioneering work on revenue-maximizing auctions of [4]. When F is not regular, it is shown
the distribution must be “ironed” such that the all bidders in the same ironing interval have the
same allocation, that is, their types are pooled. The main difference is that in [4], there is a known
focal distribution F to iron, whereas there is no single distribution in our problem, and the pooling
emerges naturally from the worst-case analysis over all feasible distributions. In fact, we can see
from the proof of the main theorem that the worst case distributions are all regular. Therefore, even
if we only consider the worst case over all regular distributions, the robustly optimal mechanism
will still pool, whereas if we know the true distribution to be any specific regular distribution, the
Bayesian optimal mechanism will not pool by Myerson. The robust auction framework therefore
gives qualitatively different prescriptions. Beyond [4], pooling in auctions has been shown to be
optimal in a variety of settings [66, 67, 68, 69] but to the best of our knowledge, these work all

operate in the Bayesian setting and as such the driver of pooling appears different.
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2.2 Problem Formulation

The seller wants to sell an indivisible object to one of n buyers. The n buyers have valuations
drawn from a joint cumulative distribution F. The seller does not know F, and only knows a lower
bound a and an upper bound b of the valuation of each buyer. That is, the seller only knows that

the support of the buyers’ valuations belongs to [a, b]".

Seller’s Problem. We model our problem as a game between the seller and Nature, in which the
seller first selects a selling mechanism from a given class M and then Nature may counter such a
mechanism with any distribution from a given class ¥. Buyers’ valuations are then drawn from
the distribution chosen by Nature and they participate in the seller’s mechanism.

We will now consider the choice of the mechanism class M. A selling mechanism m = (x, p)
is characterized by an allocation rule x and a payment rule p, where x : [a,b]" — [0, 1]" and
p : la,b]" — R. Given buyers’ valuations v € [a, b]", x;(v) gives the probability that the item
is allocated to buyer i, and p;(v) his expected payment to the seller. In our main result, we will
consider the class M, of all dominant strategy incentive compatible (DSIC) direct mechanisms. A
mechanism is DSIC if and only if it is optimal for every buyer to report her true valuation (IR) and
participate in the mechanism (IC), regardless of the realization of valuations of the other buyers,
and the seller can allocate at most one item (AC). More formally, we require that the mechanism

m = (x, p) satisfies the following constraints:

vixi(vi,v_;) — pi(vi,v_;)) 20, Vi,v;,v_; (IR)

vixi(vi,v_) = pi(vi,v—i) 2 vixi(V;,v_;) — pi(Vi,v_) Vi, vi,v_, ¥ (I06)
n

ZX,‘(V,‘, V_i) <1 Vv. (AC)

i=1

Note that we allow the seller’s mechanism to be randomized. We can now define the class of all

46



DSIC mechanisms
Man = {(x, p) : (IR), (IC), (AC)} . (2.1)

This is the same definition of DSIC as in Chapter 1, and we repeat it here for completeness.

Seller’s Objective. Informally, the seller seeks to minimize the “gap” between the expected rev-
enue E, . f [Zl’.’zl pi(v)] relative to the benchmark associated with the revenues that could be col-
lected when the valuations of the buyers are known E, .r [max(v)].> We consider two notions of

gaps. First is the absolute gap, or regret, defined by
n
Regret(m, F) = B, |max(v) — Zpi(v) . (2.2)
i=1

Second is the relative gap or approximation ratio, defined by

. _Evr |2k, pi(v)]
Ratio(m, F) = By p [max(v)] (2.3)

After the seller chooses a mechanism m, Nature then chooses a distribution F' from a given
class of distributions # such that the valuation of the n agents v € R/} are drawn from F. The
seller aims to select the mechanism m to either minimize the worst-case regret or maximize the

worst-case approximation ratio. Our goal, therefore, is to characterize the minimax regret and

3The benchmark we use, maximum revenue with known valuations, is called the first-best benchmark. Another
plausible benchmark we can use is the second-best benchmark, maximum revenue with known distributions. Both
benchmarks are extensively used in the economics, operations, and computer science literatures; examples of papers
using the first-best benchmark include [6, 44, 45, 46]. The first-best benchmark is also reminiscent of the offline
optimum benchmark, which is extensively used in the analysis of algorithms [47].
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maximin ratio for different classes of mechanisms M and classes of distributions ¥ :

MinimaxRegret(M, ¥) := inf sup Regret(m, F), 2.4)
meM pegF

MaximinRatio(M, ) := sup inf Ratio(m, F). (2.5)
meM FEF

For A € (0, 1], define the A-regret

R/l(m’ F) = EV~F

Amax(v) = 3 pi(¥)
i=1

To unify the minimax regret and maximin ratio objectives, we will focus on the minimax A-regret

defined by

Ry(M,F):= inf sup Ry(m,F). (2.6)
(x.p)EM FeF

The following proposition, whose proof is given in Appendix B.1, formalizes that the values of

problems (2.4) and (2.5) can be obtained from a characterization of the problem in (2.6).

Proposition 6. MinimaxRegret(M, ) = R;(M,F) and MaximinRatio(M, F) is the largest

constant A > 0 such that Ry(M,F) < 0.

We note that the traditional notion of worst-case performance can also be obtained from MaximinRevenue (M,
—Ro(M, ). However, with only support information [a, b], the problem is trivial: without the
F-dependent benchmark counteracting, Nature will simply put all the weight of the worst-case

distribution F at a.

Admissible distributions. Lastly, we consider the choice of the class of admissible distributions
¥ . This class can be seen as capturing the “power” of Nature: the larger the class, the more

powerful/adversarial Nature becomes. To simplify exposition, we will assume for most of this
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chapter that ¥ is a class of independently and identically distributed (i.i.d.) distributions Fq,

defined formally as follows.

Definition 7. The class Fiiq consists of all distributions such that there exists a distribution F with

support on [a, b], referred to as the marginal, such that F (v) = [1'_, F(v;) for every v € [a, b]".

2.3 Optimal mechanisms over the class of all DSIC mechanisms

In this section, we characterize an optimal mechanism over the class of all DSIC mechanisms
My for the minimax A-regret problem against i.i.d. distributions Fiq for any A4 € (0, 1], support
information [a, b|, and number of bidders n. Our main theorem presents an optimal mechanism
for each uncertainty regime. We will then use the main theorem to gain insights into the structure
and performance of the optimal mechanism.

Let v(D) and v(® be the highest and second-highest entry of v and let k denote the number of

buyers with value equal to v{!). We define the SPA and POOL mechanism classes as follows.

Definition 8 (second-price and pooling auctions). A second-price auction with reserve r, denoted
SPA(r), is defined by the allocation rule x : [a, b]" — [0, 1]" and the payment rule p : [a, b]" —

[0, 1] given by, for eachi € [n],

e l(vizv“)) ifv® > r,
1("1’7(1/(1)) ifv(l) >r,
xi(v) = and p;(v) = rl(V+V“)) ifvD > r > @

0 ifv(l)<r,

Given a distribution of reserve prices ®, we denote by SPA(®) a second-price auction with random
reserve prices drawn from ©.

A pooling auction with threshold t, denoted POOL(7), is defined by the allocation rule x :
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[a,b]™ — [0, 1]" and the payment rule p : [a, b]" — [0, 1]" given by, for eachi € [n],

v(z)l(vl-;v“)) ifv® >r,
1(";’7(\/(1)) l'fv(l) > r
xi(v) = and  pi(v) = { =D Mm@ ey () 5 s @)
1 ifvl) <r
o ifvl) <r

Given a distribution of thresholds ¥, we denote by POOL(Y) a pooling auction with random

thresholds drawn from P.

Note that in any DSIC mechanism (including SPA and POOL defined above), the payment
rule is uniquely determined from the allocation rule via Myerson’s envelope formula. In a pooling
auction, we can still use the threshold to differentiate between bidders with different values and
potentially extract more revenue, without risking the zero payoff that comes from not allocating
the item. Of course, this has implications for payments. We illustrate this interplay in Figure 2.1,
where we depict, for the case of two agents, the allocation rule x(v) and revenue p(v) + p2(v) at
each valuation vector v = (v1, v;) for three mechanisms: SPA (no reserve), SPA(r), and POOL(r).

We can see intuitively that pooling low types indeed softens the tradeoff associated with reserve
pricing. By increasing the allocation for the low types, we increase the payment accrued from
lower-value bidders but, at the same time, we decrease the payment accrued from higher-value
bidders to guarantee incentive compatibility (so higher-value bidders do not pretend to be lower-
value ones). When the relative support information is high (i.e., a ~ b), the lower-value and
higher-value bidders are not too different, and this softer tradeoft has the potential to lead to more
robust mechanisms.

Before we state our main theorem, we first define two thresholds that will demarcate three

information regimes arising in our analysis.
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V2, V2, V2,
b b b
P2 P2
P2
r r
1
P1 PO Pl Plwp.z | pj
P2 W.p.%
a b T/l a r b ?}1 a r b T/l
(a) SPA(a) allocation rule (b) SPA(r) allocation rule (c) POOL(r) allocation rule
V2, V2, V2,
b b b
V1 Vi
Vi V2 V2
r r
V2 +
0 r a 52
a b T}l a r b T/l a r b T/l
(d) SPA(a) revenue (e) SPA(r) revenue (f) POOL(r) revenue

Figure 2.1: Allocation rules and revenue of SPA without reserve, SPA(r), and POOL(r). In the
allocation rule, P1 stands for allocating to player 1, P2 for allocating to player 2, and P0 for not
allocating.

Definition 9. Fix n and A € (0, 1]. Define k; € (0, 1) as a unique solution to

=1 _ n—1
a/ %dt =(1- k)" L.
t

=k,

Define kj, to be 1 forn =1, and if n > 2, define kj, € (0, 1) to be the unique solution to

t=1 n— _ n
/ [M_(l_ﬂ)m dt=(1-kp)".

& t}’l tn+l
=Kn
We are now ready to state our main theorem.

Theorem 2 (Main Theorem). Depending on the value of a/b, the minimax A-regret problem admits
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the following mechanism as robustly optimal.

» Suppose a/b < k;, and let r* = k;b. An optimal mechanism is SPA(®*) with

n—1 t=v _ayn—1
O (v) = 1— ‘/ E=r"
t

(V _ r*)n—l —pr m

* Suppose a/b > kj, and let o = (a — kpb) /(1 — k). An optimal mechanism is POOL('P™)

with

w@ﬁzm<c;@y/ﬁﬂﬁ;ﬂim

n—-1\v-a —o (t—=go)t

* Suppose k; < a/b < k. Let (v*, @) be the unique solution to

O = [

(V*)n—l —a th
(b _ a)” (V* _ a)” ~ t=b (l‘ _ a)n—l (l‘ _ a)”
- @WIU—W—UM—[;[—jr——U—@ | dr-

An optimal mechanism is based on a unified threshold distribution D such that if we draw
a sample r ~ D, if r < v* the mechanism is SPA(r), otherwise the mechanism is POOL(r),

where the CDF of D is given by

1 (L)n—l ‘/t‘t=v (t—a)"_ldt forv c [Cl,V*] ,

v—a =a mn

bt ()| (54) - S [ - - ] orve o

D) =

We present the proof of Theorem 2 in §2.3.1, with some computational details deferred to
Appendix B.2. We then use our closed form characterization to gain insights into the structure and
performance of the optimal mechanism in §2.3.2 and show how our results reduce to the known

pricing case with n = 1 in §2.3.3.
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2.3.1 Proof of the Main Theorem

The key idea for the proof of our main theorem (Theorem 2) is to explicitly exhibit a saddle

point of the zero-sum game between seller and Nature, defined as follows.

Definition 10. (m*, F*) is a saddle point of R,(m, F) defined in (2.6) if and only if

Ry(m*,F) < Ry(m",F*) < Ry(m,F*) forallm e M,F € F.

As discussed in the related work section, the saddle point guess-and-verify technique has been
used before in robust auction design problems [1, 19], but these all identify second-price auctions
as robustly optimal. Because the space of DSIC mechanisms is so big and unstructured, it is
unclear a priori what the candidate mechanism family should be. Part of our technical contribution
is identifying the right mechanism class depending on the support information regime. Importantly,
this mechanism class is parameterized by a “one-dimensional distribution” (e.g. the @ in SPA(®)
or ¥ in POOL(Y) or a “unified threshold distribution” combining both SPA and POOL), which
enables us to apply first-order condition techniques to establish the saddle point conditions.

We proceed in three steps. Firstly, we introduce a class of (g, g4) mechanisms, which unifies
the optimal mechanisms in all three regimes (second-price auctions with random reserves, pooling
auctions with random thresholds, and randomization between SPA and POOL). Secondly, we
derive sufficient conditions for a particular (g,, g4s) mechanism and a particular distribution F*
to be a saddle point. The proof of the main theorem is then reduced to checking these sufficient
conditions, which we defer to the Appendix. Thirdly, we illustrate how we can use our framework
to guess and verify an optimal mechanism in the high information regime. While this step is not
strictly necessary for verifying the optimality of a candidate saddle point, it offers valuable insights
into the construction of our mechanism. Such intuition may prove beneficial for future researchers

exploring related robust mechanism design problems.
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V2a V2,

x1(vi,v2) x2(vi,v2)
b b
V2 r-ga(va) - V2 - gu(va) -
gu(v1) 8a(v1)
a Vi b Tx’l a Vi b T/l

Figure 2.2: Allocation rules of a (g,, gs) mechanism for n = 2. For the first buyer, we have
x1(vi,v2) = gu(vy) if vi > vo, and x1 (v, v2) = g4(v2) if vi < vo. When v = v, the allocation is
not shown but equal to x; (v, v2) = (gu(v1) + 84(v1))/2.

A Unifying Class of Mechanisms

We now introduce the class of (g,, gs) mechanisms, parameterized by two functions g,, g4.

Definition 11 ((g,, g4) mechanisms). Let g,, g4 : [a,b] — [0, 1] be given functions. A mecha-

nism (g, gq) is defined by the allocation rule x : [a, b]" — [0, 1]" given by, for each i € [n],

%gu(vmax) + %gd(vmax) if vi = max(v) := viax and there are k entries in v equal to viax
xi(v) =
8d(Vmax) ifvi < max(v) := Vmax

and the payment rule p : [a,b]" — RY, is determined uniquely from Myerson’s formula such that

the resulting mechanism (x, p) is dominant strategy incentive compatible.

In other words, the mechanism allocates g, (vimax) to the highest bidder(s) and g;(vmax) to the
non-highest bidder(s). If there are k highest bidders, the mechanism breaks ties symmetrically by
selecting one of them to be the “winner” with g, allocation uniformly at random. The (g,, g4)
mechanism class is a powerful abstraction in our settings for two reasons we delineate below.
Figure 2.2 illustrates the allocation under a (g,, g4) mechanism for the case of two buyers.

First, all mechanisms in the three different support information regimes (SPA with random
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reserves, POOL with random thresholds, and a randomization between SPA and POOL) can be

represented in this form. Note that both SPA(r) and POOL(7) are (g,, g4) with the following

specification:
SPA(r) : g(v)y=1(v =r) ga(v) =0
1 -1 1 1
POOL(7) : gu(v)=—+ n 1(v > 1) ga(v)y=——--1(v > 1)
n n n n

Furthermore, this class of mechanisms is closed under randomization. A randomization over a
family of (g, g4) mechanisms is still a (g,, g4) mechanism with the resulting mechanism having
gu and g4 that are “convex combinations” over the base g, and g, functions. Therefore, all mecha-
nisms having the form in Theorem 2 are (g, g4) mechanisms. The formal statement and the proof
are deferred to Proposition 17 in the Appendix.

Second, the (g,, g4) mechanism, while general, still captures the sense in which our mecha-
nisms are analytically tractable for saddle point calculations. More precisely, we have the following

expression for the expected regret of a (g,, g4) mechanism under an arbitrary distribution F.

Proposition 7 (Expected Regret of a (g,, g4) mechanism). Let R (g, F) := Ry((gu, &ga), F) be the
expected A-regret of a (g, g4) mechanism under i.i.d. distribution F.
If we assume that g, and g4 are continuous everywhere and differentiable everywhere except

at a finite number of points, then

v=b
Ry(g, F) =a(d-gu(a) - (n—1)ga(a)) + / (4= 8u(v) +8a(v) = vg,(v) + (v — na)gy(v))

v=a

v=b
+ / (== (n = D(gu(v) = ga(v)) +v(g,,(v) + (n = 1)g(v))) F(v)"dv

b
+ / n(gu(v) — ga(v) — (v —a)g/,(v)) F(v)"'dv . (Regret-F)

=a

If; instead, we let g, and g4 be arbitrary but we assume that F has a density f = F’ on [a, b)
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(so it potentially has point masses only at a and b of size F(a) and F({b}) := f, respectively),

then we have the (Regret-g) expression

Ri(g.F) = Ab—a(gu(a) + (n—1)ga(a)) F(a)" - (bgu(b) + (n — 1)aga(b)) (1 - (1 - f)")

+(b=a)ga(b) (1= (1= )" (14 (1= 1 fy))

v=b
+ / —AF(W)" + gu(V)nF ()" (1 = F(v) = vF'(v))dv

=a

v=b
+ / gaWn(n—=1DFW)"2F (W) {(v—a)(1 - F(v)) —aF(v)}dv. (Regret-g)

=a

(Regret-g) is valid for n > 1 if we take the expression n(n — 1)F(v)"2 to be zero for n = 1.

Verification of a Saddle Point

Importantly, the (Regret-F) shows that the expected regret can be written as an explicit poly-
nomial function of the marginal CDF F'(v) and is “separable” as a function of F(v). This allows
us to maximize regret as a function of F by maximizing each individual F(v) expression “point-
wise” independently for each v, subject only to the constraint that F'(v) is weakly increasing in v
(which is automatically satisfied for our specific F). By deriving first and second conditions using

(Regret-F), we derive the following sufficient conditions for Nature’s saddle.

Proposition 8. Suppose that g* is a (g, g};) mechanism and F*(v) is an increasing function that

satisfy the following conditions:

(== (n =D (g, (v) = gz() +v(g,(v) + (n = gy (v))) F*(v)

+(n—=1)(g,(v) —g;(v) = (v —a)g;;(v)) =0 (FOC)
g.(v) —g;(v) = (v—-a)g;(v) >0. (SOC)

Then R(g*,F*) < R(g*, F) for any F.
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Note that first-order and second-order conditions together do not imply global optimality in
general. It is only true in this case due to the special structure of the integrand, which has the form
aF (v)"! = BF(v)" for each F(v), that we analyze directly.

To verify Nature’s saddle it is sufficient to check (FOC) and (SOC) for the specific g; and g;"l
and F* for each of the three regimes. We defer these calculations to Appendix B.2.1.

The seller’s saddle is R(m, F*) < R(m*, F*). Optimizing over m given i.i.d. F* is a standard
Bayesian mechanism design problem, and optimality of m* in each respective regime follows from

applying the classical theory from [4].

Derivation of the Saddle Point for the High Information Regime

To give the reader a sense of how these calculations work, we will work out the guess-and-
verify procedure in the high support information regime below. Throughout the rest of this subsec-
tion, we assume a/b > kj. We first use the formula (Regret-g) and the sellers’ saddle to pin down
the worst-case distribution F™. In turn, plugging F* in the first-order condition of Nature’s saddle
in Proposition 8 gives us a differential equation involving g, and g, that can be used to solve for
the mechanism. We then conclude by formally verifying that the candidate saddle point is optimal
using the approach delineated in the previous section.

In the high information regime, the pooling auction is conjectured to be optimal and, thus, we
should always allocate the item. So, we must have g,(v) + (n — 1)gs(v) = 1 for every v. Using

(Regret-g), we can write the expected regret purely in terms of g, as

Ab —aF(a)"—b+b(1-fp)"
v=b
+ / [ —AF(»)" + nF(v)"_zF'(v) {(v=a)(1=F(v))—aF(v)}

+nF(W)"2{F(v) = F)? = (v —a)F'(v)} gu(v)]dv . (Regret-g)

Note that (Regret-g) depends on g, only through g,(v) and is linear in g,. This is useful for
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the seller’s saddle inf,, Ry(m, F*). If the seller maximizes over the POOL mechanism parameter-
ized by g,, then by the first-order conditions, under the worst-case distribution F*, the coefficient
of each g,(v) should be zero. Otherwise, the seller could decrease her regret by changing the

distribution of reserves. Therefore,

d v—a v—a
Fr(v) = F*(v)? = (v=—a)(FY(v) =0 = - (v - F*(v)) =0=v- ) = ¢y .

This pins down Nature’s candidate distribution as F*(v) = (v — a)/(v — ¢¢), a distribution with
constant virtual value ¢9. We note this part of the argument (guessing F™) is technically not needed
in the formal proof, because it is sufficient to simply verify the saddle point to confirm that our
mechanism is robustly optimal. Therefore, we can make certain smoothness assumptions to derive
this F* which are not needed for the formal saddle verification proof. Nevertheless, we think it is
useful for the readers to understand where our candidate saddle point comes from.

We now derive the mechanism g,. Proposition 8 gives sufficient conditions to imply Nature’s
saddle. The (FOC) also gives an Ordinary Differential Equation (ODE) on g;, that uniquely deter-
mines it as follows. Substituting g7(v) = (1 — g;(v))/(n — 1) and F*(v) = (v —a)/(v — ¢o) in

(FOC), we get

(v-a)

_ n _ n—1
d[(v a) *(V)]_w_(l_ﬂ)m'

av | =00 T = g0

We therefore get

o =g [ (t—a)’l] LR v
s =55 [ [(f—d)o)” G o |7 = 0 2 k= goyn

The expression makes it clear that g (a) = 1/n and g; (v) is increasing in v, the latter of which
is necessary for the function to correspond to a true feasible mechanism. We also impose the

condition that g (b) = 1, which gives an equation that ¢¢ must satisfy. By definition of k,, we see
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by inspection that the resulting equation has an explicit solution

¢ _a—khb
L

We need ¢y > 0 for Nature’s saddle to hold: this is why this mechanism and the corresponding
saddle is valid only in the a/b > kj regime.

The above ODE manipulation not only determines g;,, but also makes sure that the resulting g,
satisfies (FOC). The only thing that remains for Nature’s saddle is to verify (SOC). By substituting
g, with g, and write (g;)"(v) in terms of g, (v) using the ODE from (FOC), (SOC) reduces to
ng,(v) —1+ A > 0 which is true because g;,(v) > g, (a) = 1/n. Lastly, verifying Seller’s saddle is
a standard Bayesian mechanism design problem. Fixing F™, the optimality of a POOL mechanism
follows because under a constant positive virtual value F*, every mechanism that always allocates

is optimal.

2.3.2  Structure of Optimal DSIC Mechanisms

We next discuss the structure of optimal mechanisms under the minimax regret and maximin

ratio objectives.

Minimax Regret Objective

The case of minimax regret is obtained by setting 4 = 1 in Theorem 2. In Figure 2.3, we
fix b = 1, and depict optimal mechanisms for ¢ = 0 (low information), a = 0.25 (moderate
information), and a = 0.5 (high information). We show the allocation rule x;(vy, v;) to buyer
1, and the total allocation xj(vy,v2) + x2(v,v2) to both buyers. Note that the mechanism is
symmetric, so x3(vy, v2) = x1(v2,v1) and is therefore not explicitly shown. The corresponding g,
and g, functions are shown in the last row of Figure 2.3.

The top heatmaps of Figure 2.3 for x; (v, v2) show that in the low information regime (a = 0),
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Figure 2.3: Optimal mechanisms for minimax regret. The top row shows the allocation rule
x1(v1, v2), the second row shows the total allocation x1(vy, v2) +x2(v1, v2), and the last row shows
the g, and g, functions. The upper end of the support is b = 1 and each columns shows a different
value of the lower end a € {0,0.25,0.50} (low, moderate, and high support information regimes).

the upper triangle is all zero because in that regime the optimal mechanism randomizes among
SPAs, which never allocate to the non-highest buyer. The upper triangle is not zero for moderate
(mixture of SPA and POOL) and high information regimes (POOL). We can also see this from the
bottom row of Figure 2.3 because g, is zero for a = 0 but strictly positive for a € {0.25,0.50}.
The middle heatmaps of Figure 2.3 show the total allocation x;(v) + x2(v) = g, (Vmax) +
g24(Vmax). In the low information regime, it is always less than 1 because SPA discards the item

below the reserve. In the high information regime, it is always 1 because POOL always allocates.
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In the moderate information regime, it is 1 in the POOL region when vpox > v* = 0.8 and is less
than 1 in the SPA region when vp,x < v* in the lower left corner. We can also see this from the
value of g, (v) + g4(v) in the last row of Figure 2.3.

In all heatmaps, we see that in the lower triangle (vi > v;), the values are constant on each

horizontal line because the allocations are g,(v;) for bidder 1 and g,;(v;) for bidder 2 which

< vj), the values are constant on each vertical line

depend on v, while in the upper triangle (v
because the allocations are g,;(v,) for bidder 1 and g, (v,) for bidder 2 which depend only v,, just

as Figure 2.2 suggests.

Maximin Ratio Objective

Figure 2.4 depicts the maximin ratio value as a function of relative support information a/b
for different numbers of buyers n. The ratio quantity gives us the fraction of ideal revenue that the
mechanism can achieve. This figure provides quantitative evidence that even a small amount of

knowledge can lead to nontrivial guarantees on revenue.

maximin ratio (M)

1.01

0.81

0.6 1

maximin ratio

0.21

— n=2_8

0.01— : . . . .
0.0 0.2 0.4 0.6 0.8 1.0
a/b

Figure 2.4: Maximin ratio as a function of relative support information a/b and the number of
buyers n.

Unlike the minimax regret case where 4 = 1 is set exogenously, here A is obtained from

bisection search to find the value of A such that the minimax A-regret is zero (cf. Proposition
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6) and A = A*(k,n) is a function of k = a/b, i.e., the maximin ratio given k that we computed
earlier. As a result, the regime is determined endogenously. For each n, we then compare k = a/b
with k; = k(1" (k,n),n) and kj, = kp(A*(k,n), n) to determine the regime. The next result shows

that the maximin ratio mechanism is either a pure POOL, or a mixture of SPA and POOL.

Proposition 9. The optimal mechanism identified in Theorem 2, when specialized to the maximin

ratio objective, is never in the pure SPA regime.

The proof is given in Appendix B.2.2. Numerically, we find that the mechanism is in a pure
pooling auction regime for “reasonable” values of a/b, namely, a/b > 0.0978 forn = 2, a/b >
0.0155 for n = 3, and a/b > 0.0035 for n = 4. We can visualize the pool threshold distribution
¥ of POOL(Y) as follows. Because ¥ is supported on [a, b], with varying parameters a and b
we normalize the threshold 7 by ¥ = (7 — a)/(b — a) so the normalized thresholds are on the
same scale [0, 1]. Forn € {2,4} and a/b € {0.10,0.25,0.50,0.75,0.99}, we plot the normalized
POOL-threshold CDFs in Figure 2.5. We see that for low a/b, the distribution puts more weight
on lower thresholds, and vice versa. However, the distributions are quite close for a wide range of

a/b and for reasonably high values of a/b, the normalized distribution is close to uniform.

T Maximin Ratio Mechanisms (n = 2) T Maximin Ratio Mechanisms (n = 4)
& &
S 0.8 Sos
e e
2 2
£ a/b=0.10 = a/b=10.10
'§ 0.41 a/b=0.25 _§ 0.4 a/b=0.25
'Té — a/b=0.50 Té — a/b=0.50
50.21 — a/b=0.75 502 — a/b=0.75
—— a/b=0.99 —— a/b=0.99
0.0+~ - - - - - 0.01— ‘ ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Normalized Threshold 7 Normalized Threshold 7

Figure 2.5:  Normalized threshold distributions for n € {2,4} and a/b €
{0.10,0.25,0.50,0.75,0.99}
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2.3.3 Remark on the case n = 1

An important corollary of Theorem 2 is the pricing case (one-bidder / no-competition). Apply-
ing the result with n = 1 directly recovers the minimax regret result of [6] and the maximin ratio

result of [18] as special cases.* We give the proof of this corollary in Appendix B.2.3.

Corollary 3 (Pricing). Suppose n = 1 and fix 1in [0,1]. For a/b < ™'/, the minimax A-regret
is de~V/b, achieved with the price distribution CDF ®(v) = 1 + Alog(v/b) forv > ¢~Vb and 0

~VA the minimax A-regret is —a + da + Alog(b/a) achieved with the price

otherwise. For al/b > e
distribution CDF ®(v) = 1 + Alog(v/b) forv € [a, b].

In particular, the minimax regret is bj/e ifa/b < 1/e and alog(b/a) if a/b > 1]/e. Fora > 0,
the maximin ratio is 1/(1+log(b/a)), achieved by the price distribution ®(v) = 1+log(v/b)/(1+

log(b/a)) forv € [a, b].

We remark that in the one-bidder case, k; = e 14 and kn = 1, so there are only two regimes
(low and moderate support information), and this is reflected in the corollary statement. Moreover,
with only one bidder, POOL becomes a degenerate mechanism that always allocates. This is why
inthe a/b > e 1/ regime (moderate information), the optimal mechanism, which is a mixture of
SPA and POOL, always allocates with positive probability. This can be seen in the pricing CDF

®(v) =1+ Alog(v/b), which has a point mass of positive size 1 + Alog(a/b) > 0 atv = a.

2.4 Minimax A-Regret across Mechanism Classes

Our main theorem (Theorem 2) gives a complete characterization of the optimal robust per-
formance when Nature’s distribution is i.i.d. (F € %iq) and the seller can choose any DSIC

mechanism (m € Myy). It turns out that the optimal mechanism is generally a randomization over

“More precisely, [18] derives the maximin ratio against the second-best benchmark in the discrete price setting,
whereas our result is against the first-best benchmark in the continuous setting. However, their numerical value for the
ratio approaches ours as the grid resolution becomes finer. We can also show that for the n = 1 case, the maximin ratio
for two benchmarks are the same. [18] also does not explicitly derive the optimal mechanism, whereas we do.
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SPA and POOL mechanisms. This optimal mechanism has interesting features, and we would like
to quantify how much each feature contributes to the performance. That is, without that feature,
how much (robust) performance, if any, we will lose. Equivalently, our results quantify the “cost
of simplicity” or the performance loss if the seller is restricted to simpler classes of mechanisms.
We formalize this problem by solving minimax A-regret problems, 4 € (0, 1], when the mech-
anism classes M are successively smaller, omitting one feature at a time. The subclasses under

consideration are shown in Figure 2.6.

MSPA—rand

MsPA-det

Figure 2.6: Nested mechanism subclasses we consider, from biggest to smallest: DSIC mech-
anisms (M,y), standard mechanisms (Mqg), SPA with random reserve (Mspa-rand), SPA with
deterministic reserve (Mspa_det), SPA with no reserve (Mspa_a)

First, our optimal mechanism is not standard because POOL might allocate to a bidder who is
not the highest. To isolate the role of the pooling feature, we study the class of standard mecha-
nisms that only allocate to the maximum bidder. Second, we study the need to deviate from SPAs
in standard mechanisms, and hence study SPAs with randomized reserves. Lastly, we quantify the
power of randomness and the power of using a reserve by computing minimax regret under the
class Mspa-der Of SPA with a deterministic reserve and the class Mgpa., of SPA with no reserve.
Interestingly, we show that there are strict separations in terms of maximin ratio between My,
Mtd, Mspa-rand, and Msgpa-, (but not between Mgpa_get and Mgpa_a). In other words, pooling and
deviations from SPAs are critical for robust performance, and so is the randomization of reserve

prices.
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2.4.1 Minimax A-Regret Over Standard Mechanisms

A mechanism is said to be standard if it never allocates to an agent that does not have the

highest value. Formally, it satisfies the following constraint:

x;i(vi,v_;) =0 Vi,v;,v_; such that v; < max(v). (STD)

We can now define the class of all standard mechanisms.

Definition 12. The class of all standard mechanisms is given by

Msa = {(x, p) : (R), IC), (AC), (STD)} . (2.7)

It is clear that any second-price auction (SPA) with random reserve is standard, and intuitively,
SPAs seem like “natural” and “typical” elements of this class, but as it turns out, other standard
mechanisms lead to higher performance than SPAs when relative support information is high. Let
v and v be the highest and second highest values in the vector v. We now introduce the

following mechanism class.

Definition 13 (Generous SPA). A generous SPA with reserve distribution ®, denoted GenSPA (D),

is defined by the allocation rule x given by, for eachi € [n],

O(v(D)  ifv; is the highest and v® > a,
xi(v) =

1 if vi is the highest and v® = a ,

and zero otherwise, breaking ties uniformly at random. The payment rule p : [a,b]" — R is
determined uniquely from Myerson’s formula such that the resulting mechanism (x, p) is dominant

strategy incentive compatible.

We call this mechanism generous SPA because it behaves like SPA, except in the case when all
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other non-highest agents have the lowest possible value a, then it always allocates (“‘generously”).

We now state the main theorem of this section.

Theorem 3 (Optimal Standard Mechanism). Fixn and A € (0, 1], and letd = a/b € [0, 1). Define
k; as in Theorem 2. Then, the problem admits an optimal minimax A-regret standard mechanism

m*, depending on a/b as follows.

* (Low Relative Support Information) For a/b < k;, m* = SPA(®) is the same as in Theo-

rem 2.

* (High Relative Support Information) For a/b > ki, there is a probability distribution ® such
that m* = GenSPA(®).

Note that by Theorem 2, if a/b < k;, then SPA with random reserve is optimal in My, and
it is also standard, so it is immediate that it is also optimal in the class Mgq. Similar to Theo-
rem 2, Theorem 3 highlights the structural features of our optimal mechanism and is a corollary of
Theorem 13 in the Appendix which fully characterizes the saddle point in closed form.

The proof of Theorem 3 follows a similar outline to that of Theorem 2, although the calculations
are nontrivial. In particular, we need to derive the expressions of conditional distributions of order
statistics for arbitrary F, taking into account potential ties, which complicate the calculations.’ In
contrast, the regret of any (g,, g4) mechanism (whose class contains all other mechanisms in this
chapter) depends only on the marginal distributions of the first- and second-order statistics, which
are simpler (cf. Proposition 7). However, the hardest part is coming up with the right structural
class GenSPA that contains the optimal mechanism (within the subclass of standard mechanisms)
and is tractable, because our techniques based on solving differential equations can pin down
the candidate mechanism only once we fix the mechanism up to a one-dimensional functional

parameter. We discuss key technical challenges and give the full proof in Appendix B.3.1.

>The existing results on conditional distributions of order statistics assume that F has a density, see e.g. [49]. These
results do not apply because we do not make any assumptions on F. In fact, the worst case F' has point masses.

66



2.4.2 Minimax A-Regret over SPA with random and deterministic reserve

We can characterize the minimax A-regret mechanism and its corresponding worst-case distri-

bution and performance in the following theorem.

Theorem 4 (Optimal SPA with Random Reserve). Fix n and A € (0, 1]. Define k; as in Theorem 2
and ki = An/((1 + )n — 1). Then, the problem admits a minimax A-regret m* = SPA(®"),

depending on a/b, as follows.

* (Low Relative Support Information) For a/b < k;, m* = SPA(®") is the same as in Theo-

rem 2.

* (High Relative Support Information) For a/b > k', ®* is a point mass only at a, i.e.,

m* = SPA(a) is a SPA with no reserve.

* (Moderate Relative Support Information) For k; < a/b < k, there is r* € [a, D] such that

®* has a point mass at a and a density on [r*, b].

The second bullet point of Theorem 4 formalizes the intuition highlighted in the introduction
that in the high scale information regime (a/b is close enough to 1), the optimal SPA with random
reserve sets no reserve at all. Similar to Theorem 2, Theorem 4 highlights the structural features of
our optimal mechanism and is a corollary of Theorem 14 in Appendix B.3.2 which fully character-
izes the saddle point in closed form. The proof of the moderate information regime of Theorem 4
is the most challenging. It is different from previous saddle problems because in this case, the
increasing condition on the reserve price distribution @ is binding; if we optimize pointwise, the
resulting distribution is not increasing, which is infeasible. We characterize an optimal distribution
of reserves using a Lagrangian approach that involves introducing a Lagrange multiplier for the
monotonicity constraint and then designing a primal-dual pair that satisfies complementary slack-
ness and Lagrangian optimality. We discuss key technical challenges and give the full proof in

Appendix B.3.2.
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Lastly, we characterize the optimal SPA with deterministic reserve Mgpa_ger and SPA with
no reserve Mgpa.,. Proposition 21 in the Appendix gives the the minimax A-regret for SPA(r)
with a fixed deterministic reserve r. In particular, it subsumes the problem of choosing the regret-

minimizing reserve r as well as computing worst-case regret of SPA without reserve (r = a).

2.4.3 Performance Separation Between Mechanism Classes

Figure 2.7 shows the maximin ratio as a function of a/b of all mechanism classes forn € {2,4}.
This metric captures the performance of the optimal mechanism. We can see that while Mgpa_det
and Mspa_, have the same maximin ratios (so a fixed reserve does not improve over no reserve),

there are strict separations between My, Mgid, Mspa-rand, and Mgpa_a.

maximin ratio for n = 2 maximin ratio for n =4

1.0 1.0
0.8 0.81

2 2

= 0.61 = 0.61

= all 8 all

%041 std %041 std

= —— SPA-rand = —— SPA-rand
0.2 —— SPA-det 0.2 —— SPA-det

—— SPA-a —— SPA-a

0.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0
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0.0 0.2 0.4 0.6 0.8 1.0
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Figure 2.7: Maximin ratio as a function of a/b for n € {2,4}.

The gap between Mg and Mspa_rand Shows that no SPA is optimal within the class of standard
mechanisms, even though the gap is quantitatively small. In contrast, the gap between M,; and
Mg is significant. This means that in robust settings, it is important to sometimes allocate to
non-highest bidders. We can see from the plots with n = 2 and n = 4 that the non-standard gap
becomes bigger and dominates all other gaps as n gets large, so this becomes more important with
more bidders.

These structural results shows that there are interesting mechanism classes in DSIC mecha-
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nisms beyond SPA in the sense that they are robustly optimal in natural settings. In particular, SPA
is not optimal even within the class of standard mechanisms; GenSPA is. It is an open question

whether GenSPA will also be useful in other settings as well.

2.5 Extensions and Conclusion

In this chapter, we give an explicit characterization of a robustly optimal mechanism to sell
an item to n buyers knowing only a lower bound and an upper bound of the support of values,
where the seller’s performance is evaluated in the worst case. Our general framework is broadly
applicable to an arbitrary number n of buyers and several mechanism classes M and captures both
regret and ratio objectives.

Furthermore, we note that it is possible to extend the framework to other classes of distribu-
tions. It is possible to show that the minimax A-regret we have obtained for the case of i.i.d. dis-
tributions (and the corresponding optimal mechanism) does not change if Nature optimizes over
broader classes of distributions capturing positive dependence: exchangeable and affiliated values,
a common class considered with knowledge of the distributions [9]; and mixtures of i.i.d. distribu-
tions, another common class. The results also do not change if Nature optimizes over the smaller
class of i.i.d. regular distributions.

There are many avenues for future work. This present chapter is a step in the more general
agenda of robust mechanism design with partial information, and it would be interesting to investi-
gate how other forms of side information (such as moments, samples, and shapes of distributions)
impact the structure and performance of optimal or near-optimal mechanisms, and the value of
such information. Another direction is to consider other benchmarks, especially the second-best

benchmark rather than the first-best benchmark considered in this chapter.
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Chapter 3: Battery Operations in Electricity Markets:

Strategic Behavior and Distortions

3.1 Introduction

Climate change is the defining issue of our time [70], and countries and regions have pledged
to reduce their carbon emissions through international agreements and carbon neutrality pledges.
For example, the United States and the European Union planned to reach net zero by 2050. The
power sector in the United States is one of the largest emitting sectors, accounting for around 30
percent of total U.S. emissions [71].

To achieve this goal, the electric power systems are currently undergoing a major transforma-
tion by incorporating renewable energy resources, such as solar and wind. However, the availabil-
ity of these renewable resources depends on exogenous factors that cannot be controlled. Because
supply of power has to equal demand at all times on the electric grid, the system operator has
to compensate for the real-time variability in one of two ways. The traditional way is to call up
fast-responding “peaker” plants, but these plants are both expensive and have high emissions. Al-
ternatively, the system can have enough energy storage resources, such as batteries, to smooth out
fluctuations and variations in energy production and consumption over the course of a day. As
costs fall and incentive schemes for renewables and batteries are enacted, battery storage capacity
has been growing rapidly since 2021. California and Texas have emerged as front runners in the
deployment of battery storage, with 8.6 GW and 4.1 GW of battery, respectively, as of April 2024,

while other states are only starting to deploy batteries at scale [72].! In deregulated electricity mar-

I'To put these numbers in context, California and Texas electricity demands on a typical day are around 20-40 GW
and 40-70 GW, respectively, so California’s batteries are already a substantial fraction of demand.
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kets such as California and Texas, these grid-scale batteries, like other generation assets, are often
privately owned by profit-driven investors. As batteries grow from their previous role as marginal

“price-takers” to significant players in the market, a natural question arises:

How do batteries operate in electricity markets, and how does the strategic behavior

of decentralized batteries distort decisions compared to centralized batteries?

System operators have already observed strategic battery behaviors leading to negative out-
comes. The Australian Energy Regulator reported strategic behavior from its (relatively small)
100MW/150MWh battery during tight market conditions on March 16-17, 2023 [73, 74]. After a
generator outage (March 16) and a change in forecast price (March 17), the battery rebid its capac-
ity from the price floor up to $10,000/MWh and $15,000/MWh, respectively, setting the price. The
report concludes, “This short-term strategic rebidding to capitalise on market conditions had the
effect of exacerbating high prices. Again, while this behaviour may not be a breach of the rules,
the ability of these participants to increase price through these rebidding strategies highlights the
market power that participants may be able to exercise at certain times.” Batteries are also strategic
in “normal” market conditions. California’s special report on battery storage [75] suggests that
batteries avoid being scheduled in day-ahead on average, preferring to participate in real-time mar-
kets. This strategic shift from day-ahead to real-time means the system operator has to commit
additional more expensive generators in day-ahead.

To understand the role of batteries, we must first understand the challenges from the mismatch
between renewable energy production and demand. As an illustrative example, in Figure 3.1, we
depict for the years 2019-2023 and for Los Angeles, the average hourly net load (or net demand),
defined as the energy demand minus renewable production, which needs to be covered by con-
ventional generators. The net demand admits a peak around 7-8PM when solar wanes and people
come back from work, while during the off-peak around noon the net load is very low and has been

getting lower every year due to increasing solar capacity. This leads to an increasingly steep ramp
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Los Angeles Hourly Net Demand By Year
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Figure 3.1: Los Angeles’ “duck curve,” hourly mean net demand by year, 2019-2023. The net
demand is the energy demand minus renewable production. (Source: CAISO)

period during which energy generation needs to be increased quickly, and only a subset of expen-
sive and emissions-heavy generators can do the task, negating part of the benefits of renewables.
Due to its shape, this curve is often referred to as the “duck curve.”

Batteries are a natural complement to renewables in the electrical grid because they can charge
during off-peak when energy is plentiful and price is low, and discharge during peak when energy
is scarce and price is high. In doing so, batteries smooth out the demand by arbitraging between
the off-peak and the peak periods during the day and make a profit from the price difference. As
a price taker, such a battery is straightforwardly beneficial, but as discussed earlier, batteries are
now a substantial fraction of demand in most regions in California and other markets are about to
follow, and strategic behavior and market power become questions of interest.

Electricity markets are especially susceptible to the exercise of market power because demand
and supply must be exactly equal at every location at any given time. Even though there are many
grid-scale batteries in California, each can resemble a local monopoly in its region, because the

transmission line infrastructure limits the amount of energy that can be transferred across regions.
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California regulators acknowledged that increasing volatility from renewables further exarcerbates
the market fragmentation problem and approved a $7.3 billion plan to build additional transmis-
sion capacity [76]. The fragmented nature of the market is evident from the fact that wholesale
electricity prices are very different across locations in California. For example, on May 27, 2024
at noon (off-peak), the real-time “base” price is $4/MWh but the congestion prices in some regions
of California were as high as $120/MWh.

Starting from the deregulation of electricity markets in the 1990s, and learning from painful
historical lessons along the way,” a large literature on detecting and mitigating market power has
developed, and all US short-term wholesale markets have adopted various forms of market power
mitigation procedures [78]. These measures primarily target conventional generators, because un-
til recently the only feasible storage technology at scale was pumped hydro, which were relatively
small. However, grid-scale battery systems are now projected to rise rapidly, and they are cru-
cial for integrating renewables into the grid. These developments bring the questions around the
potential for battery market power back to the forefront of electricity market design.

Batteries also pose an additional challenge to regulators more used to monitoring market power
from generators. The cost bids of conventional generators are largely determined by known phys-
ical and operational constraints, which allows the system operators to ensure that generators’ bids
are “reasonable” most of the time based on such characteristics. The bids of batteries, however,
are determined by (their predictions of) opportunity costs and not just physical marginal costs like
generators. The questions of what form of strategic behavior a battery might take, and how it

impacts system performance, are therefore crucial questions.

3.1.1 Summary of Main Contributions

At a high level, this paper identifies an important question — market power of batteries — and

proposes a tractable model that is rich enough to analyze how batteries behave strategically in a

2Most notoriously, the 2000-2001 California electricity crisis caused by flawed market design and market manip-
ulation by energy companies, mainly Enron [77].
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two-settlement market, isolate the effects at play, and quantify their impact on system cost.

Modeling Contribution. We view the formulation of our model as one of our main contribu-
tions, because our model is fully microfounded and rich enough to incorporate salient institutional
features yet simple enough to solve in closed form and isolate the main forces at play. In particular,
we capture the two-settlement structure that is common in most markets, the duck curve demand
trend (peak and off-peak), demand stochasticity and autocorrelation, and heterogeneity in genera-
tor ramp speeds. We can directly see from solutions to the model how each of these factors impact
the types of strategic behaviors of batteries, and how they impact the resulting cost, under different

operating regimes.

Main Features of the Model. We model a two-settlement centralized market with two periods
in a day, a peak period and an off-peak period. The day-ahead market clears for each period
at the beginning of the day with a day-ahead demand forecast. Then for each period, the real-
time market clears after the demand for that period is realized. We assume that the demands in two
periods are random and correlated, to investigate how batteries, as fast responders, react to demand
stochasticity and temporal dependence. This form of modeling allows us to disentangle the two
different kinds of demand-smoothing done by batteries: (i) intertemporal demand smoothing, or
transferring predictable components of demand from peak to off-peak period, and (ii) smoothing
unpredictable components of demand, by being responsive in real-time, discharging more when
demand is unusually high, and vice versa, to reduce the cost impact of deviations from forecast.

We also assume that the battery’s charge and discharge behavior has price impact. In other
words, the price is endogenously determined.

Lastly, we microfound the model by assuming an exogenous set of generators. Only a subset
of generators have fast enough ramping time to participate in real-time, and other generators can
only participate in day-ahead. Given the supply curves of “slow” and “fast” generators, the prices

in both day-ahead and real-time are set at a point where the supply from the generators equals the
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exogenous consumer demand net battery charge/discharge.

Battery Behavior. We analyze the behavior of a large battery in two regimes: the centralized
regime, in which the system operator can control the battery charge/discharge to minimize system
cost, and the decentralized regime, in which the battery independently makes charge/discharge
decisions to maximize its profit. We find that in the centralized case, the battery perfectly smoothes
the predictable demand in day-ahead, and unpredictable demand in real-time. Therefore, there is
no economic withholding of any kind under this ideal baseline.

In the decentralized case, we show that the strategic battery distorts its discharge decisions
relative to the centrally optimal in three ways. First is quantity withholding: expected total battery
discharge is less than centrally optimal. Second is the shift from day-ahead to real-time: expected
real-time battery discharge is positive, whereas it is zero in the centralized case, as the centrally
optimal battery only responds to mean-zero demand fluctuations in real time. In other words,
the battery “hides” part of its capacity in day-ahead, reducing its day-ahead participation, making
the day-ahead planning more costly. Third is reduction in real-time responsiveness: the strategic
battery discharges less to smooth real-time demand fluctuation, i.e., to reduce the cost impact of
real-time deviations from forecast.

The first two types of distortion (quantity withholding and shift from day-ahead to real-time)
are about arbitrage across time from peak to off-peak, and the relative weight between them de-
pends on the generation composition. If most generators are fast (and can participate in real-time),
then the shift from day-ahead to real-time dominates. If most generators are slow, then quantity

withholding dominates. We elaborate on this in Section 3.5 (cf. Table 3.1).

Generation Cost Comparison. We compare the generation cost in the three regimes. Central-
ized cost is lower than decentralized cost, which is lower still than no-battery cost. Although there
is incentive misalignment, having an independent battery is still better than not having one. We

quantify the incentive misalignment by the ratio between the cost reduction achieved by a centrally
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controlled versus profit-maximizing battery, which we call the Price of Anarchy (PoA). We prove
that PoA is between 9/8 and 4/3, and PoA is decreasing (i.e. the incentive alignment is better) in

the share of fast generators and the steepness of the duck curve.

Numerical Illustration. We illustrate our results by calibrating our model with real data in two
regions: Los Angeles and Houston. We find that, with a single monopoly battery, market power
could lead to a nontrivial increase in generation cost, and all three types of distortion can be signif-
icant, but the effect of market power is relatively small compared to the gains from having enough

battery capacity in the system.

3.1.2 Related Work

Our paper is related to several streams of literature.

Sequential Markets and Market Power Our work is most closely related to the literature on
market power in sequential markets, starting with the seminal work of [79]. The latter considers
producers (“‘generators”) rather than batteries, but some of their insights transfer to our setting.
Just like in [79], producers use the forward (“day-ahead”) market even under complete certainty
and perfect foresight because the forward market changes the marginal revenue on the spot (“real-
time”) market. Under market power, the forward market improves both producer profit and social
welfare, because the producer can use the day-ahead market to reduce withholding. [80] extends
the static Cournot game of [81] to sequential markets, and quantifies market power with limits to
arbitrage in the Iberian electricity market. [82] and [83] also consider market power and arbitrage
in electricity markets in California and New York, respectively. [84] considers a fixed strategic
load that can allocate to day-ahead or real-time. While these works focus on (perfect or imperfect)
arbitrage between day-ahead and real-time by generators or purely financial “virtual” bidders and
only assume one time period, our work assumes that generators are nonstrategic and focuses also

on the arbitrage between peak and off-peak time periods by batteries.
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Renewable Energy Operations. There is a vast literature on renewable energy in operations;
for surveys, see e.g. [85, 86, 87]. Here, we highlight modeling works that are related to batteries,
sequential markets, or market power. [88] observes that price smoothing by batteries create welfare
gains but the incentives may not be properly aligned for centrally optimal storage use. [89] shows
that the introduction of storage always increases welfare when generators are nonstrategic, but
it can reduce welfare when generators are strategic. However, [89] assumes that the demand is
deterministic and clears in one stage, whereas we highlight the role that demand stochasticity and
sequential market clearing play in different forms of distortion in battery behavior. [90] uses a
game-theoretic model to analyze how intermittent renewable production affect electricity prices in
the presence of a forward market. While they do not consider batteries, the use of forward markets
to improve welfare and reduce market power as in [79] is related to our work. [91], [92] and [93]
consider the impact of ownership models (similar to our centralized versus decentralized regimes)
on competition and market power in renewables without batteries. [94] and [95] develop models
of joint investment in renewables, conventional generators, and storage. [96] and [97] consider
investment in storage in different locations, but do not consider incentives. [98] analyzes storage
operations and energy disposal in the presence of negative electricity prices.

There is also a nascent line of work on smoothing demand or shaving the peak beyond the use
of batteries. [99] analyzes the design of demand response programs, paying consumers to reduce
consumption when the grid is under stress. [100, 101] analyze the use of direct load control con-
tracts to smooth demand. [102] studies different ways of aggregating distributed energy resources.
Electric vehicles can also be used to shave the peak, although such uses are currently limited [103,

104].

Market Power in Electricity Markets. There is a large empirical literature in economics mea-
suring market power in electricity markets; see [105, Section 4.2] for a survey, and [78] for market

power mitigation mechanisms. This literature is mostly focused on market power of generators;
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the exceptions are [106] and [107]. [106] does not model sequential market clearing and focuses
more on numerically computing a dynamic equilibrium between a monopoly storage and conven-
tional generators calibrated to the South Australian electricity market. Like us, he documents the
discrepancy between private and social incentives. In contrast, [107] assumes that batteries do not

have market power and focuses more on the impact of different incentive schemes on investments.

Battery Market Power in Power Systems There is a body of work in the power systems litera-
ture that study the market power of a monopoly battery with price impact [108, 109, 110, 111, 112].
Other works design algorithms to maximize battery profit over time [113, 114, 115]. Whereas these
papers propose detailed models in the form of large-scale mathematical programs that are numer-
ically solved, our work gives a stylized model that can be directly analyzed and solved in closed
form. The two lines of work are complementary; black box models can incorporate more details,
while stylized models give sharp analytical insights and economic intuition. In particular, it is
generally understood from this literature that batteries can strategically withhold capacity, but our

work clarifies different forms of withholding and how they depend on market fundamentals.

3.2 Model

Two-Settlement Market. We consider a two-settlement centralized market clearing that is used
by all wholesale electricity markets in the United States. The day-ahead (DA) market clears before
the day begins, setting a price in each time period such that the amount of supply from all gen-
erators below the price equals the mean demand for that period. In other words, we assume that
the system operator’s day-ahead demand forecast is unbiased. Then, during the day, the real-time
(RT) market clears the incremental real-time demand (henceforth just “RT demand”), which is the
difference between the realized demand and the pre-committed DA demand. The RT demand can
either be positive (higher demand than expected) or negative (lower demand than expected). If

the RT demand is positive (resp. negative), a subset of generators that are fast enough to adjust in

78



real-time are called on to increase (resp. decrease) production (cf. the generators section below).
The battery makes the charge/discharge decision and amount after that period’s actual demand is

realized, affecting the net demand for that period (cf. the battery participation section below).

Generators. We model two types of generators: generators that have a slow ramp speed can only
participate in DA (henceforth “slow generators”), whereas generators with a fast ramp speed can
participate in both DA and RT (henceforth “fast generators™). We assume that we have a continuum
of infinitesimally small generators, and each generator is specified by the cost. All conventional
generators are assumed to be non-strategic, that is generators bid their true marginal cost. Each
generator also follows the market operator’s dispatch instructions on whether they produce. This is
an intentional modeling choice to capture the shape of the supply curve and how it determines the
clearing price and generation cost, while abstracting away non-convex elements such as start-up
and no-load costs which we instead capture in a stylized way via the dichotomy between slow and
fast generators. This model of generators is adapted from [84]. (While thinking of generators as a
continuum is convenient, it is not necessary: we get the same result with a finite set of generators
with zero start-up and no-load costs whose combined cost functions correspond to the supply
curve.)

Let G4(1), respectively G (1), be the mass of slow, respectively fast generators, with cost less
or equal than A. The cost distributions G4(-) and G ¢(-) of slow and fast generators are primitives

of the model, assumed to be strictly increasing.

Demand Process. There are two time periods in a day. Period 1 is the peak period, and period
2 is the off-peak period. Period 1 demand D and period 2 demand D, are both random variables
with a known joint distribution (D1, D) ~ 7.

For t € {1,2}, let u;, = E[D,] and 0? = E[(D, — u;)*] be the period-t marginal mean and

variance, respectively. We will now define two notions of correlation that will later be important.
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For each realization of D, we define the conditional mean and variance of D, as
pop, = E[D2|D1], o3, = Var(Da|Dy). 3.1)

Note that when D is a random variable, so are uyp, and 0'22 Dy’ By the law of total variance, we

|
have 022 = Var(D;,) = E(Var(D;|D1)) + Var(E(D»|Dy)).

We define the sequential correlation ps to be such that

Var(E(D2|D1)) = E[(u2p, — p2)*] = ;03 . Elogp 1= (1-p3)o3 (3.2)

and p2 € [0, 1]. Note that if D, and D are independent, then Var(E(D;|D1)) = Var(E(D;)) = 0,
so ps = 0, whereas if D, is completely determined by D, then Var(E(D;,|D;)) = Var(D;) = 0'22,
so ps = 1. Therefore, p, is a “reasonable” normalized measure of dependence between D, and
D.
Note that p; does not need to be the same as the standard Pearson correlation p defined by
E[(D1 — p1)(D2 — p2)]

o= . (3.3)
o107

However, if (D1, D;) are jointly normally distributed, then p;, = p. We will not make the nor-
mal assumption through most of our results; when we do, we will be explicit, and the normal
assumption is made only for convenience or to highlight certain insights.

Recall that this demand process describes net demand, so uncertainties in the net demand comes
from both consumer demand and renewable production, and they are both exogenous. In particu-
lar, we assume that electricity demand is perfectly inelastic. This is well-supported by empirical
evidence [116]. We model the demand process this way because we want to capture the fact that
markets with high renewable and battery penetration such as Los Angeles exhibit a duck curve

(cf. Figure 3.1): the price is highest in the evenings when solar generation wanes (the sun sets)
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and demand peaks as people come home from work, and the price is lowest in midday when solar
production peaks. Period 1 and period 2 are meant to correspond to the peak (including the steep
ramp leading to the peak) and the off-peak of the duck curve. Demands in both periods have a

significant amount of variability, and they are also highly correlated, hence our modeling choice.

Battery Participation. There is a single battery. Before the day, the battery decides on the DA
discharge amount z? 4 and zé)A in period 1 and period 2 day-ahead. Then the real-time scenario
materializes: the period 1 demand D is realized, then depending on the demand realization, the
battery decides on the RT discharge amount sz(Dl). After period 2 demand D, is realized,
the battery RT discharge amount in period 2 is sz(Dl, D;). Note that the battery charging is
represented by negative discharge z.

The battery is assumed to have no state-of-charge constraint, no operating cost, and no effi-
ciency losses. While our model features only one day (with multiple time periods in a day), we
should interpret the model as a day in steady state. Equivalently, we have the same day that hap-
pens day after day. The battery cannot produce its own energy, so the total energy charged must
equal the total energy discharged (plus the cycle inefficiency loss, which we assume to be zero for
now).

Furthermore, we impose the condition that the net discharge throughout the day is zero for
each demand realization: ZIDA + ZZDA =0and sz(Dl) + ng(Dl, D) = 0 for every (D, D) in the
support. This assumption is made because (i) batteries cannot produce energy, only shift it across
time, and (ii) batteries overwhelmingly arbitrage between peak and off-peak periods within a day
rather than between days.

The fact that batteries typically have negligible net daily discharge, in agreement with (ii)
above, is evident from the data. For each year in 2021-2023, we can calculate the mean absolute
daily discharge over the year, which captures the average net daily position of batteries over the

year. This net position is 1.0%, 2.9%, and 1.1% of total battery capacity in 2021, 2022, and 2023.
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The daily charge cycle of batteries is by design: less than 7% of installed storage have duration
exceeding 4 hours [117].

Note that while we model the battery as choosing a quantity in each scenario, the quantity
discharged in practice depends on the specific market framework, which broadly falls into two
categories. First is self-scheduling: the battery can decide the quantity to discharge in each period,
which is the same as our model. Second is economic bidding, where the battery bids the charge and
discharge curves as price-quantity pairs, and the quantity charged/discharged is determined from
market clearing conditions. Given that the battery is the only strategic player in the environment,
the battery can choose the bid curves to achieve any desired quantity level.

To conclude, the battery’s decision variables are z? A Zé) A sz(D 1), ng(Dl, D») subject to
constraints leA+z2DA =0and zlfT(Dl)+z§T(D1, D) = 0forall (D1, D;) in the support. Note that
once we decide the discharge amount sz(Dl) during peak period 1, then the discharge amount in
off-peak period 2 is determined: during each off-peak, the battery charges back to full to be ready

for discharge during peak the next day.

Net Demand and Price Formation Process. The DA demands in period 1 and period 2 are

taken to be the mean yu; and yp of Dy and D,, from the system operator’s unbiased demand

DA

1 and

forecast. With the battery discharge, the DA net demand in period 1 and 2 are dlD A= -z
dlDA = ug—zzDA = u2+z1DA. The RT net demand in period 1 and 2 are dfT(Dl) =Di—u —z’fT(Dl)
and d§T(D1, D)) = Dz—,uz—ng(Dl, D)) = Dz—,u2+sz(D1). Note that the RT net demand is the
incremental demand, i.e., the adjustment to the quantity cleared in day-ahead. (We slightly abuse
the terminology here. The traditional definition of net demand is system demand minus renewable
production, which is covered by conventional generators and batteries; this corresponds to D and
D, in the demand process section earlier. The “net demands” dP4, d?4, df", dX" in this section
are covered by conventional generators only.)

b4

In each time ¢, the DA price is set at the market clearing price, that is, the price such that
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the energy produced by generators with costs below the price exactly equals the net demand:

Gs(APY) + G s (AP4) = aPA. (3.4)

In RT, the price AR is set such that the total energy produced equals the net demand (DA de-
mand plus incremental RT demand). However, slow generators with total energy output G (A” 4)
can no longer be adjusted in real-time, so the system operator sets the price so that the RT genera-

tors adjust their output to match the realized net demand:

Gy(APY) + G (ART) = P4 + ak" (3.5)

Equations (3.4) and (3.5) relate the net DA and RT demands dtD A d,RT to the DA and RT prices
APAART - (Note that X7 and AT depend on D = (D1, D;) which we omit for brevity.) We can
invert these to get prices in terms of net demands.

We note that if RT demand is zero (d®7 = 0, no adjustment to demand), then DA and RT prices
are equal: AP4 = ART_If RT demand is positive (resp. negative), then the RT price is higher (resp.

lower) than the DA price.

Generation Cost. As the price formation process suggests, the slow generators are cleared in
DA: they produce if and only if their costs are below A1P4. The fast generators are cleared in
RT: they produce if and only if their costs are below AX7. The total generation cost follows from
integrating the mass of generators with cost less than the corresponding clearing price, 124 for

slow generators and AXT for fast generators. Therefore, the total generation cost is given by

) , (3.6)

2
Z (/ AdG4(1) +Ep
A<abA

=1

/ AdG ¢ (4)
A<ART

where the expectation is taken over the random demand.
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Throughout, we consider the system cost to be generation cost from conventional generators.
Because consumers are assumed to be price inelastic, maximizing welfare is equivalent to mini-
mizing generation cost. This also matches the prevailing objective of independent system opera-
tors: the “unit commitment” and “economic dispatch” procedures in day-ahead and real-time both

minimize generation cost [118, 119].

Battery Operation Models. We will compare three operating regimes.
* A first benchmark system is one without batteries.

* Centralized participation: In this system, the battery is directly controlled by the system

operator and makes charge/discharge decisions to minimize generation cost.

* Decentralized participation: in this system, the battery is an independent entity that makes

charge/discharge decisions to maximize its own profit.

Note that the DA and RT prices are endogenously determined by the battery’s charge/discharge

decisions, as outlined earlier as part of the price formation process.

Day-Ahead and Real-Time Supply Curves We have the relationships between DA and RT
prices and demands in (3.4) and (3.5), which depend on G and G . G and G y are demand func-
tions for slow and fast generators, respectively, so we have a flexible way to define the relationship
between demand and price via the specification of G, and G #.

We assume that at each price A, a fraction k ; of generators are fast, and k; = 1 — k are slow.
In other words, at any price point, there are fast generators that can adjust their production up and
down. This assumption reflects the operating characteristics of the generators themselves: coal and
nuclear plants are “slow,” whereas natural gas and hydro plants are “fast.” This assumption is also
an implicit model of the system operator’s reserve requirement in day-ahead scheduling, which

ensure this property by committing some fast-responding generators in day-ahead (even when they
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are relatively expensive) for reliability. Let G(1) = G4(4) + G (1) be the total supply function,
then G(1) = ksG(A) and G ¢ = kG (). Equations (3.4) and (3.5) imply

APA = G (dtDA) 3.7)

1

ART = g1 (d,DA + —d,RT) : (3.8)
kg

Note that while G (-) describes a supply curve that maps price to quantity, G~'(-) also describes

a supply curve, mapping quantity to price. We assume that the supply curve is linear:
G '(x) = a + Bx, (3.9)

where @, > 0 are known constants. The parameter « is the “intercept” (minimum marginal
cost for conventional generators), and the parameter § is the “slope.” The linear supply curve
assumption is commonly made in the literature, e.g., [88, 89, 80], and we also make this as-
sumption primarily for parsimony. We thus have price-demand relationships of the form 1?4 =
a+ ﬁDAdtDA, ART = /l,DA + SR ART with pPA = B, BRT = B/k ¢. These price-demand relationships
are similar to those derived in [84, Equations (5) and (8)]. In this case, we can interpret 324 and

BRT as price elasticities of day-ahead and real-time demand, respectively.

3.3 No Battery Baseline

In the next three sections, we will characterize the optimal battery behavior and the correspond-
ing generation cost in three regimes: no battery (§3.3), centralized cost-minimizing battery (§3.4),
and decentralized profit-maximizing battery (§3.5). Our results hold for any given distribution m

over (D1, D).

3Strictly speaking, they are not price elasticities, because price elasticities are conventionally defined as the ratio of
one percentage (relative) change against another percentage change, whereas our coefficient is the slope, or the ratio
of the absolute price change against the absolute demand change. The intuition governing both is similar.
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Before we proceed, we first derive an expression for generation cost in terms of demands,
which is used in all regimes we consider. Define the modified DA and RT demands as d°4 = dP4,
dfT = dPA + d®T [k ;. (Both d®T and dXT can depend on D = (D1, D7), but we sometimes omit it

for brevity.) The generation cost is then given by

2 FDAN2 FRT\2
Dk (a/citDA +,8(d’2) )+kaD [Mf%ﬁ%]. (3.10)

t=1

In the no-battery case, the generation cost is computed from (3.10) with dP# = py,d?4 =
U2, d~fT(D1) =p1 + (D1 — u1)/ky and d?A(Dl,Dz) = pto + (D3 — up)/k . The proof is given in

Appendix C.1.

Theorem 5 (No Battery). The generation cost under no battery Cost(NB) is given by

2+ 2 O_2+O_2
Cost(NB)zoz(m+uz)+ﬁ(”l P2, 0%

T

This no-battery generation cost is a baseline to which we compare the other two regimes,
centralized and decentralized. The generation cost depends only on the marginal mean yu, and
marginal variance 0',2, and not on the actual distribution beyond these moments, or the correla-
tion of demands from the two periods. Correlation does not matter because there is no decision
making (i.e., battery) linking the two periods, and the market clears in each period independently.
The generation cost depends on the variance because the generation cost is quadratic in demand.
Variability in demand therefore leads to higher cost. The generation cost is also decreasing in k¢,
because a larger fraction of fast generators means that more generators can buffer the real-time
variability of demand. In other words, with more fast generators, less expensive fast generators
around the day-ahead point are enough to satisfy the real-time incremental demand, and the sys-
tem does not need to use more expensive generators further away. This is also why & r only appears

in conjunction with the variance terms and not the mean terms: if the demands are deterministic
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o1 = o = 0, then the cost no longer depends on k.

3.4 Battery Operation: Centralized Solution

We now consider the case when there is a battery, and the system operator can directly control
the battery to achieve the system goal, namely, minimize generation cost. The decision variables
are the DA and RT discharges z? A and sz(Dl) for each realization of period-1 demand D, and

the system operator solves

2 FDAN2 FRT\2
min Z [ks (acf,DA +ﬁ(dt2 ) ) +k¢Ep (acl?,RT +,3—(dl2 ) )] ,

DA ZRT ()

=1

where

dPA = d{)A _ Z{)A
DA = dé)A = o + 2P
. dak? Dy — uy - z81(Dy)
d{eT:dlDA-}-l—:,Ul—ZlDA‘l' 1
kf ky
_ dkt Dy — up + 281 (Dy)
d?T:dé)A_}.L:luz-}-ZlDAﬁ- 1 .
ky ky

The following theorem gives the optimal battery decisions and the corresponding generation cost.

Theorem 6 (Centralized Battery). The centralized battery discharge decisions are given by

1
2 = 5 = o),
zy (Dy) = E(Dl i E(,U2|D1 — M2).
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The corresponding system generation cost Cost(CN) is

Cost(CN) = a(p1 + p2) + 'g(m +u2)” + % [oF + (2= p2)og +2p0i0] .

We can show that the centralized cost minimization problem is a convex quadratic optimization
problem, whose unique optimal solution can be found from first-order conditions. The proof is
given in Appendix C.1.

The DA demands in the two periods are u; and u, respectively, and the DA discharge is z’l) A=
(u1 — m2)/2, so the net demands of the two periods are equalized: u; — z? A=+ ZZD A, The
RT smoothing is more subtle, as we have to make the discharge decision sz(Dl) knowing the
realization of period 1 demand D but not the period 2 demand D,. If we replace the unknown
period 2 demand with its conditional mean uy|p,, then the incremental RT demands of the two
periods are Dy — p1 and ppp, — p2, so the RT discharge sz(Dl) = %(Dl - uy) — %(:UZIDl - )
is set such that the net RT demands of the two periods are equalized: (D — uy) — sz(Dl) =
(H21p, = p2) + 2T (D).

Therefore, batteries improve social welfare by “smoothing” demand, in the sense that batteries
shift demand from peak, where it is scarce and expensive, to off-peak, where it is plentiful and
cheap, making the net demand profile over the day more equalized and smooth. Theorem 6 shows
that in a centrally optimal world, the battery “perfectly” smooths demand between periods (peak
versus off-peak) in DA stage, and perfectly smooths the “residual” random demand within each
period in RT stage, in the sense that the net demands after battery between two periods are equal
in both day-ahead and real-time: the battery does its “best” and does not withhold its capacity.

An alternative way to view sz(Dl) is that it smooths the real-time component of demand
followed by a correlation correction. The incremental demand in period 1 is D — p; so the battery
shifts half of it at %(Dl — u1) to period 2. The extra term —%(,u2| p, — M2) captures the effect

of the demand dependence of period 2 that influences the decision in period 1. On one end of the
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spectrum, if D and D, are independent, then uy|p, = p2, so this term is zero, in agreement with the
intuition that if demands are independent, then the future should not influence the current period’s
decision. On the other end, if D| = D5 always, then uyp, = Dy, and o p, — p2 = D1 — uy, so the
correlation correction term exactly cancels out the main term, and the battery discharges zero. This
is also in agreement with the intuition that if the two periods are always the same, then there is no
smoothing for the battery to do. The correlation correction intuition also shows that the real-time
battery discharge does depend on the correlation between two demand periods, albeit implicitly,
and that higher demand correlation reduces battery discharge.

The perfect smoothing of demand also implies that the prices in two periods are equal for both
day-ahead and real-time, so battery profit is zero. This is centrally optimal but clearly not aligned
with the goal of battery profit. If the battery is instead operated by an independent profit maximizer,
then the battery will notice that the social optimum discharges “too much” and withholds some of
its discharge. This is the source of incentive misalignment that we will quantify in §3.5.

Generation cost depends on the distribution 7 of (D1, D;) through marginal means y,, marginal
variances o, the sequential correlation py, and Pearson correlation p. The cost depends on the
variances for the same reason as the no-battery case: because the cost is convex, demand variability
increases cost. The cost is also decreasing in k7, and k ; appears only in the variance terms for
the same reason: more fast generators buffer the impact of demand variability. However, whereas
the no-battery cost does not depend on the correlation, the centralized battery cost depends on the

correlation because the battery shifts demand across different periods.
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3.5 Battery Operation: Decentralized Solution

We now consider the regime when there is an independently operated battery that chooses its

discharge/charge decisions z4, zX (D) to maximize its profit. The battery solves

max /llDAz?A + /IZDAZZDA +Ep [/lIszfT + /lgngT] ,
PART ()

where the DA and RT prices are given by (3.7), (3.8), and the supply curve is given by (3.9). We

derive the optimal battery behavior and the corresponding cost in the following theorem.

Theorem 7 (Decentralized Battery). The decentralized battery discharge decisions are given by

DA _ (z_kf)

ST (u1 — p2),

k 1 1
ZfT(Dl) = %Tfkf)('ul — o) + Z(Dl —H1) — Z(N2|D] — U2).

The corresponding generation cost Cost(DCN) is

Cost(DCN) =a (i) + 1)

(12—5kf+k]%) 507+ (8 =3p2)os +6p0io

(u}+p3) +

(20 - 11ks +£2)
B Hipo +

44— kp)? 2(4 - kp)? 16k

We can show that the profit maximization problem is also a convex quadratic optimization
problem, whose unique solution can be found from first-order conditions. The proof is given in
Appendix C.1. As in the centralized case, the discharge has a “non-random” component smoothing
predictable demand fluctuations between time periods, and a “random” component (a factor of
Dy — uy and pyp, — o) smoothing demand fluctuation within each period. We discuss each of

these components in turn.
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Non-random component of discharge. Let Au = pj—u» be the difference in mean net demands
of the two periods, i.e., the steepness of the duck curve. The total expected discharge in period 1,
DA+ Ep[fT] = (4+kf)Au is strictly less than the centrally optimal discharge 3Au. We call this
distortion quantity withholding. This form of distortion is familiar from the standard account of
market power. As we observed in §3.4, centrally optimal battery discharges “too much,” perfectly
smoothing demand resulting in zero profit. The independent battery exercises market power by
withholding capacity, resulting in less total discharge. Quantity withholding increases generation
cost because it makes peak demand higher and off-peak demand lower, which nets out to higher
cost because cost is quadratic in demand. Note that quantity withholding occurs even without
demand randomness. We quantify the extent of quantity withholding by computing one minus the

ratio between the decentralized and centralized expected battery discharge, which we define as

(zPYpen + EBpl2f Dpeny 2k

(2PMen+ Bplf ey 4-kf'

quantity withholding = 1 — (3.11)

Note that quantity withholding is defined such that if the decentralized battery (DCN) dis-
charges as much as the centralized battery (CN), then withholding will be zero, whereas if the
decentralized battery has zero discharge, then withholding will be one. Therefore, our definition
captures the percentage of quantity withholding. Our computation shows that quantity withhold-
ing (2 - ky)/(4 — ky) is decreasing in k ;. Intuitively, this is because more fast generators mean
that the battery can discharge more with less price impact, so the battery needs to withhold less to
maximize profit. The quantity withholding percentage is 1/2 = 50% when generators are mostly
slow (ks =~ 0) and is 1/3 ~ 33.3% when generators are mostly fast (ks =~ 1).

Furthermore, the battery shifts a positive amount of the expected discharge 2(4kffkf)A/¢t to real
time. In contrast, the centrally optimal battery has zero real-time discharge in expectation. We call
this distortion the shift from day-ahead to real-time. Once the monopolist battery already com-

mits the cleared quantity in the first (day-ahead) market, the battery’s marginal revenue changes,
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enabling the battery to discharge more in total. In other words, the shift to real-time, while un-
desirable in itself, enables the battery to do less quantity withholding. This intuition is similar to
how a monopolist sells to a population of nonstrategic consumers over two stages: with a higher-
price in the first stage to capture higher-value consumers, and a lower price in the second stage.
The quantity sold is split over two stages, but the total quantity sold is higher than a single-stage
monopoly quantity. This effect is analogous to the forward market equilibrium in [79], but we are
the first to analyze this effect for batteries in electricity markets. A more informal way to think
about this effect is this: because the two markets clear separately each with exogenous demand, the
battery splits its quantity into two markets to reduce the quantity in each market and thus reduce
the adverse price impact, which is increasing in each market’s quantity.

Notably, This shift to real-time is a structural consequence of sequential market clearing by
itself: it still exists even without different elasticities in two markets or demand randomness. Nev-
ertheless, the relative elasticities of the two markets, as determined by the share of fast generators
k ¢, determines the extent of the shift to real-time. We quantify the extent of shift from day-ahead to
real-time by computing the share of expected discharge in real-time as a fraction of total discharge,
and compare this share between decentralized and centralized regime. In other words, we define

shift from day-ahead to real-time as

Ep[zRT k
shift from day-ahead to real-time = (Enl 1 Docy =1 (3.12)

(PYpen + Ep K Dpeny 2

Therefore, the shift from day-ahead to real-time is increasing in k ;. The shift percentage is
0% when generators are mostly slow (ks ~ 0) and 50% when generators are mostly fast (kr =~ 1).
Intuitively, more fast generators mean that the real-time price impact is less so real-time participa-
tion is more attractive and the battery discharges more in real time. If (almost) all generators are
slow, then the price impact is so large that it is not worth discharging in real time at all. Instead,

the battery exercises market power by quantity withholding; we have seen earlier that quantity
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withholding is highest in this slow generator case.

The upshot of our discussion is that the battery strategically distorts the discharge via quantity
withholding and shift from day-ahead to real-time, independent of demand randomness. Both types
of distortion increase generation cost and the relative weight of each type depends on generator
composition. More fast (resp. slow) generators mean more shift from day-ahead to real-time (resp.
quantity withholding). We summarize the expected discharge in day-ahead, real-time, and total, as

well as the extent of quantity withholding and shift from day-ahead to real-time in Table 3.1.

resime generator DA RT total quantity shift from
g composition | discharge | discharge | discharge | withholding | DA to RT
slow gen.
dominate Au/4 0 Au/4 50% 0%
decentralized (ky~0)
fast gen.
dominate Au/6 Au/6 Au/3 33.3% 50%
(kp=~1)
. centrally
centralized optimal Au/2 0 Au/2 0% 0%

Table 3.1: Non-random component of battery discharge as a function of generation composition.

Random component of discharge. The random component of zX (D) is (D1 —p1) -3 (u2yp, —
u2), which is half of the centrally optimal perfect smoothing. We define the one minus the ratio
of the random component of decentralized versus centralized discharge as reduction in real-time

responsiveness:

1 1
(D, — — = — 1
reduction in real-time responsiveness = 1 — 4( .l 4('uz|Dl #2) == (3.13)

(D1 — 1) = 3(pap, — ) 2

Intuitively, the reduction in real-time responsiveness can also be viewed as a form of battery ex-
ercising market power via quantity withholding, but on the real-time mean-zero component of
demand. This reduction in real-time responsiveness is always exactly 50% on both the realized

demand and the correlation correction components. Just as we argued in the centralized case, the
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term (| p, — H2) can be viewed as “correlation correction” because it is zero when D and D> are

independent, and it exactly cancels out the main term when D| = D5.

3.5.1 Comparing Generation Costs Across Different Regimes

We have derived battery discharge decisions and the corresponding generation costs under
three regimes: no battery (Theorem 5), centralized battery (Theorem 6), and decentralized battery
(Theorem 7). We can now compare generation costs (which are the system operator’s objectives)
between the three regimes, which we denote by Cost(NB), Cost(CN), and Cost(DCN), respectively.

We define the price of anarchy (PoA) as the relative cost reduction from the no-battery default

of the centralized versus decentralized battery:

Cost(NB) — Cost(CN)
PoA = . PoA
OR = Cost(NB) — Cost(DCN) (PoA)

While not obvious, having an independent battery always yields a cost reduction relative to the
no-battery default (cf. Theorem 8). Given this, (PoA) is well-defined, and PoA > 1.

The PoA metric captures the fact that there is a part of the generation cost that is “unavoidable”
in the sense that even the centrally controlled battery cannot avoid it. Therefore, the PoA is defined
to compare the relative cost reduction relative to the no-battery benchmark, which is the status quo
before the introduction of battery.

Throughout this subsection, we will assume that (D, D>) is jointly normal with correlation p;
this is to highlight the qualitative dependence of different cost metrics on market fundamentals and

to enable us to meaningfully discuss the correlation p.

Theorem 8 (Cost Comparisons). For all market parameters 1, 1>, o1, 0, p, we have

(a) Cost(NB) > Cost(DCN) and Cost(DCN) > Cost(CN). Both inequalities become equalities

if and only if uy = up and oy = pon.
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(b) 9/8 < PoA < 4/3. The lower bound is achieved when ks = 1 and oy = po». The upper
bound is achieved when ky = 0. PoA is decreasing in |u1 — po|, increasing in |0y — po]|,

and decreasing in k 7.

The result that Cost(NB) > Cost(DCN) is in the spirit of [89], while Cost(DCN) > Cost(CN)
is necessarily true by definition. Taken together, these cost comparisons show that the three costs
are ranked, so the PoA metric is well-defined and meaningful. We also derive a lower bound of
9/8 and an upper bound of 4/3 on PoA, and both bounds are the best possible. In other words,
the incentive misalignment can increase the generation cost from 12.5% to 33.3% relative to the
no-battery benchmark. Both bounds are attainable and are independent of the market parameters.
On the one hand, the existence of an absolute lower bound strictly away from 1 means that in any
market, there is always incentive misalignment (increasing cost by at least 12.5%). On the other
hand, the existence of an absolute upper bound of 4 /3 also shows that in any market, the incentive
misalignment can be at most 33.3%, and this is even we assume the starkest conditions to make
battery market power starkest: there is a single monopoly battery that is perfectly efficient. In §3.8,
we show that PoA remains bounded even after relaxing assumptions.

The bounds and comparative statics of PoA follow from the following argument. The cost
reductions of both centralized and decentralized regimes have two components: the contribution

from the differences in means, and from the differences in variance, as shown by

1
Cost(NB) — Cost(CN) = B (u1 - p2)* + %(Gl - po2)?

(12 = 5k + k2) 3
! (1 — p2)* + —'8(0'1 — poa)?

CostNB) = CostDCEN) = f—7— PE 16k s

The variance component of the two cost gaps are always a factor of 4/3 from each other,
12-5k p +k2

L from each other. This

whereas the mean component of the two cost gaps are a factor of @

factor reaches a minimum of 9/8 at k¢ = 1 and a maximum of 4/3 at k¢ = 0. Therefore, the ratio
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PoA is between 9/8 and 4/3. Because the mean factor component is less than the variance factor
component of 4/3, if |u; — uo| increases, the mean component becomes more important and the
PoA decreases, whereas if |0 — po»| increases, the variance component becomes more important
and PoA decreases. Lastly, because the mean factor is decreasing in kz, the ratio PoA is also
decreasing in k .

Because PoA is decreasing in | —u»|, as renewable energy (especially solar) increases, widen-
ing the gap between peak mean net demand u; and off-peak mean net demand u», incentive align-
ment improves! A more severe duck curve increases the cost gaps of both centralized and decen-
tralized regimes, but the decentralized cost reduction grows at a faster rate. Moreover, the fact that
PoA is decreasing in k ; means that more fast generators improve incentive alignment. Intuitively,
this is because non-strategic fast generators are ready to “step in” and cushion the price impact of
real-time battery withholding. Lastly, because PoA is increasing in || — po3|, it is not necessarily
monotonic in the correlation p. On the one hand, if o < 03 then PoA is always increasing in p.
On the other hand, if oy > 0% then PoA is decreasing in p when p < o01/0» and increasing in p

when p > o /0.

3.6 Numerical Illustrations

In this section, we illustrate the battery behavior and incentive misalignment numerically. To
anchor ideas, and for illustration purposes, we use data from Los Angeles and Houston. We choose
these regions as examples of markets that are well on the way in terms of renewable and battery
adoption, and markets that are in transition, respectively. We also observe local monopoly effects
in these regions. For example, in Los Angeles, as of April 2024, AES is the biggest player with
4 batteries with total capacity of 355 MW, the second biggest is VESI with two batteries, 20 MW
each, and the rest are very small batteries with total capacity 27.2 MW [120].

We emphasize that the results we present here are illustrative of the forces at play, but also do

not account for how submarkets are connected in the electricity market. A full network analysis is
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beyond the scope of the current work.

Los Angeles Net Demand, 2023 Houston Net Demand, 2023
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Figure 3.2: Mean net demand for each hour of the day in 2023 in Los Angeles and Houston, and
the corresponding peak and off-peak hours.

We calibrate the supply curve parameters «, 8 from public market data. We estimate k ; from
the share of energy produced from “fast” sources. If we assume that natural gas and hydro are
fast, while nuclear and coal are slow, then we have ks = 0.93 for Los Angeles and k y = 0.66 for
Houston.

In contrast to the generator parameters «, 3, k  which can be assumed to be constant throughout
the year, the net demand has a significant seasonality component. We assume that the peak and off-

peak net demands are jointly normal, and calibrate the marginal means w1, u», marginal variances

2

oy

0'22, and the correlation p for each quarter of 2023. For Los Angeles, we take the peak hour to
be 19:00-20:00 and the off-peak hour to be 12:00-13:00. For Houston, we take the peak hour to be
19:00-20:00 and the off-peak hour to be 09:00-10:00 (cf. Figure 3.2).

For each quarter, we calculate the price of anarchy. In Los Angeles, we have 1.15 for all four
quarters. In Houston, we have Q1: 1.26, Q2: 1.24, Q3: 1.22, Q4: 1.26 with an average of 1.25.

Therefore, even though the demand has high seasonality, the price of anarchy is fairly stable across

se€asons.
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We can see that, if the battery achieves local monopoly in a region, the price of anarchy as
well as all three types of distortion are practically significant. Nevertheless, the low values of
the PoA shows that the impact on cost reduction is limited. The Los Angeles PoA of 1.15 (resp.
Houston PoA of 1.25) means that the cost reduction from having decentralized batteries is already
87% (resp. 80%) of the best possible cost reduction. We should think of the best possible cost
reduction not necessarily as the benchmark that could be achieved if only the central planner takes
total control because in practice, the central planner also do not have perfect information and is
not necessarily as nimble as private actors. Rather than viewing this result as saying that we could
do even better with a benevolent monopoly in charge, we should view this result instead as saying

that the liberalized electricity market status quo can give reasonable performance.

3.7 Competition and Market Power Mitigation Mechanisms

So far, we have assumed that there is a single battery monopoly which operates without re-
strictions to highlight the fundamental features of battery market power. In this section, we will
analyze the equilibrium of a game with n competing batteries and shows that competition is quite
effective at reducing strategic distortions. However, we will show that a few reasonable-sounding

market mitigation measures that the system operator might deploy can backfire.

3.7.1 Competition

Theorem 9. Consider n batteries deciding discharge quantities in each period in a Cournot equi-

librium. Then, there is a unique equilibrium given by

DA _ (n+1—kf)
T (n+ )2 - nky)
ky
2((n+ 1) — nky)

(1 — p2)

(D1 — 1) = (H2ip, — 12)

4 (D) = 20+ 1)

(11 — p2) +
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For every market, we have the PoA bounds

1
1+ <P A<1+—m——.
nn+1)(n?+n+2) © n(n+2)

Note that Theorem 9 reduces to the decentralized monopoly case (Theorem 7) with n = 1.
We can quantify the three types of distortions by comparing the total discharge in equilibrium
n(z1)pcy with the socially optimal discharge (z)cx Which is the same as the one-battery case (be-
cause the battery has no capacity constraint). They are: quantity withholding = (n+1—-nky)/((n+
1)2 — nk ), shift from day-ahead to real-time = k s/ (n + 1), reduction in real-time responsiveness
=1/(n+1).

In particular, the three types of distortions all go to zero at a rate of 1/n as n increases. Mean-
while, the PoA bounds show that PoA decreases to 1 at a rate of 1/n? in the worst case. So just a
moderate amount of competition can substantially reduce distortions and incentive misalignment.
The caveat that competition also substantially reduces battery profit, which might deter battery

market entry.

3.7.2 Market Power Mitigation Mechanisms
Regulating Day-Ahead versus Real-Time Discrepancy

Out of the three types of distortions that we have identified in our model, the shift from day-
ahead to real-time is easiest to observe in the data. California’s special report on battery storage
[75] shows the hourly average battery bids and market prices in day-ahead and real-time (Fig-
ure C.1 and Figure C.2 in Appendix C.4). In day-ahead, battery bids are significantly higher than
market clearing prices, whereas in real-time, battery bids are comparable to market clearing prices.
This means that batteries avoid being scheduled in day-ahead, preferring to be scheduled in real-
time instead. This corresponds to the shift from day-ahead to real-time that we have identified.

We consider two market policies that the regulator could enact to mitigate the day-ahead versus
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real-time discrepancy:

(P1) The regulator can require that the battery discharges zero in expectation in real-time. This
policy basically “bans” the shift from DA to RT, which is observable. Equivalently, this

policy imitates the socially optimal (centralized) behavior.

(P2) The regulator can introduce virtual bidders, which are purely financial bidders that arbitrage

between day-ahead and real-time prices in each period, using market dynamics.

Unfortunately, both of these policies will backfire.

Theorem 10. Both (P1) and (P2) lead to more quantity withholding, lower battery profit, and

higher system cost.

Intuitively, the monopoly battery splits the exercise of market power “optimally” between quan-
tity withholding and shift from DA to RT. If the regulator bans shift from DA to RT, the battery will
have to do more quantity withholding to compensate. Whereas the shift from DA to RT will still
make the battery capacity available (only later than optimal), quantity withholding will make the
battery capacity not available at all, which further increases system cost. This also lowers battery
profit because the profit-maximizing battery would not choose this quantity withholding allocation

without the external constraint.

Battery Discharge Subsidy

If we think the charge and discharge behavior of batteries gives positive externalities to the
system, we can subsidize battery discharge, analogous to renewable production tax credits for
renewables but for batteries. The regulator selects a subsidy price s such that the regulator pays sz

if the battery discharges z during peak period.

Theorem 11. For any subsidy level s > 0, total financial cost, defined as a sum of subsidy cost

and system generation cost, increases compared to no subsidy.
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We note that even though subsidy increases total financial cost, it might still be a good policy

if having lower carbon emissions is desirable in its own right, e.g., via the social cost of carbon.

3.8 Extensions

So far, we have made assumptions to get the most parsimonious model that shows the main
economic and operational drivers of strategic battery behavior. In this section, we will show that

the main insights continue to hold in more complex settings.

3.8.1 Multiple Time Periods

In this subsection, we extend our results to 7 > 2 periods, indexed by t € {1,...,T} = [T].
The demands of all periods are random variables drawn from a known joint distribution D =
(D1,...,D7) ~ m. As before, we consider the centralized case where the battery minimizes
generation cost, and the decentralized case where the battery maximizes its profit. The battery
decides the discharge quantities z”* for each period ¢ in day-ahead, and zX7 (D) for each period
t in real-time as a function of the realized history D.; subject to )}, zf) A =0and 2 leT(Dl;,) =0
for all D. The market prices are determined by (3.4) and (3.5), and the generation cost is also given
by (3.6) (but summing over all # € [T]), and the price of anarchy is defined by (PoA) as before.

Theorem 16 in Appendix C.5 gives explicit formulas for the centralized and decentralized
battery decisions z?4 and zX7(D1,). This theorem reduces to previous results with 7 = 2. We
can see from the explicit formulas that the three types of distortions (quantity withholding, shift
from day-ahead to real-time, reduction in real-time responsiveness) continue to hold with the same
amount as in (3.11), (3.12), (3.13). We can prove that the bounds 9/8 < PoA < 4/3 on the Price
of Anarchy also continue to hold for independent normal demand for every T, and we believe that

the bounds will hold more broadly under reasonable assumptions on the correlation matrix.
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3.8.2 Battery Inefficiency

In this subsection, we are back to the two-period model, but we now assume that the battery
is not perfectly efficient. Rather, it has a round trip efficiency of n € (0, 1]. That is, the energy
the battery discharges is 7 times the amount it charges. In practice, 7 is typically between 0.85
and 0.98 for lithium-ion batteries [121]. If we assume that period 1 is a peak period and the
battery charges, while period 2 is an off-peak period and the battery discharges, then we have
z? Ay nzé) A sz + nng = (. Theorem 17 in Appendix C.5 gives explicit formulas for centralized

and decentralized battery decisions. We also have the bounds 9/8 < PoA < 4/3 as before.

3.8.3 Non-Parallel Supply Curves

We have assumed that the same fraction ks of generators are fast at every price A, that is
Gs(A) = ksG(A) and G(A) = kyG(A) and the supply curve is linear: G '(x) = a+pBx. We
now relax the former assumption and assume that the fast and slow supply curves are linear but not
necessarily a multiple of each other: G;!(x) = a+S,x and G}l (x) = ay+Brx. Theorem 18 shows
that we can still characterize the battery strategies in closed form, and the bounds 9/8 < PoA < 4/3

still hold.

3.8.4 Convex Supply Curves

We have assumed that the total supply curve is linear: G~ (x) = a + Bx. This is a good first-
order approximation for most hours in the market, but we might want to also take into account that
prices might increase super-linearly when the demand is unusually high. Here, we assume that
G '(x) = a + Bx +yx? for y > 0. Theorem 19 derives the centralized and decentralized battery

strategies as linearized convexity corrections in y.
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3.8.5 Battery Capacity

We have assumed that the battery has unlimited capacity, so the only constraints are that the
total net discharge is zero. Now we assume that the monopoly battery has a given capacity C. We
do not have closed form solutions, but they can be numerically approximated. Figure C.3 shows
the Price of Anarchy values, calibrated with Los Angeles and Houston data, are comparable to

before.

3.8.6 Battery Investments and Operations

Given our model’s focus on daily cycles of the market, taking market participants as fixed, it
naturally fits with the system operator’s goal of ensuring proper market functioning. However, it
can also be used to understand higher-level decisions such as investment in battery capacity. Here,
we assume that the battery capacity is endogenous. There is an investment cost cjpy per unit of
battery capacity. The decision maker first decides the battery capacity C to invest in, then decides
z{) A sz(Dl) to operate the battery with this capacity. The centralized case minimizes total cost,
which is a sum of investment cost cj,yC and generation cost. The decentralized case maximizes

net profit, which is the arbitrage profit minus investment cost. Figure C.4 shows that the Price of

Anarchy values, calibrated with Los Angeles and Houston data, are comparable to before.

3.9 Conclusion

We formulate and solve an analytical model of market power of batteries in electricity markets.
We find that profit-maximizing batteries strategically distort their decisions by quantity withhold-
ing, shifting participation from day-ahead to real-time, and reducing real-time responsiveness, and
quantify the extent of each form of distortion. The larger the share of fast generators, the more
batteries do shift to real-time rather than quantity withholding, and vice versa. Battery distortion

due to incentive misalignment leads to an increase in generation cost between 12.5% and 33.3%,
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and the misalignment is largest in relative terms when generators are slow, and and the duck curve
is shallow. Numerical illustrations with Los Angeles and Houston data suggest that, if a battery
achieves local monopoly, these effects could be practically significant, but the loss from market
power is bounded even in the worst case. A moderate amount of competition is very effective at
reducing distortions, with the caveat that it also substantially reduces battery profits, which might
deter battery market entry. However, market power mitigation mechanisms can backfire. While
our base model is intentionally parsimonious to most clearly highlight the main drivers of battery
incentive misalignment, the insights and quantitative bounds continue in more general settings.
There are many avenues for future work. Our model considers each region separately, which
can be a good first-order approximation for highly fragmented markets. For moderately fragmented
markets, the network structure and locational marginal pricing market clearing should be modeled
explicitly, and the question of market power over a network is worth investigating. Our model also
assumes that the environment is probabilistically known. Arguably, however, battery behavior is
also partly shaped by uncertainty and robustness considerations. For example, if the market price
occasionally spikes, then part of battery withholding behavior might simply be contingency prepa-
ration rather than market power. Understanding the role of price and system forecast, Bayesian
and non-Bayesian uncertainty, and distinguishing between strategic behavior and standard operat-

ing procedures is an important future direction.
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Appendix A: On the Robustness of Second-Price Auctions in

Prior-Independent Mechanism Design

A.1 Deriving Candidate Mechanisms and Distributions

In this section, we derive candidate mechanisms and distributions. To do so, we will make
additional assumptions. We highlight here that this section does not directly imply that we have
a saddle point, but provides a “guided search" for a saddle point. In Section 1.3.3, we provide
a formal verification that the candidates obtained here are indeed a saddle point for the original

problem.

A.1.1 Deriving Candidate Saddle Points

In the next result, we establish that under some conditions, the worst-case distribution in a

saddle point has to satisfy a particular ordinary differential equation (ODE).

Proposition 10. Suppose that the problem infg [sup g Ru(D, F )] has an interior solution ®* which
has a density and is supported on [r*, 1], and is such that the problem supp R, (®*, F) overi.i.d. F

has a unique solution F* with marginal F*. Then F* satisfies the following ODE for v € (r*,1):

1-F*(v) —v(F")'(v) =0.

Proposition 10 suggests that if a SPA is minimax optimal, then the worst-case F* in the saddle

should satisfy 1 — F*(v) —v(F*)’(v) = 0forv € (r*, 1). Together with the initial condition F*(r*)
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= 0, the solution to this ODE is

0 if v € [0, r%]
Fv)=91=r*/v ifve[r]) (F-IsoRevenue)
1 ifv=1

Note that F*(17) = limyy; F*(v) = 1 —r”*, so there is a point mass of size r* at v = 1. This
distribution corresponds to an isorevenue distribution because if the willingness to pay distribution
follows this distribution F*, then under any posted price p € [r*, 1), the revenue is the same and is
given by p(1 — F*(p)) =r".

Next, we fix the distribution to be of the form above, and ask what candidate mechanisms could
lead to a saddle point in the class of SPA with random reserve. In other words, is there a SPA with
random reserve such that F* maximizes its regret? We establish that if there is such a reserve price

distribution, then it must satisfy a particular ODE.

Proposition 11. Fix r* € [0,1]. Let F* be given by (F-IsoRevenue) and ®* be a CDF of a
distribution that has a density and is supported on [r*, 1]. Suppose that F* is the unique solution

to supp R, (®*, F). Then ®* satisfies the following ODE forv € (r*,1):

(@*) (v) + %@*@) = é (ODE-®)

This ODE uniquely describes ®* as a function of r*. The final question left is the candidate
value of r*. The initial condition ®*(r*) = 0 uniquely determines the only possible value of r*.

The next result characterizes, in quasi-closed form, a solution to the ODE to determine the
functional form of ®@*, the value of 7, as well as the value of the regret under the candidate saddle

point.
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Proposition 12. Let r;, € (0, 1/n) be the unique solution to
n—1 (1 _ I’*)k
1-r)"tylog(r) + Y ——— =
(1= slogr) + 3

Then the function @} (v) given by

Y n—1 n—1 n—1-k 00 v — k—(n—-1)
e e I G T B by

satisfies the ODE (ODE-®) as well as @, (r;) = 0 and ®; (1) = 1.

x| =

Furthermore, under the isorevenue F, given by F,;(v) = 1—r; /v forv € [r;,1)and F,(1) =1,

the regret is given by

* * s\n—1 v=l r;’kl i
Ry(®,,F,)=(1-r)"" - 1-— dv.

=r v

The above yields a candidate saddle point for the original problem. We next provide a formal
verification that the mechanism obtained minimizes the worst case regret among all mechanisms
(and not only SPA mechanisms), and that the candidate distribution is indeed the worst-case distri-

bution against this candidate mechanism.

A.2 Proofs and Discussions from Section 1.3 and Appendix A.1

Proof of Step 2 (Seller’s Optimality) from Section 1.3.3. Because (x, p) is dominant strategy in-

centive compatible, [4] gives the following payment characterization

Vi=v;

pi(vi,v_i) = pi(0,v_) +vix;(vi,v_;) — / xi(Vi, v_;)dv;

7;=0

Individual rationality requires that p; (0, v_;) < 0. Because the seller aims to maximize revenue,
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it is optimal to set p;(0,v_;) = 0. We can then write, for fixed v_;,

vi=1 P
Ey~F: [pi(v)] = / —pi(vi,v_)dv; + I’npl(vl =1,v)

=r; V:
vl Vi
( i(vi,v —1)_/ Xi(ﬁi,v—i)dﬁi) dv;
vi=0

V,‘:]
‘/‘:inn V; i
vi=ry vi=1
+r, (Xi(Vi =1,v.) —/ xi(vi,v_;)dv; —/ Xi(Vi,v—i)dVi)
v;i=0 vi=ry,

i='n

|N
N*NN

Al \S]

We can compute the double integral as follows

/ / x,(v,, _)dvidv;
vl_rn
vi=r;, vi=1 vi=1 r*
n ~ ~
- / / Tt (51 v_g)dvid¥; + / / T (5, vi)dvid
17,'20 Vi= i \7,':}’; V[:ﬁ[ v

i
vi=r; vi=l r*
= / (1 —r;,k) X,’(V,’,V_l')dvi+/ (_n —r;,k)xi(vl-,v_,-)dv,-
v;i=0 Vi=r;, Vi

Substituting this expression gives

vi=ry

Evierz[pi(v)] = rpxi(vi = 1,v_;) —/ xi(vi,v_)dv;

V,'=0

Taking the expectation of the above over v_; ~ (F})"~! gives agent i’s revenue Ey~(Enyn [pi(v)].

Therefore, the objective is

n n n V,’:F;‘,
Z Ev~(F;{)" [pi(v)] =r" Z Ev_iN(F;;)n—l [xi(vi = 1, V—i)] - Z / 0 EV—i"‘(F;:)"_l [Xl'(V,', v_i)]dvi.
i=1 i=1 i=1 Vi=

Given that x; has to satisfy the constraints x;(v) > 0, Vi,Vv € [0,1]" and 37, x;(v) < 1Vv €
[0, 1], the objective is maximized if and only if for any nonempty set S C {1,2,...,n} the

following holds:
(i) ifv,=1forie Sandv; € (r;,1)fori ¢ Sthen ) ,cgx;(v) =1and x;(v) =0fori ¢S, and
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(ii) foreveryiifv; <r,andv; > r;, forall j #ithenx;(v) =0.

In words, (i) if there is at least one buyer with valuation 1 and every buyer’s valuation is above r},,
then the mechanism allocates with probability one and can only allocate to agent(s) with valuation
I; (i1) if a buyer’s valuation is below r, and all other buyers’ valuations are above r,,, then that
buyer is never allocated. It is clear that a second-price auction with random reserve drawn from a
CDF ®; with a density and supported on [}, 1] corresponds to an allocation rule that satisfies the

above condition, so the mechanism is optimal, and the saddle inequality is proved. [

Proof of Proposition 1. Because ® has a density ¢, the regret of SPA(®) at the valuation vector v

is given by
v —Ep o [maX(v(z),p)l(v(l) > p)]
p=v@ p=v(D

=y - / v ¢(p)dp +/ pé(p)dp

p=0 p=v?

1 2 2 =) p=vt!
=v = 1vPe®) + [po(p))’2), - / @(p)dp
p=v
p=r(D
=y v(l)CD(v(l)) + / d(p)dp
p:v(z)
Therefore,

p=v(
R(®, F) = By [p) = v 0(v) | 4 By / ®(p)dp
p=v?

=V

We will compute the two terms separately. We capture the calculation of the first term in the

following lemma.

Lemma 3. Let h(v) be a continuous function that is differentiable everywhere except perhaps at
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v =r", and G be a distribution on [0, 1], then we have

/ h(v)dG(v) = h(0)G(r*) + /V=r KW)(G(r™) —G(v))dv
ve[0,1] v=0
v=1
+h(r")(G(1) - G(r")) + /_ * KW)(G()—G(v))dv

Proof of Lemma 3. We have

/ve[O,r*] h(v)dG(v) = /ve[O,r*] (h(O) + /vzo h (ﬁ)dﬁ) dG(v)

:h(O)G([O,r*])+[_V:‘/_V~=r W ($)dG(v)dv

= h(0)G(r*) + [ﬁ: W) (G(r") — G(9))dv

where the first line holds by the fundamental theorem of calculus, and the second line holds by

Fubini. Therefore, /

ve[00] h(v)dG (v) is equal to the expression in the first line of the lemma.

Similarly, fv (1] h(v)dG (v) is equal to the expression in the second line of the lemma. Finally,

fve[O 1 h(v)dG (v) is the sum of those two terms. 0

Welet h(v) = v —v®(v) and G(v) = F,(ll) (v) in Lemma 3 to get that the first term of the regret
is

v=1

E,.r v<1>—v<1>cp(v<1>)] :r*—/ ' Fﬁ,”(v)dw/ (=) —v® () (1= FO () dp

v=0 v=r

Now we compute the second term.

p=v(D
/ ®(p)dp
p=v?

=V

Ev ~F

= / / o(p)1(v? < p < v dpdF(v)
ve[0,1]* J pe[0,1]

%

=1
= / / o(p)1(v® < p <v)dF (v)dp = / () (FP () - F (v)dv
pel0,1] Jrvef0,1]" -
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where the last equality holds because ® has support on [r*, 1]. Adding up the two terms, we
get the (Regret-F') expression.

Now we assume that F is i.i.d., then F\" (v) = F(v)" and Prp(v® < v < v(D) = nF(v)" 1 (1-
F(v)), so we get the (Regret-F') expression.

To derive the (Regret-®) expression that is linear in @, we can use integration by part to trans-

form the term involving ®’(v) into an expression linear in @ as follows.

/v=1 v(l = F(v)")®'(v)dv
v=1

- - FOMOWIS - [ L= oo

v=r*

v=1
= —/ (1-FOW)"=nvFW)" 'F'(v)®(v)dv

=r*

Plugging this into the (Regret-F) expression, we get the (Regret-®) expression as desired.
H

Proof of Proposition 10. Define h(®) = supg R, (P, F) to be the worst-case regret for a distribu-
tion of reserves ® and Zo(®) = {F : R,(®, F) = supp R,(®, F)} the set of optimal worst-case
distributions for ®. From the (Regret-®) expression given in Proposition 1, R, (®, F) is linear.
Because the pointwise supremum of linear functions is convex, we have that #(®) is convex in ©.
Since we assumed that Zy(®*) = {F*}, Danskin’s theorem then implies that 4 is differentiable at

®*, and the derivative of & at ®* is given by %(@*) = 83151;’ (®*, F*). Therefore, we must have

g%(@*) = ( since A is convex and has a minimum at ®*, which implies that %Ifg (@, F*) = 0.
Because R, (®, F*) is linear in ®, this means the coefficient of ®(v) in R, (P, F*) should be zero

for v € (r*, 1), which implies 1 — F*(v) — v(F*)"(v) = 0 as desired. [

Proof of Proposition 11. We note that the (Regret-F) expression for R, (®*, F)

v=r* v=1
r— / F(v)'dv + / * (A= v(D*)' (v) = D)) (1 = F(v)") + ®*(v)nF(v)" 1 (1 = F(v))dv

=0 =r
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involves F(v) only. To maximize this expression we can set F(v) = 0 for v € [0,r*]. We can
further maximize the integrand for v € [r*, 1] pointwise. We have the constraint that F(v) must
be nondecreasing, but because the unique optimal solution is F* which is strictly increasing, this
monotonicity constraint must not bind, and the pointwise optimization procedure must give F* as

a solution. Taking the derivative of the expression under the integral with respect to F'(v) gives

(1= @*(v) = v(®") (M) (=nF ()" ) +n®* (V) ((n = DF ()" =nF(v)"™") =0

(1+(n-1)®"(v)=v(@®)Y ()1 =-FW)-1+v(@)(v)=0

From the previous subsection, we want ®* to be such that the optimal F from this is F*(v) =

1- ’7 for v > r*. Substituting this gives

(@) (v) + Mc1>*(v) _4 (ODE-®)
v(v—r*) v

as desired.

O]

Proof of Proposition 12. We will sometimes omit the star and the subscripts for simplicity. We
solve the ODE with the integrating factor method. With the ODE of the form @’ + g® = h where
g and h do not depend on ®, we multiply both sides by the integrating factor / := exp ( / gdv)

which has the property I’ = g1, so (I®)" = I®’ + gI® = [h. In our case, the integrating factor is

(n—=1)r* B (n-1) (n-1) _(v-=TT n-l
exp(/—v(v_r*)dv)—exp(/ Fura— dv)—( ” )

y—r*
v

n—1
) on both sides we get

w\n—1
(v—r ) o(v)

\%

If we multiply by (

-1
v—r*\"
v

< | =
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Now we integrate on both sides. Using the change of variable w = (v — r*) /v we can integrate

the right hand side as follows

1{v-r* n-l whl n-l wk
/—( ) dv:/ dw:const—log(l—w)—Z—
% % 1-w = k

Therefore, there is a constant ¢ such that

y—r\"! % N1 (v —r\K
( ) <I>(v):c+log(—*)— —( )
% r = k v

We will now determine the constant ¢. Using ®(r*) = 0, letting v | r* we get that the left hand

side goes to 0 and the right hand side goes to ¢, so ¢ = 0, and we have

n—1 1

o) = (v—vr*)n_1 log (rv_*) B %(v—vr*)n_l_k

We use the Taylor series for log(1 + x) with x = (v — r*)/r* to get the other expression for

D(v):

[o0]

— k—(n-1)
o511

k=n

We pin down the value of r* by requiring that ®(1) = 1 which means that r* must solve the

equation

(l—r)k

(1—r)"1+10g(r)+z =0

We can check that the left hand side as a function of r* is increasing on r* < 1/n, is decreasing
onr* > 1/n, goes to —co as r* | 0, and goes to 0" as r* T 1. So this equation has a unique solution

in (0, 1/n).
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Lastly, we can derive the regret expression by direct calculation.

A.3 Proofs and Discussions from Section 1.4

Proof of Proposition 3. If F is i.i.d. with marginal F, then we will write R, (m, F) = R(m, F).
Then, if F is a mixture of i.i.d. distributions G ~ u, we have R,(m, F) = Eg-, [R(m,G)]. What

we want to prove R, (Fmix) = Rn(Fiiq) is equivalent to
inf sup Eg-, R(m, G) = inf sup R(m, F).
m u m F

For each G, R(m,G) < supp R(m, F), s0 Eg-,R(m,G) < supp R(m, F) for every u. There-
fore, infy, sup,, EGNﬂE(m, G) < inf,, supp R(m, F).

Conversely, take any € > 0. By the definition of sup, for any m there exists a £, such
that supz R(m, F) < R(m,F,) + €. Therefore, inf,, supr R(m, F) < inf, R(m,F,) + € <
inf,, sup, Eg~ Mﬁ(m, G) + €, where the last inequality holds because we can take u to be the distri-

bution that puts all the weight on F},. Since € > 0 is arbitrary, our desired equality is proved.

]

Proof of Proposition 4. We will first show that R, (m*, F) < R,(m*, F*). By symmetry, R, (m*, F**) =
R,(m*,F*'), so R,(m*, F*) = B, p:R,(m*,v) = 1 3" R,(m*,F**) = R,(m*, F*"). There-
fore, equivalently we need to show that R, (®*,v) < 1/e and that equality holds when v is on the

support of F*!. We have already derived the pointwise regret expression:

p=v(D
R, (®*,v) = - v(l)CD*(v(l)) +/ ®*(p)dp
p=v(

‘We consider 3 cases.
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Case 1. v(D > 1/e > v(? | then

p=v(D

R, (®",v) = v <1>(1og(v<‘>)+1)+/ (log(p) + )dp
p=e”
= v v (1 +10g(v ™M) + [(plog(p) = p) + )7}, = 1/e
Case 2. v(D > 1@ > 1/e, then
Ra(@",») = v = v (log(v V) + 1) + [(plog(p) = p) + pI'=", = v log(v?) < 1/e

because the derivative of the last expression is —log(v(?) — 1 < 0.

Case 3. v(D < 1/e, then
R, (@%,v) =v) < 1/e

Next, we show that R,(m"*, F*) < R, (m, F*). We argue analogously to the proof of Theorem 1
that this is the same as showing that m* maximizes the expected revenue among all mechanisms.

We also use the Myerson’s payment characterization and do a similar calculation to get

Z piv)| = ZEM« [Pk (Vi vk = 0)]

E,

%

1 Vi=r
== (r*xk(vk =1v=0) —/ Xk (Vi = Vg, v_i = 0)dvy

i V=0

Therefore, the expected revenue is maximized if and only if for every k, x;(vy = L,v_r =0) =1
and x; (vi = Vg, v = 0) = 0 for ¥, < r*, and m* = SPA(®*) satisfies this condition.

O

Proof of Proposition 2. To prove the result, we construct explicit distributions that fall in one class
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but not the other.

We will denote a distribution that takes one of the m values {1, ..., m} with an m-tuple, say,
p = (p1,...,pm) is a distribution that takes value k with probability py for 1 < k < m. We
represent the joint distribution of two agents’ values as a matrix, say (p; j)1<i j<m takes the value
(i, j) with probability p; ; for each i, j. Then, the joint distribution for two agents when each agent

has i.i.d. values following p is the outer product pp ™ whose (i, j) element is p;p;.
Example A.3.1 (mixture of i.i.d. but not affiliated). Let6 = 1/2, p = (3/4,1/8,1/8),q = (1/4,1/2,1/4).

The distribution

5/16 7/64 5/64
Opp’ +(1-06)gq" =[7/64 17/128 9/128
5/64 9/128 5/128
is a mixture of i.i.d. but is not affiliated because (7/64)(9/128) < (5/64)(17/128).

Example A.3.2 (affiliated but not mixture of i.i.d.). Consider an exchangeable distribution over 3

values and n = 2 agents given by

P11 P12 pi13
P12 P22 P23

P13 P23 P33

The matrix is symmetric because the distribution is exchangeable. We can check that the distribu-
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tion is affiliated if and only if

P11p2 2 P%z
P11P23 2 P13P12
P11p33 2 P%3
P12D23 2 P13P22

P12P33 2 P13P23

Moreover, if this distribution is a mixture of i.i.d., then it can be written as E[ff'] for a
random f € A({1,2,3}). We will then have E[f32] =py3and E[f3] = E[fs(fi + L+ f3)] =
E[Aifs] + E[fofz] + E[f32] = p13 + p23 + p33. Jensen’s inequality implies that E[f32] > E[f]%
Therefore, if this distribution could be written as a mixture of i.i.d., then p33 > (p13 + p23 + p33)2
must hold.

Consider (p11, P12, P13, P22, P23, P33) = (112/503,64/503,32/503,38/503, 64 /503, 33/503).
We can check that this distribution satisfies all of the affiliation inequalities but p33 < (p13 + p23 +

p33)2. Therefore, this distribution is affiliated but not a mixture of i.i.d.

A.4 Proofs and Discussions from Section 1.5

Proof of Proposition 5. We will first prove the result for F;g and will later show how to modify the

proof for Fnix and For. We define F(v) = Pr(v; < v) and F_(p) = Pr(v; < v). We have

R,(SPA(r), F) =E[v"] = E[max(v?, N1(v(V) > )]

=E V] -EpP10:® > 1] -E[r1(v?® < r <vD)].
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The first term is

VE[O,I] VE[O,I]

The second term’s calculation is analogous to that of Lemma 3. We have

Ev@10@ > r)] = / VdF? (V') = / / dvdF? ()
ve(r1] v'e(r,1] Jve[0,v)

/ / dFP())dv + / dF® (v)dvy
[0,r] JVv'e(r,1] ve(r,1] Jv'e(v,1]

_ / (1= FO(r)dv + / (1= FO())dv
vel0,r]

ve(r,1]

=1-rF?(r) —/ FP)dv.
ve(r,1]
The third term is
E[r1(v® <r <v)] =rPr(v® <r < vy = r(Pr(v® < r) = Pr(v'V < 1)) = r(FP(r) = F_(r)")
Together, we have

sup  R,(SPA(r),F) =rF_(r)" - / F(v)"dv + / nF(v)" ' —nF(v)"dv.
FeFiiq(10,1]) ve[0,r] ve(r,1]

We first assume that n > 2. Note that the integrand nF (v)"~! —nF(v)" is increasing for F(v) <

2=l and is decreasing for F(v) > % To minimize ./ve[O o F(v)"dv we must have F(v) = 0

for v € [0,r — €] for arbitrarily small € > 0, and to maximize fve(p 1 nF(v)" ! — nF(v)"dv,

the only constraint we have is F(v) > ¢ so for v € (r,1] we set F(v) = ”n;l if ¢ < % and

F(v) = c otherwise. Note that the sup over first case of ¢ < ”T_l is simply the second case

with ¢ = ”T_l Because we take the sup over F, we can let € | 0 and get that the worst-case

regret is sup,. e[t 1) rc® + (1 = r)(nc™' = nc"). Now, the derivative of this expression of c is
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"2 [(1=r)(n=1)=((1 =r)n—r)c]. The expression in [---] is linear in c¢. At ¢ = ﬂ, the
expression is r*— L > 0. Atc = 1, the expression is 2r — 1. Soif r > 1 5. the first derivative is always

> 0, so the maximum is achieved at ¢ = 1 and the value is r. If r < 5, the maximum is achieved at

_ (d-rm-1)
“(I-rn-r

(1-r)"(n—1)""1
((1=r)n-r)n-1 *

Now we deal with the case n = 1. This expression reduces to rF_(r) — ./VE[O " F(v)dv +

¢t = € [" 1 1] and the value is
fve(r’l] 1 — F(v)dv which has a sup of sup¢g ;4 —1+rc+(1-r)(1—c) =max(1 —r,r) because
it is linear in ¢, so it achieves the extrema at the endpoints.

Now we want to choose the optimal r to minimize the worst-case regret. For n > 2, the worst-
case regret r is increasing on [%, 1], so it is sufficient to consider r in [0, 2] with regret

exp (nlog(1—-r)+(n—1)log(n—1) — (n—1)log(n — (n+ 1)r)). The first derivative of the ex-

pression within exp is —7% + (n=D)(n+1) (ntl)r-1

- i s el ¢ s i ey B So it is maximized at r* = —5 and

1

substituting this in gives the optimal regret (ﬁ)" Forn = 1, max(1 —r,r) is minimized at r* = 5

with regret % so it has the same expression.
Note also that the proof implies that the worst case distribution (more precisely a sequence of

distributions that achieves the minimax as € | 0) is a two-point distribution with weights ¢* and

(1 r)(n—1)

1 —c*atr —eand 1, respectively, with ¢* = “7=5/=

. (If r =0, then we put weights ¢* and 1 — ¢*

then ¢* = .

at 0 and 1.) If we choose the optimal r* = —

+1 ’
Therefore, the results for Fjq is proved. With exactly the same argument as that used for the
proof of Proposition 3 (namely, because Fpix is the convex hull of Fj4, there is an optimal pure

strategy for Nature), we get that the minimax values for Fix and Fiq are equal. For Fu, the proof
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is similar to that of Proposition 2. We note that the same calculation gives the regret

rF () - F(v)dv + / (F2(v) = FiD (v))dv
ve[0,r] ve(r,1]

<rF(r) + / FP () - FO (v))av
ve(r,1]

=rFO(r) + / (nF'" (v) = nF (v))dv
ve(r,1]

< rF,gl)(r) + / (nF,Sl)(v)("_l)/" - anll)(v))dv

ve(r,1]

< sup

ce[0,1] z€[c,1]

rc" + sup {nz”_l - nz”}]

The third line uses the equation F ,(12)(v) =nF ,(11_)1 v)—-(n-1F ,(11) (v) that we already used in the
proof of Proposition 2. The fourth line uses the inequality F 511—)1 (v) <F 5,1) (v)(=D/" that we proved
as Lemma 1 in the same proof. The fifth line is a pointwise maximization over ¢ = F ,(11) (r)!/" and
z denoting F ,(11)(\/)1/ " for v > r which is > ¢. The last expression is the same expression that we

got for Fiiq, so it has the same minimax regret.

A.5 Discussion on Upper Bound Information

We would first like to clarify that we do not assume that we know the actual upper bound
of the support of the true underlying distribution F' (for one buyer, that would be vy = inf{x :
f[x,oo) dF (x) = 0}, but simply that we know an upper bound b of that value, i.e., the decision-maker
only knows that vy < b. This allows for example for the actual distribution to have vp = 0.15,
vrp =0.5b or vp = 0.99b and the decision-maker needs to design a mechanism that is oblivious to
vr and more generally to F.

Throughout the paper, we assume that the known upper bound on the distribution is 1, that is,

the support is [0, 1]. This is purely a normalization for expositional convenience. If the support
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is [0, b] for some known upper bound b, then the resulting minimax optimal regret is b times the
original minimax regret, and the optimal mechanism and the corresponding worst-case distribution

are multiplicatively scaled by b. We formally record this observation in the following proposition.

Proposition 13. Let the support of the buyers’ valuations be [0, b]" for a known b > 0, and r;,, ®;,
be defined as in Theorem 1. Let i}, be a second-price auction with reserve br, with randomr ~ @)

ne

Equivalently, i} = SPA(®?) with

n—1 n—1 n—1-k
é;(v)z(v/—b*) log(vr/*b)— I(V/—b*) forv e [bri, b].

Let F* be an isorevenue starting at br’ given by F*(v) = 1 —r*/(v/b) for v € [br},b) and
F*(b) = 1. Then, (i}, EY) is a saddle point of the regret R,(m, F), and the minimax regret is b

times the original minimax regret, namely,

o] v=1 r;lk n—1
pla=ry = [ [1=2) av].

Note also that (i, E) is still a saddle point if we instead assume that the support is [a, b]

witha < rpb.

The motivation of the known support information assumption is that we operate in a world
with minimal or no data, and significant “Knightian” uncertainty. The bounds need not be learned
from data but rather are derived from asking experts, using domain knowledge, or common sense.
Some examples might be launching a new product, or auctioning rarely traded goods (fine art, col-
lectibles, jewelry). In these contexts, it is easier and more intuitive to come up with a reasonable
range of values than to guess something like the shape of the valuation distribution (either para-
metric or nonparametric like regular or monotone hazard rate) or distributional parameters like the
mean or the optimal monopoly price.

We will now show that even if the upper bound is misspecified, the performance loss (increase
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in minimax regret) is small and degrades gracefully with the error. In particular, we will compute
the minimax regret when the upper bound assumed for the computation of the mechanism (as given
in Proposition 13) is bpech, but the worst case distribution class F is over distributions with support

[0, bactuar]- Note that if bpech = 1, then the mechanism is SPA (D).

Proposition 14. Suppose that we use the mechanism SPA(®}), but the worst-case distribution
class F is over support [0, b]. Forr, < b < 1, the worst case F is

0 ifvel0,r;]

n°

Frv)=y1-2 ifvelr,b)

1 ifv=">.
For b > 1, the worst case F is
0 ifvel0,r]
-2 fvelr,s]
F*(v) =
l—;—;’ ifvel[s"b)
1 ifv=">b

where s* € [nr;, 1] is a solution to

* v=1 v=1 * o *
(b-1) (1—’"*") :/ (,u*)'(v)dv:/ @ (v) [(1-%)(" ”2”)—1+”2"]dv.
S v=s* v=s* S V—ry S

The worst-case regret calculation in Proposition 14 assumes byech = 1 for convenience, but by

the same scaling argument used in Proposition 13 earlier, we can compute the worst-case regret

for any (bmechs Dactual)-

Corollary 4. If the worst-case regret under the mechanism SPA(®}) and support [0, b] (that
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iS, bmech = 1,bacual = b) as computed in Proposition 14 is given by a function g(b), then
the worst-case regret if the b assumed by the seller is bymech but the true b is bycal is given by

bmechg (bactual /bmech) .

We can now perform sensitivity analysis on byec by computing the performance loss when
the upper bound is misspecified. We fix Nature’s distribution class to have support [0, 1], but we
assume that the mechanism is computed assuming the potentially misspecified bp,ech and evaluate
the minimax regret of that mechanism as a function of byech. The results are shown in Figure A.1.
We can see that the minimax regret is Lipschitz in bpech and that the performance guarantee is not
very sensitive to bpech, especially for n > 2. For example, when n = 2, if the seller underestimates
(resp. overestimates) the true upper bound by 20%, the increase in regret is only 7.3% (resp.

16.3%).

bactual =1, vary bmech

0.50 1
0.45 1

ko,

% 0.401

£

=

£ B
0.35 T
0301 R . .

0.8 0.9 1.0 1.1 1.2
bmech

Figure A.1: Minimax regret for each n as a function of by, Wwhen Nature’s worst-case distribution
class has support [0, bactyal] With byear = 1, while the mechanism is computed assuming bpech-
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A.5.1 Proofs for Appendix A.5

Proof of Proposition 14. The regret under SPA(®}) and arbitrary F supported on [0, b] is given
by

5

v=r,, v=b
r, = / F(v)'dv + / (1—v®)(v) —®;(v))(1-F()") + CDZ(v)nF(v)”_l(l - F(v))dv

— . 3
=0 =r;,

This is simply a modification of the (Regret-F) expression. Note also that ®;(v) = 1 for

v € [1, b], so we can also write the above regret as

5

=0 =r;

" / , Forars / T () — @) (1 - F()) + ()™ (1~ F())dv

v=b
+ / nF(v)" (1= F(v))dv

=1

forb > 1.
We first consider the case n > 2. If we maximize this regret expression pointwise, then we

want F*(v) = 0 for v € (0,7]) to make the second term for:; F(v)"dv zero. For the term that is the

integral from r;, to min(b, 1), the first-order condition gives

(1 =v®},(v) = @, (V) (~=nF* ()" ") + B (v)n((n = DF* ()" =nF*(»)""') =0
(n— 1)@, (v)
1 —v®)(v)+ (n—1)D;(v)

F(v) =
Using the expression for @’ (v) from (ODE-®) reduces the above expression to

Fry=1-"n
1%

This is not surprising, because the argument in the main proof shows that this isorevenue F*(v)

maximizes the regret pointwise, and we simply change the range.
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For b > 1 there is also the term that is the integral from 1 to b, which is nF (v)"~'(1 = F(v)),
which is pointwise-optimized at F*(v) = ”%1

This pointwise maximization gives a valid F* (and hence, the true worst-case F) if and only
if the resulting F* is weakly increasing (that is, non-decreasing). If b < 1, then this gives a
valid F as shown in the proposition, and we are done. If » > 1, then the pointwise optimization
gives limyp F*(v) = 1 —r; > ”n;l = lim,|; F*(v), so the resulting F is decreasing at 1, which
is not feasible. Rather, we solve for the optimal F by dualizing the monotonicity constraint and

characterizing optimal Lagrangian multipliers. We still set F*(v) = 0 for v € [0, r,,], but now we

let u(v) be the value of the dual function corresponding to the increasing constraint of F at v, for

*
n’

v € [r:, b]. Ttis sufficient to give a specific F* and u* such that all duality-based constraints hold,

namely, (i) u*(v) > O forall v € [r}, b], (ii) Lagrangian optimality:

v=1
F* € arg max L(F,u") :=r,+ / (1 —v®:' (v) = D)) (1 = F()") + @ (v)nF ()" (1 = F(v))dv

v=rj

v=b v=b
+/ nF()" ' (1 = F(v))dv + / w*(v)dF (v),

—_ —
=1 v=r}

where the maximization is now over arbitrary F in [0, 1] because the increasing constraint has
been dualized away, and (iii) complementary slackness: u*(v) = 0 if F* is strictly increasing at
v for every v. We will consider F* that is of the form given in the proposition, that is, F*(v) =
1 —r; /v isorevenue from v € [r}, s*], and F*(v) = 1 —r};/s* constant from v € [s*, b]. Note that
because F*(v) is strictly increasing on [r}, s*], we must have u*(v) = 0 for v € [r}, s*]. Because
lim,y, F*(v) = 1 -r;/s < 1 = F*(b), we also set u*(b) = 0. We will now use the Lagrangian

optimality condition to pin down u* and show that it is indeed nonnegative. Using integration by
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parts,

v=b

v=b v=b
v/ u%ﬂﬂmo:/ /fwmmw=uwﬂ%m—u@ﬂ%ﬂ—/' FO) (Y (W) dv

=r;, v=s v=s

v=b
=—/' FO) (Y (v)dv,

=S

because u*(s) = u*(b) = 0.
Because the Lagrangian optimality condition is now optimizing over arbitrary F in [0, 1], it is
equivalent to a pointwise maximization condition. For v € [r}, s*], F*(v) = 1 — r, /v satisfies the

pointwise maximization with y*(v) = 0 as we have shown. For v € (s*,1) and v € (1, b) we have

F*(v) € arg A 1](1 — V@ (v) = D, (1) (1 = F(v)") + @, (n)nF ()" (1 = F(v)) = F() (1) (v)

forv € (s%, 1)

F*(v) € argF ma)é . nF(»)" (1 = F(v)) = FO)(u*)'(v) for v € (1,b)

el

First-order conditions give

(1 =v®,"(v) = D () (1 = F(v)") + @, (»)nF (v)" (1 = F(v)) = (1) (v) = 0 for v € (s, 1)

n((n—1DF* )" 2 =nF* )" = (1"’ (v) =0 forv € (1,b)

We note that F*(v) = F*(s) = 1 —r;/sforallv € (s*,1) and v € (1,b). We also have an

expression for @'(v) in terms of @} (v) from (ODE-®). We then have, for v € (s*, 1),

*

—_nr*n) +n-1 —nF*(s)]

v—r;,

1%

(1) (v) = nF*(s)" @5 (v) [F*(S) (

> nrn) +n-1 —nF*(s)] =0

*
* *
s*—ry

> nF*(s)" 2 ®"(v) [F*(s) (

V—nry . . . .
= 1S 1ncreasing i v, and we
n

where the inequality is true because v > s* > r, and the function ——
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can directly check the last equality by substituting F*(s) =1 —r}/s.

Forv € (1, b), we have

M
*

(1) (v) = nF*(s*)"2(n = 1 =nF*(s")) = nF*(s")"" ( . i _ 1)

If we can prove that s* > nr;, then we will have (¢*)’(v) < 0 for v € (1, ). Combining this with
(u*)'(v) 2 0forv € (s*,1) and u*(s) = u*(b) = 0 gives us that u* is increasing from s* to 1
and decreasing from 1 to b, being nonnegative the entire time, which verifies (i). These constraints

also pin down s* from

v=1 v=b
0= ' (s%) — ' (b) = / (Y v+ / (W) (V)dv

Vv=s =1

which is equivalent to

% v=1 v=1 * _ * *
(b-1) (1—’"*") :/ (,u*)'(v)dv:/ D (v) [(1—%)(" ”Z”)—H”Z"]dv.
s y=s* y=g* s V—=ry s

It remains to show that the above equation has a solution in s* € [nr}, 1]. We consider the

*

difference between the left hand side and the right hand side as a function in s*. For s* = nr;,

the left hand side is zero while the right hand side is nonnegative, so the difference is nonpositive.
For s* = 1, the left hand side is nonnegative while the right hand side is zero, so the difference is
nonpositive. By the intermediate value theorem, there exists a s* € [nr}, 1] such that the difference
is zero, and we are done.

Lastly, we consider the case n = 1. For 1/e < b < 1, the regret is identically 1/e under ®;.
For b > 1, the regretis 1/e + /vv:lb(l — F(v))dv, which is maximized at F(v) = 0 forv € (1, b),

giving the worst-case regret of 1/e + b — 1. This is equivalent to s* = r; = 1/e, which is indeed a

solution to the equation in the proposition.
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A.6 Further Discussions About The Model

A.6.1 Discussions on the Benchmark

In the main text, we consider the benchmark to be the maximum revenue achievable when
the valuations v of the buyers are known, namely, max(v). This is also known as the first-best
benchmark. There is another benchmark that we consider, the second-best benchmark, defined as
the maximum revenue achievable when the distribution F of the buyers are known. We denote
this benchmark by OPT(F). When F = F" is i.i.d., we abuse the notation and write OPT(F) as
OPT(F).

Both the first-best benchmark and the second-best benchmark are extensively used in the liter-
ature, and there is not necessarily a single universal benchmark. The first-best benchmark has been
used in the economics, operations, and computer science literatures such as [6, 44, 11, 45, 46].

The first-best benchmark is also reminiscent of the offline optimum benchmark, which is ex-
tensively used in the analysis of algorithms [47]. An advantage of the first-best benchmark is that
it is easily computable and can be evaluated counterfactually (using the reported values when the
mechanism is DSIC).

The main technical result of this section is that when the distribution class consists of all distri-
butions (¥ = F,11), minimax regret against the first-best benchmark and the second-best benchmark

are equal, so the choice of the benchmark is immaterial in that case.

Proposition 15. If F = F,y, then

OPT(F) - Zplm

i=1

max(v) - Zp,<v>

i=1

1nf sup E,.r

= 1nf sup E,.F
meM peg

Fe?—~

Proof of Proposition 15. It is clear that OPT(F) < E,.p[max(v)], so

inf sup E,.p |[OPT(F) — Zpl(v)

< 1nf sup E,.r
meM peg

M FeF

max(») —Zm(v) .
=1
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It remains to prove the opposite inequality.
For each v € [0, 1], let §, be a (joint) distribution that puts all weight on v. Note that v € F;.
Therefore, for any fixed m and v, the sup over all F must be at least the value evaluated at F = ¢,,

namely,

sup E,.r
Fe¥F

OPT(F) - Zp,<v>

i=1

OPT(6,) = ), pi(v)
i=1

= [maxm - > pi(v)
i=1

Since this is true for every v, we have

sup E,-F
Fey

OPT(F) - Z pi(v)

i=1

= sup E,.F
FeF

max(v) - Zm(v) .

sup [max(v) prv)

ve[O 11"

[ —1

Since this is true for every m € M, we have

mf sup E,.r

> 1nf sup E,-F
meM FeF

M peF

OPT(F) - Z pi(v)

i=1

max(v) - va)

i=1

which concludes the proof.

]

Extending our work to the characterization of the minimax regret against the second-best
benchmark when ¥ = ¥4 is an important direction for future work. In general, it is not clear
a priori if it is possible to solve for the optimal minimax mechanism. In this paper, we were
able to show that it is possible to do so against the first-best benchmark through a pure saddle
point approach. We just want to highlight that characterizing a minimax mechanism against the
second-best benchmark would require a different approach and is a priori substantially more diffi-
cult. In particular, a pure saddle point (m*, F*) cannot exist. Indeed, if it did, letting OPT(F) be

the second-best benchmark and Rev(m, F) the revenue of mechanism m under distribution F', one
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could swap the min and the max in the zero-sum game, giving minimax regret
min mﬁa}x[OPT(F) —Rev(m, F)] = max min[OPT(F) — Rev(m, F)] =0,
m m

where the last equality follows from max,, Rev(m, F) = OPT(F) for any F. This leads to a
contradiction. Instead, we would need to identify a mixed saddle point (m*, D*) where D* is a
distribution over distributions, which is, at least at this stage, a much harder object to deal with.
Viewed through this lens, our proof of Proposition 15 amounts to showing that if (m*, F*) is a
saddle point of the first-best minimax regret problem, then (m*, D*) is a saddle point of the second-
best problem, where D* is a distribution over all point distributions d, such that the mixture of D*
is F* (i.e., the weight on ¢, is the measure of F* at v). This is true because for any distribution
0y on the support of D*, the first-best and the second-best benchmark are the same, so the saddle

inequalities for the first-best problem immediately transfer to the second-best problem.

A.6.2 Discussion on Minimax Regret as Value of Competition and Limiting Minimax Regret

Lastly, we note that interpreting the minimax regret against the first-best benchmark as quan-
tifying the value of competition is subtle. We note for example, that in previous works by [11,
12], while nominally about multiple bidders, the worst-case ended up reducing back the problem
of one-bidder performance. Given the power of nature, the decision-maker could never leverage
additional competition to improve performance. In our work, we limit the power of nature (e.g., to
1.i.d values) and this allows to capture the improved worst-case performance as a function of the
number of bidders n.

The fact that the limiting regret as n — oo is strictly positive is surprising at first glance (we do
not think it is ex ante obvious), but it does make some sense once we realize that having infinitely
many bidders is not the same as perfect knowledge because the seller has to commit to a selling

mechanism beforehand and is restricted in how the mechanism can use that information to extract
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revenue. This apparently counterintuitive result is driven by the fact that Nature can choose a
distribution that depends on n. The result is robust to the choice of the benchmark and is not
simply an artifact of our modeling assumptions. The following proposition shows that for any n,

the minimax regret against the second-best benchmark is at least e~ > 0.

Proposition 16. For ¥ € {Fiid, Faft, Fmix> Fexc> Fan}, we have for all n > 1,

Zn:pi(v) } > 2.
i=1

Proof of Proposition 16. As before, it is sufficient to show the result for the smallest class Fjig.

inf sup { OPT(F) —E,.f
meM Fey

Fix ¢ = 1/n, and consider the two-point distribution F, that takes values r with probability g
and zero otherwise. If the distribution F, is known to the seller, the optimal mechanism against

any such a distribution is a SPA with reserve price r:
OPT(F,) = I’Pv~F;‘(V(1) =r).

Also, by the IR constraint, under F,, the payment is always bounded above by r, the maximum

possible valuation, and if v = 0, the payment is bounded above by 0. Therefore,

Zn:Pi(V)

i=1

By Fr <Py (VY =1, v@ =1) + p1(r, 0-) Py VD = 1,0 = 0).

Now consider a distribution-over-distributions D in which we randomize over the values of r ac-

cording to the isorevenue distribution on [1/e, 1], that is

0 if r € [0,1/e]
D(r)=91-L1 ifre[l/e1)

1 ifr=1.
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By Yao’s Lemma we obtain

Zn: pi(v)

i=1

inf sup {OPT(F) —E,.f
meM peg

|

Zn:Pi(V)

i=1

> inf E,.p |OPT(F;) —Ey_gn
meM

|

> inf E,.p [Y‘PVNF;l(V(l) = r) - er~F,"(V(l) = r,v(z) = r) _pl(r,o—l)P;mF;l(V(l) — I’,V(z) — 0)

meM

=ng(1 —¢q)"" inf E,.p [r—pi(r,0_))]
meM

= nq(1 - g™ (E,ND[r] - sup B [pl(r,o_o]) ,

where the second inequality follows from the expresion for OPT(F,) and the upper bound on the
expected payment that we have previously derived, the first equality because PVNFrn(v(') =r) =
Py _pn (v =r v@ =) +Py_pn (v =r,v@ =0) and Py pn (v =r,v@ =0) = ng(1 -¢)" ",
and the last from extracting constant terms.

Using the IC and IR constraints, we obtain that

Vi=r
rxi(r,0-1) —/ Xl(\71,0-1)d\71]
v

1=0

1 ! 1 !
sup —x1(1,0-1) +/ rxl(r,()_l)—zdr - / x1(r,0_1)(1 = D(r))dr
meM € 1/e er 0

1 1/6
sup —)C](l,o_]) —/ xl(r, 0_1)dl”
meM € 0

1

b

e

sup E,.p [p1(r,0-1)] < sup E,.p
meM meM

IA

where the first equation follows by integration by parts, and the last inequality because the alloca-

tion satisfies 0 < x;(v) < 1.

The result follows because E,.p[r] = 2/e and using that ng(1 — ¢)"~' > 1/eforqg =1/n. O

The result that the limiting regret against the second-best benchmark is strictly positive does not
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contradict the well-known result of [21]. They show that the revenue of SPA with no reserve is at
least (n—1)/n of the second-best benchmark (optimal revenue with knowledge of the distribution),
assuming that the distribution is regular." Their result does not apply in our setting when one does
not assume regularity.

Even though the limiting regret is strictly positive, we think it is possible to meaningfully the
minimax regret value as a function of n against the first-best benchmark as measuring some notion
of value of competition. We could view the n = 1 value as the “ceiling” and the n = oo value
as the “floor,” where the competition is maximized and what remains is purely the effect of the
benchmark itself. In a sense, we calculate the limiting minimax regret not for its own sake, but to
establish a reference point. The value of competition for each n is how much the regret has gone
down from the ceiling compared to the floor, and the benchmark effect is implicitly subtracted
away. This is how we interpret our result that the value of competition is significant for low n (say

from n = 1 to n = 2) but has diminishing returns.

'More precisely, their Assumption A.1 assumes that the marginal revenue curve is downward-sloping. In the
central case of i.i.d. bidders, this assumption is equivalent to regularity.
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Appendix B: Robust Auction Design with Support Information

B.1 Proofs for Section 2.2

Proof of Proposition 6. The definition of MaximinRatio(M, F) says that it is a solution to

Ey.r [Z?zl pi(v)]

sup A s.t. <A1 VFe7F,
(x,p)eM Ey-F [max(v)]
or
n
sup A s.t. E,op |Amax(v) — Zpi(v) <0 VFe¥F,
(x.p)eM i=1
or

Amax(v) — Zn:pi(v) <0.

i=1

sup As.t. sup By f
(x,p)eM FefF

That is, the maximin ratio is the highest value of A such that there exists (x, p) € M such that

SUPpeq Ey-F [/1 max(v) — 27, p,-(v)] < 0. Equivalently, it is the highest value of A such that

Ry (M, )= inf supE,-.
a( ) (x,p)eMFl;g_— y~F

Amax(v) — Zpl-(v) <0. O

i=1

144



B.2 Proofs for Section 2.3

B.2.1 Proofs for Section 2.3.1

This subsection contains the technical details deferred from §2.3.1, the proof of the main theo-
rem.

We first state and derive technical lemmas in §B.2.1. We then give a reformulation of our main
theorem in terms of the (g,, g4) mechanism and the distribution F* in a saddle point in §B.2.1. We
prove key results supporting the saddle calculation in §B.2.1 and verify the saddle in §B.2.1, thus

proving the main theorem.

Technical Lemmas

Lemma 4. Let ¢g be a constant, then for any positive integer n and v > a we have the identity

= -a)t v—¢o) (v —a)* (v —a)*
/t= (t—¢o)”dt to (a—¢o Zk(v—tﬁo)" Zk(v—fﬁo)k

a

Proof of Lemma 4. We first check the equality of the first and the second expressions. Note that
both expressions are zero when v = a. It is then sufficient to check that the derivatives of the two

expressions agree. The derivative of the second expression is

E

llk(v—a)k_l (a - ¢o)
V—¢0 = v—do)  (v—¢o)?

2

v—a n—1
_ 1 _(a—¢0)1_(v—0) _ 1 (V—Cl)"_l_(v—a)"_1
Cv=¢o (v—¢0)? -7 v=go\v—go)  (v—go)"

which is the derivative of the first expression.
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Now we check the third expression. We have the Taylor Series

Substituting x =

We see that the first n — 1 terms of k cancel out, and we get the third expression.
Lemma 5. The following holds
t=v [y n-1 o _n o _ K
I e T ) ey
— )k _\n
- log (a - ¢0) Z kiz _a)o)k (1- /1)11?;_—2)),1.
Proof of Lemma 5. We apply Lemma 4 to obtain

= (t—ayt V—¢o) T -af O (v-af
/ (r—aso)"dt‘k’g(a—m 2600 = 24 F =g

=a

= gma o (rmge) S ek S (v-a)t
L. <t—¢o>"+ld"l°g(a—¢o) 2 ko0 = 2 Ko g0

k=n+1

Therefore,

t=v (t—a)nl (t_a)n
N R )nﬂ]d’

-1
B B (v—-—a)
= Alog (Cl—%) Z —¢o)k+(1 /1)”("—050)”

k=
_ (v=a) > (v —a)k
(v = ¢o)" +Ak;rl k(v = go)k”
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where the last equation follows from the Taylor series for the logarithm. O

Lemma 6. If h is a differentiable function, then

/ h(w)dG(w) = h(a) +/ Ww)(1-=G(w))dw.
wela,b]

wela,b]

Proof of Lemma 6.

./We[a’b] h(w)dG(w) = /We[a,b] (h(a) +L=a h (W)dﬁ/) dG(w)

w=b
= h(a) +[_ h'(W)/ - dG(w)dw

w=b
= h(a) +[ W (W)(G(b) — G(W))dw

=a

w=b
- h(a)+[ W) (1 = G(W))dw . N

=a

Now, we give a formal proposition that (g,, g;) mechanisms and convex combinations of
{SPA(r), POOL(7)} are almost equivalent representations of the same mechanism class in the

sense that one can be converted to another.

Proposition 17. We have the following correspondence between the (g,, g4) mechanisms arising

in our main theorem (Theorem 12) and convex combinations of SPAs and POOLs.

(1) A mechanism is a (g,, gq) mechanism with g,(v) € [0, 1] increasing in v, g,(a) = 0, and

ga(v) =0 forall v if and only if it is SPA(D), ® has measure 1, and ®(v) = g, (v).

(2) A mechanism is a (gy, gq) mechanism with g,(v) € [0, 1] increasing in v, g,(a) = gqs(a) =
1/n, and g,(v) + (n—1)gqs(v) = 1 for all v if and only if is POOL(Y), ¥ has measure 1, and

Yw)=1-ngs(v).

(3) A mechanism is a (g, gq) mechanism with g,(v) € [0, 1] increasing in v for v € [a,b],

gu(a) = ga(a) == «a, g4(v) = a for v € |a,v*] for some constant v* € |a,b], g.(v) +
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(n—=1Dgq(v) = 1 forv e [v*,b] if and only if it is a randomization over SPA(®), with
@ supported on [a,v*] and POOL(Y) with ¥ supported on [v*,b]. Furthermore, their
cumulative probabilities are given by ®(v) = g,(v) — a forv € [a,v*] and ¥(v) = n(a -

ga(v)) forv € [v*, b].

Proof of Proposition 17. Note that the (g,, g4) representation of SPA(r) is g,(v) = 1(v > r)
and g4(v) = 0, and the (g, g4) representation of POOL(r) is g,(v) = % + "T_ll(v > r) and
ga(v) = % — %l(v > r). All three cases follow from computing the convex combination of these.

(1) is straightforward. For (2), the (g,, g4) representation of POOL(W) is

gu(v) :/ (1+”_11(v zr))dl}f(r):l+”_1w(v),
n n n n
ga(v) = / (% — }ll(v > r)) d¥(v) = % — %‘P(v).

We can then see that g,(a) = gq(a) = 1/n, ¥(v) = 1 —ngy(v) and g,(v) + (n — 1)gq(v) = 1.
Conversely, given this (g, g4), we can let ¥(v) = 1 — ngy(v) giving a valid POOL(W).

For (3), the (g,, g4) mechanism is

gu(v) = / 1(v = r)do(r) +/ (% + ”n;ll(v > T)) d¥(r) =d®W)+ %|111| + ”T_ltp(v),

ga(v) = / 0d®(r) +/ (% - %l(v > T)) d¥(v) = %|‘P| - %‘P(v) i

We therefore have a formula that transforms (®, ¥) to (g, g4). From these formula, we imme-
diately see that g,,(a) = gqs(a); we let this be @. We also see that g,,(v)+(n—1)gs(v) = ©(v) + |V
is increasing in v, while g4(v) = %(l‘l‘l —¥(v)) is decreasing in v, because ® and V¥ are increasing
functions.

Conversely, assume that (g,, g4) has these properties. We will show that we can invert these
formulas and find the corresponding (®, ¥). From g, (v) = ®(v) + %|‘P| + ”n;]‘P(v), setting v = a

gives a = g,(a) = %l‘Pl, so |¥| = na, and |®| =1 - |¥| = 1 — na. From g4(v) = %(l‘Pl - ¥(v)),
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we get P(v) = |¥| —ngq(v) = n(a — gq4(v)), and from g, (v) = ®(v) + %l‘Pl + %‘P(v) =d(v) +

%(na)+”7'1-n(a/—gd(v)) =®(v)+na—(n—-1)gq(v),we get ®(v) = g,(v)+(n—1)gg(v)—na. [

Reformulation of the Main Theorem

Armed with Proposition 17, we can reformulate our main theorem (Theorem 2) as follows.

Theorem 12 (Main Theorem in (g, g4)). Fix n and A € (0, 1]. Define k; € (0,1) as a unique

solution to

=1 -1
— k)
/l/ Uik} i ﬂj) dr = (1 - k)",
t

:kl

and ifn = 1, define k, = 1 and if n > 2, define kj, € (0, 1) to be a unique solution to

=1 n— — kp)"
/' [E:fﬂ_i_(1—ﬂﬁi—§ﬂ—ch=(1—kw”
l:kh l‘” tn+

Then we have Ry(m, F*) < Ry(m*,F*) < Ry(m*, F) for any m € Maj and F € Fiq, where

m* and F* (which is n i.i.d. with marginal F*) is defined depending on the value of a/b as follows.

* Suppose a/b < k;, and let r* = k;b. We define m* as a (g,,g,;) mechanism with g, (v) =

@*(v), g;(v) =0, where

n—1 t=v w\n—1
v (t—r")
O*(V)=gi(v)=A— = ar,
) =8 =455 /t: Iz

and

0 ifv ela,r’]

FFv)=91-Z  ifve[rb)

1 ifv=">.
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* Suppose a/b > ky, and let ¢o = (a — kpb)/(1 — k) € [0,a]. We define m* as a (g, &)

mechanism with

g;;(v):%+/l(v_¢0)n/t:v (l—a)n dt

V—a =a (t_¢0)n+1
a1 =g,(v)
gd(v)_ n—l s
and
1—% ifv € [a,b)
F*(v) = 0

1 ifv=>b.

 Fork; < a/b < ky, we define m* as a (g, g;;) mechanism with

a+a (ﬁ)n_1 /tt:v —(t_?n)n_l dt forv € [a,v*]

=a

g (v) =

S [ - [ - - S ] forve v,

and
a ifv e la,r’]
g =y
el iy e [, 0],
and
1= ifvela,b)
F(v) =

1 ifv=">b,
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where (v, @) is the unique solution to

U*_@mJﬂ—na%;{/FﬁU_aVAdt

(r*)n—l —a il
(b _ a)” (I’* _ a)” B t=b (t _ a)n—l (t _ a)”
ey e (1-(n-1a) = L [t— (L= )| .

Key Results Supporting the Saddle Calculation

Proof of Proposition 7. We first derive the (Regret-F) expression, i.e. the expected regret of a
(gu> g4) mechanism under an arbitrary joint distribution F, assuming that g, and g, are continuous
everywhere and differentiable everywhere except a finite number of points. Let F f,l) and F 512) be
the distributions of v(!) and v(?), the highest and second-highest entry of v, respectively.

From Myerson’s lemma,

17,'=V,'

pi(v) =vix;(v) - / xi (Vi v_)dv; .

vi=a
the allocation rule (g,, gq) gives

t=v;

vigu(vi) = (v? —a)ga(v?) - ft L 8u()dt  if v; is the highest and

pi(v) =1 v? is the second-highest,

agqa(v)) if v; is not the highest,

so the pointwise regret is

t=v

v(l)(/l—gu(v(l)))—(n—1)agd(v(”)+(v(2)—a)gd(v(z))+/ o gulDdr.

t=v
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Therefore, by Lemma 6,

EvD (- g (v)) = (n - Daga(v'V)]

= a(d- gu(a) - (n - Dga(a)) + /

vela,b

]u — gu(v) —vg,(v) = (n = Dag,(»)(1 = FV (v))dv .

Now we compute the second term.

E[(r? — a)ga(v®)] = (a - a)ga(a) + /

vela,b

]<gd<v> +(v=a)g,(m)(1 = FP (v)dv

- / )+ (g (1= FP ()

Lastly, we compute the third term

t=vV
E / gu(t)dt
t=v(2)

=E [/ g (M1(v? <v <vDyay
vela,b]

= / 2. (V) Pr(v? < v <vM)ay
vela,b]

- / 2 FD ) = FO ())dv
vela,b]

Therefore, the regret is

a( = gu(a) - (n - Dga(a) + /

vela,b

]u — 8u(v) —vgL(v) = (n = Dag,(»)(1 = F" (v))dv

+ / (ga(v) + (v — a)g, (V) (1 = F2 (v))dv + / G FD W) = FO ())dv
vela,b] Ve

[a.b]
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Rearranging this gives the (Regret-F') expression.

R(g.F) =a(d-gu(a) - (n—1)gi(a)) + / (4= gu(v) +8a(v) —vg,(v) + (v — na)gy (v))

vela,b]

+ / oy (A (1= D) = 8a() +¥(g,(0) + (1= g (v) i (v)dv

+ / n(gu(v) = 8a(v) — (v — gy (NFD (V.
vela,b]

To derive (Regret-F), the expected regret expression with i.i.d. F, substitute F fll)(v) =F()"

and FP(v) = nF(v)"! = (n = 1)F(v)". O

Proof of Proposition 8. We use the following (Regret-F) expression for A-regret

R(g.F) = a(d - gu(a) — (n = 1)ga(a)) + / (4= gu(v) +8a(v) —vg,(v) + (v — na)gy(v))

vela,b]

+ /ve[a . (1= (n=D(gu(v) — ga(v)) +v(g,(v) + (n = 1)g/,(v))) F(v)"dv

+ / n(gu(v) — 8a(v) — (v — @)gy (M F ()" dv
vela,b]

In Nature’s saddle, we fix the mechanism (g,, g7) and optimize over F. The integral expression
is separable over F'(v) for v € (a, b). Here we will assume that the optimization is done pointwise.

The first order condition on F on the regret pointwise is

(=2 = (n = 1) (g:(v) = g5 (1)) + V(g (V) + (n = D)gif (v))) - nF (v)""!

(g (v) = ga(v) = (v = @)gy(») - (n = DF ()" 2 = 0

Nature’s saddle states that over all F, F* maximizes the A-regret. If pointwise optimization
is valid, then F* must satisfy the above FOC equation. Dividing both sides by nF*(v)"~? gives
(FOC) as required.

For F* to be maximizing, we also need the second-order conditions to hold, namely, that the
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second derivative with respect to F (v) evaluated at F*(v) is negative':

(2= (n=1)(g:(») = gz() + V(g (V) + (n = g7 (1)) - n(n = DF*(v)"

+1(8(v) = ga(v) = (v = @)gy()) - (n = 1) (n =2)F*(v)" < 0

or

(== (n =D (g () = gz() +v(g (V) + (n = Dgy (v))) F*(v)

+(n=2)(gu(v) = ga(v) = (v —a)g,(v)) <0

but from the (FOC) equality that we have just derived,

(== (n=D(g,(v) = g5() +v(g (v) + (n = Dgy (v))) F*(v)
+(n=2)(gu(v) — ga(v) = (v —a)g,(v))

= (=4 = (n = D(gu(v) =gz () +v(gy (v) + (n = g (v))) F*(v)
+(n=1D(g, (V) —gz(v) = (v —a)gg (v)) = (8,(v) — g, (v) = (v —a)g; (v))

=—(g,(v) —gz(v) = (v —a)g;(v)) .
Therefore, our condition reduces to (SOC), as required. O]

Verification of the Saddle

The last step of the proof is to verify the (FOC) and (SOC) conditions for the ((g;,g};), F™)
pair given in Theorem 12. To do this, we first show that the (g, g;) satisfies a certain ordinary

differential equation (ODE).

Note that if n = 2 the last term disappear, so we can write F*(v)"~3 there with the understanding that the entire
term becomes zero for n = 2.
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Proposition 18. Define (v*, @) = (b,0) inthe a/b < k; regime, (v*,a) = (a,1/n) inthe a/b > ky,
regime, and (v*, «) be defined as stated in Theorem 12 in the the k; < a/b < kyj regime. Also
define ¢o as in Theorem 12 in the a/b > ky, regime, and ¢o = 0 in other regimes. Let (g,,g’,)
be given as in Theorem 12. Then (g, g}) satisfies g,(v) = g*(v), g;(v) = a forv € [a,v"] and
g;(v) = (1 —g*"(v))/(n—1) forv € [v*,b], and g" is an increasing continuous function that

satisfies the ODE

@Y 0)+ g ) )= forve(.v)  (ODEg-D)
Y0+ s g ) = == forve(hb). (ODEwd

Furthermore, in the k; < a/b < kyj, regime, the system of equations defining (v*, @) actually
has a unique solution, and if we view r* and « as a function of a/b, then we have r* T b and a | 0

asa/b | k;, whiler* |aanda T 1/nasa/b T kp.

Proof of Proposition 18. We first consider the regime v < v* where the ODE is (ODE-g-1). By
multiplying both sides of (ODE-g-1) by (v —r*)"~! /y"~1, we observe that (ODE-g-1) is equivalent

to

d (V— *)n—l i (V _ *)n—l
W) )| =

For the case a/b < k;, we set @ = 0, g*(r*) = 0 and integrate the above equation from v = r*
to arbitrary v to get the g;, = g* as stated in the theorem statement.

For the case k; < a/b < kj, we set g*(a) = « and integrate the above equation from v = a to
arbitrary v to get the g, = g* as stated in the theorem statement.

In both cases, we can use Lemma 4 to write g*(v) in the valid region as

*

i 1 (v—re\=D
S =a+a —( ) ,
p—= k %
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which immediately implies that g* is an increasing continuous function in v.
In the a/b < k; case, the valid region starts at v = r* and the expression immediately implies

that g*(r*) = 0 = «, and

. 1 (b —rr) Y
¢(b) = 1 —( ) ,
;k b

which equals 1 because r* /b satisfies the same defining equation as k;, so we can set r* = k;b, and
the expression is decreasing in r*, so the equation setting the above to 1 has a unique solution in r*
(equivalently, in k;) if and only if as r* | a, the expression is > 1, which is equivalent to a/b < k;
that we had just assumed.

In the k; < a/b < kj case, the valid region is from v = a to v = v*. The expression implies

g"(a) = a. The defining equation for (v*, @) in this regime implies that

(V* _ a)n—l (g*(V*) _ a) _ /l‘/tzv* (l _ a)n—ldt _ (V* _ a)n—l (1 _ na) ’

(v*)n—l p th (v*)n—l

so g*(v*) =1 —(n - 1)a. (We still need to prove that the two equations defining (v*, @) has a
unique solution; we will defer this to the end of the proof.)

Now we consider the regime v > v* where the ODE is (ODE-g-2). By multiplying both sides

by (v —a)*/(v — ¢9)", we observe that (ODE-g-2) is equivalent to

dlev-a"  N_-a o -a)"
dV[(V—fﬁo)”g (v)]_ (v — ¢o)" ( /l)(v—¢0)”“'

In the case a/b > ky, this equation applies for all v € [a, b], so we integrate this equation from

(v-a)"

(v=¢o)"

v = a to arbitrary v and note that g*(v) is 0 when v = a (because of the (v — a) factor), so

we get

e NN el ey ) R ()4
v —¢or® ) O_-/t=a [(l—qﬁo)" ( A)(t_¢0)n+l a,
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which is equivalent to the g* as stated in the theorem statement. By Lemma 5, we can write g*(v)

as

* _1 X (V_a)k_n
g =~ ”k;ﬁl oo

The expression immediately implies that g*(v) is an increasing continuous function of v and

g*(a) = 1/n. We also have

(b_a)kn
by =L =1,
&) ”;ﬂk(b pof

by the defining equation of ¢, and by inspecting the defining equations for ¢y and kj, we see that

¢o = (a — kpb) /(1 — k) as claimed. The defining equation of &, is

Z (l_kh)k o1

k=n+1

The expression is decreasing in k, and itis 1/n < 1 as k, T 1, and Ly A % =ocoask, |0
because the harmonic series is divergent, so the equation has a unique solution kj,.

In the case k; < a/b < kj, this equation applies for v € [v*, b]. By requiring that g*(b) = 1,
integrating the equation from arbitrary v to v = b gives

(b—a)® (v-a)" , ()_/ [(l—a)"l_(1 /l)(l—a)”]dt.

bn ph m tn+1

Just as before, Lemma 5 implies that the right hand side is decreasing and continuous in v, so g*(v)

is increasing and continuous in v. We also have

o)y [ [o DA )(t_a)n]dt

bn i m tn+1

_(b-a)t (v-a)"
Y

(1-(n-Na),
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by the defining equations for (v*, @), so g*(v*) = 1 — (n — 1)a@. We therefore see that the value of
g" atv* from both the v < v* and the v > v* regions are equal, so g* is continuous at v* as well.

Finally, we will prove that the equations defining (v*, @) in the k; < a/b < kj regime have a
unique solution.

Eliminating a from the two equations gives

n(vx)n ((b—a)” _/t:b[(t_a)n—l _(l_ﬂ)(t_a)n]dt)

- (V* _ a)n bn _— th tn+1

~ (I’l _ 1)(V*)n—1 t=v" (I _ a)n—l
N TRy
or
nb-a)" (r"-a)" (-1 -a) [ (t-a)"'
N T O B A THE
t=b n— _ n
+n/ [(f‘t_j)'—(l—a)(ttnf) ]dt.

Let fn(r*) denote the right hand side viewed as a function of r*, namely,

n t=v n— t=b n— n
f(v) = (V;na) +(n—1)v(v—a)/l/ (t_t—j)ldlﬂif [(t—a) 1_(1_/1)(t—a) ]dt.

- mn tn+1

We claim that fn(v) is a decreasing function. That is, we want to show that dfn(v)/dv =

fn’(v) < 0. We compute

' (v) :n(v—a)ﬂ—l :1_2+ (n— 1)/1% [(v;a) /_IZV (t —;)”_]dt}

\%
_n((v‘—a)"_l_a_@(v_a)n).

ph vn+l
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Note that

. (v - a)"—l a _na(v- a)"! _ nv-(-a)-ar! _ n(v—a)™! _n(v-a)"

r V2 - vn+l Vn+1 ph vn+1

We then have

fn’(v) = —na

(v —a)" d [(v=a) [ (t-a)"!
—vl’l+1 + (n - 1)/7.% [ " . —t” dt]

UL Y [(V A Gl L) / Teza a’t]

vn+1 v ph V2 - m
_ n _ t=v _ n—1

_ 2 _(v a) +(n 1)a/ (t—a) gl
vn+1 V2 —a tmn

Therefore, we have fn’(v) < 0 if and only if

v _ n—1 _ n
/ (t—a) dt < 1 (v—a) '
g m (n—1)a w1

We can prove this inequality as follows. Both sides are zero for v = a, so it is sufficient to show

that the derivative of the LHS is < the derivative of the RHS. This is true because the derivative of

the LHS is (v — @)"~!/v" and the derivative of the RHS is

n—1 o \n—-1 _ N\ _ n-2 _ \n-1

BEE SR I G R (n_ll)a Wy (= v - a)
3 (v —a)"! (v —a)"! S (v —a)!

B v (n—=1ay-! ~ yr )

Therefore, we have proved that fn(v) is decreasing in v.

n
To show that the equation fn(v*) = n (b%“) has a unique solution v* € [a, b], it is sufficient
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to show that fn(a) > n (b%”) > fn(b), or

bt =a)! (t—a)" b-a\"
N =B PR =)

b—a\" (n-1)(b-a) bt —a)y!
Z( b ) + b /l/a‘ t—”dt

The first inequality

bI(t=a)r! (t—a)” b—a\"
/Q[—tn (1-2) ]dtz( . )

is true by the definition of k; and a/b < kj. The second inequality is equivalent to

t=b (. _ _\n-1 _ -1
/l/ (t—a) gt < (b—-a) ,
t

—a m bn—l

which is true by the definition of k; and a/b > k;.

We also conclude from the above that as a/b T k;, we have r* | a, while as a/b | k;, we have
r*Tb.

Now we will show that @ € [0,1/n] and as a/b T kj, we have @ T 1/n, while as a/b | k;, we

have a | 0.

We will first show that for any v € [a, b], we have f (= a)n = gy < %( Vf,' . Let fn(v) :=

n—1
/a v - “) dt — % (v a) (We overload the fn notation here — it has nothing to do with the earlier
fn; it is just a shorthand that we discard after we finish proving the technical statement.) Note that

fn(a) = 0 and fn(b) < 0 by the definition of a/b > k;. We have

()= Y -4 2 _
() = e - 2= D

V2 yh

(v-—a)! 1 v-a)"?a (v-—a)"? ( ( n-— 1) )
—|v-(1+ al .
A
So fn(v) is decreasing for v < (1 + "T‘l) a and increasing for v > (1 + "T_l) a. Regardless of
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whether b < (1 + ”A;]) a or not, we have fn(v) < max(fn(a),fn(b)) < 0, and we are done. Note
also that as a/b | k;, we have r* T b so every inequality here approaches equality, and « | 0.
From the defining equation we have

R G S (r)nl / (t )nl

(r* —a)r!

but by the lemma we have just proved,
n— 1 _ \n—1
/ (t a) S 1 (r a)

so 1 —na < 1, which implies @ > 0.

n-1 _\n—1
From the same equation, it is clear that (( ))n - /ar U f,? dt >0,s01 —na >0,s0a < 1/n.

Furthermore, as a/b T kj, we have r* | a so

x\n—1 r f—aq)*! x\yn—1 rr t—aq)*! syn—1 % _
|- na = 1) / ( ;? dr < 1) / i) P Lt
a a a

(r* —a)n1 (r* —a)"1 na"

soa T 1/n.
We conclude that for k; < a/b < kj, there is a unique valid solution (r*, @). Furthermore, as

a/b 7 kpwehaver® | aand a T 1/n, whileasa/b | k;, wehave r* T b and | 0, as desired. [

Proposition 18 gives a unifying description of the mechanism across three support information
regimes and makes it clear that the intermediate regime interpolates between the SPA regime and
the POOL regime.

We will now use (ODE-g-1) and (ODE-g-2) given in Proposition 18 to check that (FOC) and
(SOC) hold.

Checking (FOC) We first consider the case v <

v*, where (ODE-g-1) applies. We only need

to check this case in the low information (a/b < k;) and moderate information (k; < a/b < kj)
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regimes, because this case becomes vacuous (v* = a) in the high information (a/b > kj) regime.

In both of these regimes, F*(v) = 1 — r*/v. Therefore, the (FOC) equation is

*

[-1-(n-D(g"(v) —a) +v(g") (V)] (1 - %) +(n-1)(g"(v) —a)

:(1—§) ("_1)2

A+ — =) -a)+ V(g*)'(V)] =0,
where the last equality holds by (ODE-g-1).

v(v —r*)

Now we consider the case v > v* where (ODE-g-1) applies. We only need to check this case
in the high information (a/b > kj) and moderate information (k; < a/b < kj) regimes, because
this case becomes vacuous (v* = b) in the low information (a/b > k) regime. In both regimes,
Fr(v)=1—-(a—¢9)/(v—¢o) = (v—a)/(v— o). (¢o = 0 for the moderate information regime,

and ¢g > O for the high information regime.) Therefore, the (FOC) is

[_ﬂ—m_l)(g*(v)—%w)w.o](V‘“)

1 v =0
o fgm - S o [(TE2)
n-1 n—1
= D L ) [T 0 D0 L 0 60
~ 0=V 0= (L a0 - 1) (422
v—4¢o v — o

V—a
v —do

—a v—¢9 (v—¢0)(v-a)

)u (ng"(v) = 1) (a—_%) =0,
where the second-to-last equality holds by (ODE-g-1).

Checking (SOC). The following applies whether we are in the regime a/b < k;, a/b > ky, or
ki <a/b < ky.
In the case v < v*, we have g, (v) = g"(v) and g7;(v) = @, so (SOC) reduces to g*(v) —a > 0,

which is true by definition of g* in the interior.
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In the case v > v*, we have g, (v) = g"(v) and g;(v) = (1 = g"(v))/(n — 1), so (SOC) reduces
tong*(v) —1+(v—-a)(g*)(v) >0.

Here, g* satisfies (ODE-g-2) with ¢g = 0 in the case k; < a/b < kj and ¢9 > O in the case

a/b > kj. Substituting (g*)'(v) = - — vl__(;o - (v'fgg;go_)a)g*(v), we get that (SOC) reduces to

ng*(v)=1+(v—-a)(g*) (v) = ((vv__(;’o)) (ng*(v)—1+1) > 0, so we have to prove that ng*(v)—1+4 > 0.

Fromv > v*we have g*(v) > 1 — (n— 1)a, wehave ng*(v) —1+A>2n(l-(n—-1)a) -1+ =
(n=1)(1 —a)+A4 >0, because a < 1,4 > 0, with strict inequality everywhere but the boundary,

as desired.

B.2.2 Proofs for Section 2.3.2

Proof of Proposition 9. Suppose for the sake of contradiction that the SPA regime is possible. By

Theorem 2, the A-regret

=1 kl n
—1+(1—k,)”+/l(1—/ (1——) dt)
t=k; 1

is zero, while the corresponding A satisfies

=kt
=l (=g :
T dt

Substituting the expression of A gives

=1 o \"
l_ft:k’( _Tl) dt—o (B.1)
=1 (1—k;)n! - )
/ D dt

:kl "

1+ =k)"+ (1 =k)™!
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Let f(k;) be the left hand side of (B.1). We will derive a contradiction by showing that f(k;) > 0

for all 0 < k; < 1. We will prove this by viewing k; € (0, 1] as a free variable. Let

o0

t=1 —k n—1 1 )
I(kl):/t %dt:Z;(l—kl)’.

=ki i=n

Note that

(1—k)"" (1= k)"!

, X Nl 1) = -
I(kz)—;(l =TT T T

Also, by integration by parts,

1 n n qt=1 =1 n—1
k k k k
t=k; t t t=k; 1=k; 4 ?

Therefore, both integrals in f(k;) can be written in terms of /(k;). We want to show that

(1= k)" + nkI(k;)

n n—ll_
—1+(1—kl) +(1—kl) I(kl)

> 0.

This is equivalent to

1= (1-k)"
(1—k)= =D — 1+ (n—1)k;)

I(kl) <

Note that (1 —k;)~"D > (1 + (n—1)k;), so the above manipulation is valid, and both sides of the
inequality are positive. Let

1—(1—k)"

g(ky) =1(k;) — (1- kl)—(n—l) —(1+(n-1)k)) .
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It is clear from the integral definition of /(k;) that limg,;; 1(k;) = 1. We now compute, by

L’Hopital’s rule,

lim 1-(-k)" ~ lim —n(1— k)" (-1) _
Mt (1= k)~ = (1+ (= Dk;) kit (-n+ D(1—k)™(=1) = (n=1)

Therefore, limy,1; g(k;) = 0 To prove that g(k;) < 0O it is sufficient to prove that g(k;) is strictly
increasing in ky, i.e., g’(k;) > 0. This is very convenient because I’(k;) does not involve an

integral. We compute

o d 1—(1—kp)"
g’ (ky) =I'(kp) dk; | (1 =k;)==D = (1 + (n— l)kl)}
:_(l_kl)n—l_ 1 X{
k; [(1 = k)™ = (1 + (n - 1)kl)]2

[(1 = k)™ = (1+ (n = k)] [-n(1 = k)" ' (-1)]
—[1=(1=k)"T[(-n+ DL =k)"(=1) = (n = 1)] }

_ (11— ny2
(1 = k)= (=)A= —k)") ‘>§}_,§j),,’<l> 1= (1 + (= Dk)(1 = k)"
- +
k;

e (1= (U (1= DR (1= k1]

Then g’(k;) > 0 is equivalent to

(n=Dki(1= (1= k)™ = n(1 = k))"k; [1 = (1+ (n = 1)k)(1 = k)"

—(=k) [1=(1+(n=Dk)(1 - k)" ']* > 0.
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Letx =1—k; € [0, 1), algebraic simplification gives that the left hand side is

(n—1)(1=-x)(1 -x"? - nx"(1 —x) [1 -(1+(n-1)(1 —x))x”_l]
1=+ (=D -]

=(1-x"Yn-1-nx+x").
It is clear that 1 — x" > 0. We also have
n—1 .
n—1-nx+x"=n(l-x)—(1-x")=(1-x) (n—Zx’) >0.
i=0

We conclude that the optimal maximin ratio mechanism is never in the SPA regime. [

B.2.3 Proofs for Section 2.3.3

Proof of Corollary 3. We will use the equivalent formulation of Theorem 12. k; is a solution to
Alog(1/k;) = 1,0 k; = exp(=1/1). kj is a solution to (1 — A)(1 — kp) + Alog(1/kp) = (1 — kyp)
orlog(1/ky) = (1 — ky),so kp =1.

Therefore, we only need to consider the regime a/b < k;and k; < a/b < kj,.

For a/b < kj, the regret is b/e. For a/b > k;, we know that (v*, @) is a solution to the

following system of equations

b-a vi-a b (1-Da (1-2a
BRI

The solution to thisis v = b and @ = 1 — Alog(b/a).

We now substitute n = 1 to the minimax A-regret and g/ (v) expressions. (We have ®(v) =
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g, (v), the price distribution CDF.) For a/b < k;, the minimax A-regret is

(1—k,)—zf:1 (1—%)&]19

=-(1-Db+[(1-k)— A1 = k; + k; log(k;))] b

-(1-2)b+

=(-1+A+1—e Va4 2e7 Vg7 p

= /le‘l/’lb,

and the price CDF is

n-1 t=v s\n—1 t=v
v (1=r") 1 v v
* =A - dt=A —dt = A1 (_):/11 _
g.(v) (vl / pm /z: 7 og - og (e—l/ﬁb)

t=r* r
=1+A1log (%) forv e [r, b].
For a/b > k;, the minimax A-regret is

v=b
(1 _ g)dv
\%

=—(1-A)b+(b—-a)-A(b—-a-alog(b/a)) =—-a+ Ada+ Alog(b/a),

—(1—/l)b+b(l—%)+(b—a)a(l—l)—/l/

v=a

and the price CDF is
n—1 =V o(f n—1 b =vq
g;(v):am(L) / ﬁdrzl—ﬂog(—)m/ dt
vV—a t=a A a r=a !
b
=1-Alog (—) + Alog (K) =1+ A1log (Z) forv € [a,b].
a a b

We get the minimax regret by substituting 4 = 1, which is b/e for a/b < 1/e and alog(b/a)
fora/b > 1/e. The maximin ratio is A such that the minimax A-regret is zero. Because de~ /15 > 0
always, minimax A-regret cannot be zero in this regime. In the other regime, k; < a/b < kj, The

A such that —a + Ada + Alog(b/a) =0is A* = 1/(1 +log(b/a)), so this is the maximin ratio value,
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and the corresponding price CDF is

K) 14+ log(v/b)

() =1+4 log(b 1+ log(b/a)

forv € [a,b] .

B.3 Proofs and Discussions from Section 2.4

B.3.1 Proofs and Discussions from Section 2.4.1

Before we prove the main theorem characterizing the minimax A-regret standard mechanism

(Theorem 3), we first derive the regret expression of generous SPA GenSPA(®).

Proposition 19. The regret of the mechanism GenSPA(®) under distribution F that is n i.i.d. with

marginal F is

v=b
a(l—®(a)) + / A=DOW) —v® V)1 = FO)) + D) (nF()" ' = nF(v)")dv

v=a

+F (@) (b-a)(n—(n—1)F(a))

v=b
— F(a)"! / (n—(m-1DF(a)®Wv)+v(nF() - (n—-1)F(a))® (v))dv.

Proof of Proposition 19. The A-regret expression, pointwise at v, is

r=v()
D — D) —/ @(1)dt
t

=y =p(2

=y
10v? > q) - (v<1> 1 —/ 1dt) 10v? = q)
t

=y
= - v(l)CI)(v(l))—/ @ (1)dt
t

—®

1v? > q) - (v(z)) 1v? =q).

168



Writing 1(v? > a) = 1 — 1(v = q), the regret expression becomes

t=vD) t=vD)
(/lv(l) - v(l)QD(v(l)) + / O(t)de | + v(l)CI)(v(l)) - / O(t)dt - v(z)) l(v(z) =a)
t=v(2 t=v(2
=y =y
= (/lv(l) — vy +/ ®(r)de | + [v Vo) —/ ®(r)dt - a) 1v? =a).
t=v t=a

We will now calculate the distribution of v(V|v(?) = g,

We note that, for any x € [a, b],

Pr(v() > x,v® =q) =Pr(n—-1v’sare a, one is > x) = nF(a)" 'F((x,b])) = nF(a)"" (1 - F(x)),

and

Pr(v? = a) = Pr( exactly n — 1 are a ) + Pr( exactly n are a )

=nF(a)" (1 -F(a))+F(a)"=F(a)"'(n- (n—-1)F(a)).

If Pr(v(® = a) > 0 (that is, if F has an atom at a), then dividing the two equations gives

n(l - F(x))

Pe(rD s 11v@ = g) =
r(v x|v a) - DEF@

forx € [a, b] .

This gives us the CDF of v(D |y = g as

n(l-F(x))  nF(x)-(n-1)F(a)
n—-mn-1)F(a)  n-(n-1F(a)

F(x) := Pr(v(l) <xpP=a)=1- forx € [a, b].

(If Pr(v® = a) = 0, then the expression we want to evaluate is zero and we won’t need this
conditional distribution anyway.)

We can now calculate the expected regret. The first term is exactly the expected regret expres-
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sion from SPA:

t=vD)
E,.r [0 — v(l)d)(v(l))—/ D(r)dt
t

—®

v=b
=a(dl-®(a)) + / A=—DW) —v® (V)1 = FW)") +®)(nF()" ' —nF(v)")dv.

v=a

The second term can be written as

=y
v (D) —/ @(1dt - a
t

-

EV~F

1v? =a)

=Pr(v? = q)E

r=y()
v () —/ @(1)dt —a) p(?) = a]
t=a

—-a+ '/ve[a,b] (v@(v) - /t‘:f:" CD(t)dt) dF(v)] .

We now use the following integration-by-part-like statements.

= F(a)"!(n = (n = 1)F(a))

v=b
/ h(w)dG(w) = h(b) - / ()G (v)dv.
we|a,b] =

v=a

Therefore,

/ v®(V)dE (v)
vela,b]

v=b
=bD(b) — / (D(v) +v®' (v))F(v)dv

:b_/v:b nF(v)—-(n-1)F(a)

(®(v) +vd'(v)) - DF@ dv.
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We also have

t=v
/ / d(r)dtdF (v)
vela,b] Jt=a
t=b _
:/ / O(t)dF (v)dt
t=a ve(t,b]
t=b

:/ ®(t)(1 - F(1))dt

B v=b n(l—-F(v))
‘/La‘””n—<n—anf”‘

Therefore, the second term is

nF(v)—-(n-1)F(a)

F(a)"Y(n—(n-1)F(a)) n—(n-1)F(a)

v=b
—a+b —/ (D) +v®'(v))

v=b
—/ o =FW)

v=a I’l—(l’l—l)F(d)
v , \F() = (n = 1)F(a)
b—a—/v:a ((I)(V)+Vq)(v) - DF @) )dv]

= F(a)"'(n- (n-1)F(a))

= F(a)"" [(b —a)(n—(n-1)F(a))

v=b
- / (n—=(n=1DF(a)®(v)+v(nF(v) - (n—-1)F(a))® (v))dv

v=a

We therefore have the regret expression

v=b
=a(d—-®(a)) + / A=DW) —v® (V)1 = FW)") + D) (nF()" ' = nF(v)")dv

+F (@) (b—-a)(n—(n-1)F(a))

v=b
— F(a)”_1 / (n=(n=-1DF(a)®Wv)+v(nF(v) - (n—-1)F(a))® (v))dv.

v=a

Note that the extra term (in the second line) is linear in F.
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We are now ready to state and prove the main theorem.

Theorem 13. Fix n and A € (0,1] and let k = a/b € [0,1). Define k; as in Theorem 3. The
minimax A-regret problem R, (Mgq, Fiig) admits the following saddle point (m*, F*), depending

on a/b, as follows.

e For a/b < ky, the optimal mechanism m* and worst-case distribution F* are the same as

those of Theorem 2.

e Fora/b > ki, the optimal mechanism m* is GenSPA(®*) with

ft=v /l(l—c/t)”"'dt
I=a ! forv € |a,b],

)= (1-c/v)" ' =1 =c/a)"!

where ¢ € [0, a] is a unique constant such that ®*(c) = 1. The worst case distribution F* is

an isorevenue distribution defined by F*(v) =1 —c¢/v forv € [a, b) and F*(b) = 1.

Remark. Note that the worst case distribution has two point masses at v = a and v = b (of size
1 —c/a and c/b respectively), whereas the worst case distributions of My, in Theorem 2 each only
has one point mass at v = b. Also, the distributions @ and ¥ of the reserve of SPA and threshold
of POOL in Theorem 2 do not have any point masses, whereas the distribution ® of GenSPA in

Theorem 13 has a point mass at v = a of size ®*(a) = lim, |, ®*(v) = A(a/c - 1)/(n—1).

Proof of Theorem 13. Seller’s saddle is that, fixing F*, the given mechanism m* gives the lowest
regret over all standard mechanisms. Because F* is fixed, this is equivalent to that m* maximizes
expected revenue under F*. This is a standard Bayesian mechanism design problem, and we check
with [122] that m* is indeed optimal, even over all DSIC mechanisms. Henceforth, we will focus
on Nature’s Saddle.

Note that if a/b < k;, then Theorem 2 immediately tells us that the same SPA(®*) is optimal

over M., and thus over Mgy also. Henceforth we assume a/b > k;.
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We have the regret expression from Proposition 19:

v=b
a(l—®(a)) + / A=DW) —v® (V)1 = FOW)) + D) (nF()" ' = nF(v)")dv

+F (@) (b-a)(n-(n—1)F(a))

v=b
- F(a)"! / (n—=(m-1DF(a)®Wv)+v(nF(v) - (n—-1)F(a))® (v))dv.

=a

The additional term is linear in F, so if pointwise optimization gives a global maximum then,

it will also give a global maximum now. The first-order condition gives
(A=DW) —v® (V) (—nF(W)"™ ) + 0 (n(n— DHF )" 2 —=n?FW)"™ ) = nvF(a)" '@ (v) = 0,
or

VFW)" ' = F(a)" Yo' (v) + (n = DF ()" 2(1 = Fv))®(v) = AF(v)" .

We want @ such that F(v) = 1 — ¢/v is a solution to that equation. With F(v) =1 — ¢/v we

have F'(v) = 5 = 1_%(” So

(PO = F@™ )0 () + (1= DF@2F (o) = LT

or

_AF(v)"!

LE™ - FayHew)] =
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Because (F(v)"™! = F(a)""")®(v) is zero when v = a, we have

1=v AF(1)"! =y A(1-¢
[orarety ATy,

=a 1 =a

FOP=F@™ (- gy = (1- g™

a

d(v) =

We will now show that, for any ¢ € (0, a], ®(v) is increasing in v.

Letv=1-c/v,d =1-c/a, and use the substitutionu = 1 —c/t, t = dt = mdu to get

1-u’

120 =

| /uvnl
v

lanl'

Showing that ®(v) is increasing in v is equivalent to showing that the right hand side is in-
creasing in ¥ = 1 — ¢/v. From v > a we have ¥ > d. The derivative with respect to ¥ of the right

hand side is

CiaLy Lol Y (ju”a )(n—l)vn—2

(vn—l _ an—l)Z

This expression is nonnegative if and only if

u=v un—l - &'n—l\’;
/ —du <—0.
u=a 1 —u (n=1)(1-7)
It is clear that this is true if it holds for ¥ = a and the derivative of LHS is < the derivative of

RHS. For ¥ = a, both sides are zero, so the inequality holds. The condition that the derivative of

LHS is < the derivative of RHS is

1 PR (1 =)t =g — (3" =@ '9) (- 1)
“n-1 (1 —7)2

1-v
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This is equivalent to

(m=D"" = (n- D" <nd" - 0"+ @+ - a"',

or

which is true because v > d.
Lastly, we will show that if a/b > k;, then there is a ¢ € (0, a] such that ®(b) = 1, making

this a valid solution. From

=b A(1-£)""
[0,

=a t

(=g = (-9

a

®(b) =

consider the right hand side as a function of ¢. The numerator is clearly a decreasing function of c,

A(1-¢)"" ) ) ) ) ) ) )
because %, for each fixed ¢, is a decreasing function of c¢. The denominator is an increasing

function of ¢ because

and each of ¢, 1 — £, 1 — < are positive and increasing in ¢, and 1_ % > 0.
a a
Therefore, the right hand side is decreasing in ¢. As ¢ | 0, the numerator converges to

=b . .
ft ia ’?ldt = Alog(b/a) > 0, and the denominator converges to 0, so the expression converges

to +00. At ¢ = a, the expression is

= a(1-2)""
/tt (—tdt

=a t

(l_g)n—l <1
b

_— b
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where the < 1 holds because a/b > k;. Therefore, there is a ¢ € (0, a] such that ®(b) = 1.

Lastly, we note that

(-9)""
— 13 _ 1 T = (a — C)
®(a) = lvlﬁzlq)(v) = /llvlﬁzl (-1 (1- %)n—Z 5 B /l(n -1’

where the second equality holds by L’Hopital’s rule. 0

B.3.2 Proofs and Discussions from Section 2.4.2

The main theorem in the main text (Theorem 4) is an immediate corollary of the main theorem
in this Appendix (Theorem 14). We first outline key challenges of the proof before diving into the

full proof of the main theorem.

Key Challenges of the Proof of The Main Theorem. The proof of the moderate information regime
is the hardest, and we outline key technical ideas here. Our candidate ®* has a point mass @ at
a and a density on [r*, b], while the candidate worst-case distribution F* has a point mass Fy, an
isorevenue density on [r*, b), and a point mass at b. The seller’s saddle is to find @ that min-
imizes the regret R(®) := R(®, F*) such that ®(v) € [0, 1] is an increasing function. This is
different from previous saddle problems because in this case, the increasing condition is binding;
if we optimize pointwise, the result is nonincreasing, which is infeasible. We write the Lagrangian
L(D,u) = R(D) — faby(v)dQD(v). Here, u : [a,b] — R, is the dual variable associated with
the increasing constraint. Complementary slackness requires that u* is zero wherever ®* is strictly
increasing; this immediately suggests the correct form of ®*, and that u*(v) = 0 on [r*, b]. La-
grangian optimality requires that ®@* also minimizes £ (®, u*), which is linear in @ (as can be
made explicit by integration by parts on the d®(v) term). We satisfy this by requiring that the co-
efficients of every ®(v) term to be zero. These, together with complementary slackness, pin down
w*. Nature’s saddle is significantly simpler because the condition that F is increasing does not bind

here, so pointwise optimization (as before) works. The full proof is given in Appendix B.3.2. []
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Before we proceed to the proof, we derive the regret expression for SPA(®), which is just

(gu>gaq) with g, = ® and g4 = 0.

Proposition 20. Let the mechanism be a second-price auction with random reserve CDF ® and
distribution F with regret R(®, F).

Suppose @ : [a,b] — [0, 1] is absolutely continuous, while F is arbitrary then we have the

(Regret-F) expression

R(®,F) = a(1-®(a)) + / - (A=) —v® () (1 = FY())dv

+ / (V) (FP(v) = FD(v))dv.
vela,b]
If we further assume that F is n i.i.d. then

R(®,F) =a(d—®(a)) +/ . (A=®() —v®'(v))(1 - F(v))dv

+ / O(v)(nF(v)"' = nF()"dv .
vela,b]

Suppose instead that F is i.i.d. with marginal F that has a density in (a, b), and we denote by

F({b}) and FV (b) the mass at b. Then we have the (Regret-®) expression

R(®, F) = Ab — a®(a)F(a)" — (1 - (1 = £,)")bd(b)+

v=b
/ —AF(W)" + ®()nF ()" (1 = F(v) = vF'(v))dv .

=a

Proof of Proposition 20. These expressions follow immediately by taking g, (v) = ®(v) and g4(v) =
0. O

We are now ready to state and prove the main theorem.
Theorem 14 (Optimal SPA with Random Reserve). Fixn and A € (0,1] and let k = a/b € [0, 1).
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Define k; and k) as in Theorem 4. The minimax A-regret problem R, (MspA-rand» Fiid) admits a

saddle point (m* = SPA(®"), F*) which is characterized as follows.

e For a/b < kj, an optimal mechanism m* and worst-case distribution F* are the same as

those identified in Theorem 2 and its proof.

* For a/b > k}, an optimal mechanism is a SPA with no reserve and the worst-case distri-

bution F* is a two-point distribution with point masses at v = a and v = b with weights

. _n—1 . A
Ja =35 and [ = o

e Fork; < a/b <k}, let Fy € [0, 1) be a unique solution to

AFy ! n—(n-1F_\""
—1l-—d
(n—=1)(1 - Fp) n
n—1 n—1 k
n—(n—l)F0~) |- 1( n—(n—l)F0~)
=A|log| ——————ad| - —F5 + —(1- a ,
[g( n(1 = Fo) ;ko ;k "
and
% l’l—(l’l—l)FO
= " 4
n(l-Fy)
AFy
b, = ,
°T (n-1D(1 - Fo)
n—(n-1)F
c=———"—q,
n
Fn n—1

1
d= v log(1 - F —Ff.
RN LRI

Then, an optimal mechanism (optimal reserve distribution) is
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and a worst-case distribution is given by F*(v) = Fy forv € [a,r*], F*(v) =1 —c/v for

€ [r*,b) and F*(b) = 1.

Proof of Theorem 14. We will prove the 3 cases separately.

Low Information (a/b < k;) Regime. We know from Theorem 2 that SPA(®*) is minimax

optimal over My and so it is also minimax optimal over Mspa_rand-

High Information (a/b > T /l)n Ton.—7) Regime. We claim that the minimax optimal mechanism

n—1

®* in this regime is SPA without reserve and F™ is a two-point distribution with mass f, := 55

ata and fj :=

_at b. Here, R(®", F*) = —(1 —/l)b+( = )"_l (b-a).

n1+ +A

We want to show that R(®*, F) < R(®*, F*) < R(®D, F*).

Part 1: R(D, F*) > R(®*, F*)

We have the regret expression R(®, F) from Proposition 20:

R(®, F) = b — a®(a)F(a)" — (1 = (1 — £,)")b®(b)

v=b
+ / —AF(V)" + ®(v)nF(v)" 1 (1 = F(v) —vF'(v))dv .

Under F*, we have F*(v) = F(a) = for all v € (a, b), which means every appearance

an— l+/l

of F(v) becomes a constant:

v=b

R(®,F) = b - af}®(a) - (1 - f1)bD(b) + / S nfa (1= f)D(v)dy .

v=a

We have ®(b) < 1 and —Af" +nfr~1(1 - )W) = -Af" +nfr~1(1 - f,)®(a), so

R(®,F*) > Ab —a®(a)f" — (1 = b + (b — a)(-Af" +nf* (1 - f,)®(a))

=—(1=Db+(nfy™ = (n=1+ D) f)(b = a) + (1 = () ;" (afu = (b= a)(n = nfa)).
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The last term is > 0 because we require that af, — (b —a)(n—nf,) >0 & ¢ > % =

m We now see that the choice f, = ”li 7 1s chosen so the second term is maximized, and

the bound on § that is required to make the third term work follows accordingly. Therefore,
* n—1 n n—1 "
RO, F)>2-(1-)b+(nf) " —(n=-1+1)f)(b-a)=—(1-)b+ 1 (b—-a).
n —_—

Part 2: R(®*, F) < R(®*, F¥)

Because ®@* is an SPA without reserve, we have ®*(v) = 1 for every v. This gives

v=b
R(®*,F)=a(A-1) +/ A=D1 =F®" + @FW)"™ ' =nF)")dv

v=a

v=b
=—(1 —ﬂ)b+/ nF(W)" ' = (n=1+2)F(v)"dv

=a

<—(1-Db+(b—-a) sup nZ" ' —(n—1+2)7"
z€[0,1]

n—1
%) (b - a) = R(®", F*).

:—(l—ﬂ)b+( T

Moderate Information (k; < a/b < T 1) Ton.—7) Regime. We will exhibit a saddle point with the
following structure: ®* has a point mass ®*(a) at a, then it is flat on [a, r*] (that is, ®*(v) = ®*(a)
on [a,r*]), then it has a density on [r*, b], but no point mass at b (so ®*(b) = 1). F* has a
point mass F*(a) at a, then it is flat on [a,r*], then it is F*(v) = 1 — ¢/v on [r*,b). That is,
F*(v) = max(1 — ¢/v, F*(a)) onv € [a, b). Importantly, we assume that F* is continuous at r*,

so 1 —c/r* = F*(a), and this r* is the same as r* of ®*.

We use the regret expression (Regret-®) under F*:
Ry(®,F) = b - F(a)"a®(a) — (1 - (1 - f;)")b®@ (D)

v=b
+ / —AF(W)"+ ®()nF(v)" '(1 = F(v) = vF'(v))dv .

=a
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Note that F*(b™) =1 — f, = 1 — ¢/b. We will write Fy := F*(a) for convenience.

We can then write

v=r*

Ry(®, F*) = Ab — Fjla®(a) — (1 - (1 - ¢/b)")b®(b) + / —AF} + ®()nF (1 - Fo)dv

v=a
v=b n
+/ - (1 - E) dv.
v=r* v

Consider the problem

R .= ngn R, (®, F*) = Regret(®) s.t. ®(v) € [0, 1] non-decreasing .

We dualize the non-decreasing constraint.

Let

b
£(@.p) = Regret(®) - [ u(r)d().

and

= i D, ith >0.
q(u) @(f?éfé,l]u w) with p(v)

Weak duality says that R* > g(u) forall u : [a,b] — R,.

To get to strong duality, we want to choose a specific y* such that:

* Complementary Slackness (CS): fa b W (v)d®d*(v) = 0. That is, wherever ®* is strictly

increasing, u™* is zero.
» Lagrangian Optimality (LO): ®* € arg mingecpr L (P, u*).

Because the condition that ®(v) is non-decreasing doesn’t bind (it is strictly increasing) on

[r*, b], by complementary slackness u*(v) = 0 on [r*, b].
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We can then use the integration by partss to get (using u*(r*) = 0)

v=b y=r* y=r*
[ wmden) = [ wwaee) =x 6100 - p@e@- [ wymee
— @00 - [ WY ey,

We substitute this into the expression for £ (®, u*) to get

KT

+/V=r [(u*)'(v) +nF61_1(1 - Fo)] ®(v)dv.

=a

L(®,17) = Ab — A(r* — a)FI' + (4" (a) — Fla)®(a) - (1 - (1 - %)) bd(b) — /1/

v=r

We want to choose u* such that

u(a)—Fja=0

(1) (v) +nF) (1 - Fy) =0,

so that the above expression for £ (®, u*) becomes independent of @ (zero out the coefficient of
®(a) and ®(v) between a and r*; there still is ®(b) but we will let this be 1). From

L) = 1 (a) + / Y W)y

0=aFy—(r' - a)nF(;’_l(l - Fp)

aFy=n(r*—a)(1 - Fy).

With that u*, we have

v=b

L(Cb,u*):ﬂb—/l(r*—a)F(;‘—(l—(l—%)n) bCD(b)—/l/ * (1-%)"@.

v=r
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If we further assume that ®(b) = 1, then

v=b n
(1 - 5) dv .
\%

L@,y =—(1- Db —A(r* —a)F' +b (1 - %) —4/

v=r*

Now we derive conditions from the fact that F maximizes regret given fixed ®*, that is, the

saddle R(®*, F) < R(®*, F*). We use the Regret-F equation

v=b
R(®,F) =a(l—-®(a)) + / [(A= @) —v®' (v))(1 = F(»)") + @(v)nF (v)" (1 - F(v))] dv.

v=a

We do pointwise optimization for each v. For v € (a,r*). ®*(v) = ®*(a) is a constant, so

F(v) that maximizes that is a constant, the same for every v, given by
F*(v) € argmax(d — ®*(a))(1 - 2*) + ®*(a)nz" ' (1 -2) .
Zz
Taking the derivative of z gives

—(A = D" (a))n" +nd®* (a)((n-1)7"2-n""1H =0

—(A=-D"(a)z+ P (a)(n—1-nz)=0.

Write @*(a) = ®( for convenience. By the first-order condition, z = F*(a) = Fj satisfies this

equation, so
—(/7. - CI)())F() + (D()(n -1- l’lF()) =0.

For v € (r*,b), ®*(v) is no longer a constant (but this is the regime that we have dealt with
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before). We have
F*(v) € argmax(Ad — ®(v) —v® (v))(1 — 2") + ®(v)n" (1 - 2).
Z
The first order condition gives

—(A=®W) —v® (V)" '+ d(WV)n((n - 1)z 2 —n") =0

—(A=-0W) —v®'(V)z+®(v)((n—-1)—nz) =0.
By the first order condition, z = F*(v) = 1 — ¢/v satisfies this equation, so
* %\ / c c
(A= (@)() =v(@) W) (1= ) + @) (=1 =n (1-)) =0,
v v
which simplifies to

(n— DCCI)*(V) .

(Q“”OZ%‘VW_@

We have seen this ODE before. The solution is

(v ; C)n_l ®*(v) =1 |d +log (E) -

for some constant d.

O (r*) = ®*(a) = Dy is the point mass of @* at @, which is unknown. We get

r*—c\"! S e\
( ) Dy=241 d+log(—)— —( - )
c k\

r*
From 1 — ¢/r* = Fy > 0 we have ¢ < r* with strict inequality if Fy > 0. So the summation

makes sense (and also tells us it doesn’t necessarily go away as zero like before). With ®*(b) = 1
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we get

25 o) 57

k=1

Therefore, we have 5 equations for 5 unknowns @, Fy, ¢, d, r*:

aFy=n(r* —a)(1 - Fp) (B.2)
—(/1 - (I)())F() + CI)()(n -1- nF()) =0 (B.3)
it HPA —/l_d og (1) - ST L (=) B.4
r 0= +°g(?)‘;; p (B.4)
b-c\"' | b\ 1 (b-c\f
( b ) =A _d+10g (Z) - Z % ( b ) ] (BS)
1-S=FR. (B.6)
r

For notational convenience, we will write F*(a) as Fy.
We will write every variable in terms of F, so we have a single-variable equation we can solve.

From (B.2), we get

. Fy _n—(n-1)F
r _a(—n(l—Fo)+1)_—n(1—Fo) (B.7)
From (B.3) we get
AF,
by = . B.8
= D1 - F) B8
From (B.6) we get
c:ﬁu—szﬁlﬁ%jﬂﬁm (B.9)
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Subtracting (B.4) and (B.5) gives

n—1 n—1
r‘ —c b-c
D) — =1

Substituting the expressions of r*, @, ¢ in terms of Fj from (B.7), (B.8), (B.9) gives (writing

a=alb)

AFy _ ( n=(n- 1)Fod)n_1
(n—-1(1 - Fo)

n—(n-1)F._ 1 . n—(n-1F \*
log( n(1— Fo) ) ZkF°+Z (1_#“)

Let fn(Fp) be the left hand side minus the right hand side (taking @ = a/b as fixed):

n

=41

B AF} n- (n - 1Fy _ n—(n-1DF
) = =y (1 ) tlog ()

n

-1 k
1 n-— (n -1)Fy .
k
S i -aS (12 0y
k=1
(When a is not fixed, we will write the above expression instead as L(Fy, @), and we will use

this notation later in the proof.)

We first note that, because @ > k;, by definition of k; we have
— 1
fn(0) = —(1 —a@)"" - Alog(a) - /IZ —(1-a)k <o,
k=1 k

with equality only when a = k;.

We also note that as Fp T 1, LHS grows as l—]_Fo whereas RHS grows as log (I—LFo)’ SO

limFoTl fn(F()) = +00.

Lastly, we compute the derivative of fn as
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AF N (n = (n—-1)Fp)
(n=1)(1 - Fp)?

(n—1) - B = n—(n—l)FO =1y
n—(n—l)FO_l—F0+;FO ;( ) T
n—(n- 1)1005)”‘2 (=D

fn'(Fo) =

n-— (n -1)F . )n—z (n—1) _
—_— —a
n

—(n—l)(l—

+A

AF N (n = (n—1)Fp)

(- D1~ Fo)? ‘(”_1)(1_ 7
(n—-1) 1 1-Fp! (=1 |, _{, n—(n-1F \""

n—(n—l)Fo_l—F0+ 1-Fy _n—(n—l)Fo _( B n a)

AF M (n=(n-1DF) (n-1)?_ ( n—(n-1)F )2
— a|ll -———a

n

+A

(n—1)(1-Fy)? n n

F! (n-1) n-(n-1F \""
4 _1—F0+n—(n—1)Fo(1_ n a)
R n—(n-1)F, B 1
=" l((n—l)(l—w l—Fo)
+(1_n—(n—1)Fod)n_2[_(n—l)zd_'_ An-1) (l_n—(n—l)Fod)

n n n—(n-1)F n

3 /ng_] n—(11—1)F()~n_2 A n—1+A1_
_(n—l)(l—F0)2+(l_ n “) (n_l)(n—(n—l)Fo_ n “)'

We can see from the expression that fn’(Fp) is increasing in Fy, so either fn is increasing for
all Fp in range (if fn’(0) > 0, or it is decreasing for Fy < F; for some constant Fj and increasing
for Fo > F;. Because, for a/b > k;, in(0) < 0 and limpgy fn(Fp) = +oo, we conclude that the
equation fn(Fp) = 0 has a unique solution Fy € (0, 1).

We will also need to show that this unique solution Fy leads to feasible values of other param-
eters as well. The ones that concern us are ®*(a) and r*.

We must have

AFo <le Fy< n-l

@)= T Ry S 0= 1+
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and

- (n-1)F 1-a
vz Dh g MU ZD
n(1 - Fp) n—(n-1)a

We will show that Fy < =1

Fb — _n-1

~ _ An —
We note that Fy(a = (1+A>n_1) Pyl

An
. 1+A because when we plug in @ = = eI

in the L(Fy,d) expression we get zero. We claim that L(Fy,a = UJ#) is increasing in F

for n’_’ﬂr 7 < Fp < 1. If this is true then we are done, because if for some d <

An
(x)n-1 W€

have Fo(d) > -7, then 0 = L(Fo(d),d) > L(Fo(d), (M)n ) > L(GAL, A1) =0, a

n— 1+/l’ (l+/1)n
contradiction.

-1
n— 1+ﬂ’

To show that L(Fy, m) is increasing in Fy for 1 > Fy > we calculate (taking the

expression from the fn’(Fy) earlier)

IL(Fo,a m)
Fy B
~ AF)! An - (n—1)Fy)\" 1 n—1+21
T =D -F)2 b= (1+)n—-1 ) .(n_l)/l(n—(n—l)Fo_(1+/l)n—1)2

This is true because

1 S 1 n—1+24
n-n-1DF  n-(n 1)(1+/1)n1 (1+/l)n—1’
and
Aln - (n —
_AMn=(-DFy)
(I+)n-1
~___ An
e .. . . OL(Fo.0= 1) . .

so the derivative is positive, as desired. (Note also that the expression To is increas-

ing in Fj so we can also just plug in Fy = - in that expression and check that the resulting

1+

expression is > 0.
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n(1-a)
n—(n-1)a-

~ A . . —1
Note that @ < m implies that ni1+/l

<

Lastly, we want to show that F <

n(1-a)
n—(n-1)a’

n—1

~17 Which we just proved.

so this inequality is immediately implied by Fy <
We conclude that for k; < a < (1&#’ these parameters give rise to a feasible mechanism

that is minimax optimal, as desired. ]

Proposition 21. The worst-case A-regret of SPA(r), the second-price auction with fixed reserve r,

is

n—1
~(1 -+ (b-a) (k) ifr=a

R,{(SPA(I"),?Tid) = 3 _(1 _/l)b+ (b_r)"(n_l)’Fl ifa <r< Lb

((n=1+2)(b—r)—r)n-1 1+4
Ar ifljrl—/lb <r<b.
Therefore,
n—1
—(1= Db+ (-2)"b g <1- ()" (524

i[nfb] RA(SPA(I’),ﬁid) _ n+A l b n+A n—1 1

r€la, e n— a 0on (e n—
S1-b+ () G- gz GR) ()

The optimal r in the first case (“low” a/b) is r = nﬂﬁb and the optimal r in the second case
(“high” a/b)isr = a.

This result is valid for any n > 1, if for n = 1 we interpret any term with the n — 1 exponent as
1. In agreement with results from Mgpa_rang and our intuition, when scale information is important
(a/b is high), the regret-minimizing reserve is no reserve r = a.

Before we prove the main result (Proposition 21) characterizing the minimax A-regret SPA with

fixed reserve (including no reserve), we first derive the regret expression of SPA(r) for a fixed r.

Proposition 22. Fix r € [a, b]. The regret of SPA(r) against a joint distribution F is

v=r v=b
~(1=Db+rFV ) -2 / FV(v)av + / (FP ) = AF Y (v))av,

v=a r
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where Ffll)(r_) = Pr(v\) < v). If we further assume that F is n i.i.d. with marginal F, then the

regret is

v=r v=b
—-(1=-D)b+rF(r )" - /l/ F(v)'dv + / (mFW)" ' = (n=1+DF)")dv.

v=a =r
Proof. The regret is

AE[V(I)] —E[max(v(z),r)l(v(l) > )]

= /lE[v(l)] —E[v(z)l(v(z) >7)] —]E[rl(v(z) <r< v(l))] .

The first term is

yv=

E[v] :/ Pr(v() > v)dv = b —/
v>0 v=a

The second term’s calculation is analogous to that of Lemma 6. We have

b
Ffll)(v)dv.

E[vP1(v® > )]

= / v’dFﬁ,z)(v’) = / (a + / dv) dFE,z)(v’)
v'e(r,b] v’'e(r,b] vela,v’)

=a(FP (b) - F (1) + / / dFY (vV)dv + / dF Y (v')dv
vela,r] Jv'e(r,b] ve(r,b] Jv’e(v,b]

=a(1-F(r)) +/

vela,r]

(1—F§,2>(r))dv+/ (1-FPv))dv

ve(r,b]

v=b
=b-rFP(r) - / FP () dv.

v=r
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The third term is

E[r1(v® <r <v)] =rPr(v?® <7 <v) = r(Pr(v® <) = Pr(vV < 1))

= r(FP(r) = F" (1) .

Together, we have, for r € [a, b],

v=r v=b
R.(SPA(r), F,) = —(1 - )b +rFV (™) =2 / FV(v)av + / (FP ) = aF Y (v)av,

v=a

as desired.
When F is ni.i.d. F, we have F,gl)(r_) = Pr(max(v) <r) =[], Pr(v; <r) = F(r7)" where
the second-to-last equality uses the fact that the v;’s are independent. We also have F ,gl)(v) =

F(»)"and FP (v) = nF(v)"! = (n = 1)F(v)". O
Now we are ready to prove the main result.

Proof of Proposition 21. From Proposition 22, the A-regret of SPA(r) is

v=r v=b
R,(SPA(r),F)=—(1 = A)b+rF_(r)" - /l/ F(v)'dv + / nF(W)" ' = (n—1+)F(v)"dv.

v=a =r

We first assume that n > 2 and r € (a, b]. Let ¢ = F_(r). (Note here that we require r > a
in order for us to have the freedom to set the value of ¢ = Pr(v < r), the mass strictly below r. If
r = a, i.e. there is no reserve, then ¢ = 0 by definition. This is why we consider the case r = a, i.e.

no reserve, separately.) Note that the integrand nF (v)"~' = (n—1+1)F (v)" is increasing for F(v) <

n—1
n—1+1°

n—1
n—1+1

and is decreasing for F'(v) > To minimize fve[a 1 F(v)"dv we must have F(v) =0

for v € [a,r — €] for arbitrarily small € > 0, and to maximize /v nF(v)"! —nF(v)"dv, the

e(r,b]
only constraint we have is F(v) > ¢ so for v € (r,b] we set F(v) = nﬁ}d if ¢ < nﬁiﬂ and
F(v) = c otherwise. Note that the sup over first case of ¢ < nﬁi - is simply the second case with
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n—1

¢ = 55,7 Because we take the sup over F, we can let € | 0 and get that the worst-case regret is

—~(1=Db+ sup rc"+ b -r)(nc" ' —(n-1+2)c").

n—1
cel7 51l

Now, the derivative of this expression of ¢ is nc" > [rc + (b —r)(n =1 = (n — 1 + 2)c)]. The ex-

n—1
n—1+1°

n—-1
the derivative expression is nr ( nl ) > 0. At

pression in [---] is linear in ¢. Atc = Pyl

¢ = 1, the expression is n((1 + A)r — Ab). Soif r > %b, the first derivative is always > 0, so
the maximum is achieved at ¢ = 1 and the value is Ar. If r < ﬁb, the maximum is achieved at

£ _ _ (n=1)(b=r) -1 - (b=r)"(n=D)""!
¢ = e € [anl, 1] and the value is —(1 — )b + e ) ) T

Now we consider the case r = a. In this case, by definition ¢ = 0 and we have

R,(SPA(a),F) =—-(1-2)b +/ nF(W)" ' = (n=1+2)F(W)"dv,
ve(a,b]

SO

R,(SPA(a),F)=-(1-Db+(b—a) sup n" ' —(n-1+)7".
z€[0,1]

n—1
n—1+4

The maximum occurs at 7 = which gives

n—1
Ru(SPA(a), F) = —(1 = )b + (b — a) (%) .

Now we deal with the case n = 1. The regret expression reduces to

R{(SPA(r),F) =—(1-A)b+rF_(r) —/l/

vela,r]

F(v)dv+/( b](l—/lF(v))dv.

192



For r > a, we have
Ri(SPA(r),F)=—=(1=2)b+ sup rc+(b—-r)(1 - Ac)
c€[0,1]

. 1
Ab—r 1fa<r§mb

=max(Ab —r,Ar) =

; A
Ar ifr > 750,

because the expression under sup is linear in ¢ so it achieves the extrema at one of the end points,
eitheratc =0orc = 1.

For r = a we have

Rl(SPA(a),F):—(l—A)b+/( b](l—/lF(v))dv.

This is maximized when F(v) = 0 for all v € (a, b] and we get
Ri(SPA(a),F)=-(1-A)b+(b—-a)=Ab—a.
We therefore have

Ab—a ifr=a

R{(SPA(r),F)=3ab-r ifa<r< ljrl—/lb

. A
Ar 1fr2mb.

Note that the second regime and the first regime are continuous whenever the second regime

is applicable, but we will keep them separate for clarity (because the first regime r = a is always

applicable, whereas the second regime r € (a, ﬁb] is applicable only when 7 <

A
1+4°

Now we want to choose the optimal » to minimize the worst-case regret. First consider the case
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n > 2. We note that

_ n-1 N\, _ 1\n—1
(b -a) n—1 < b-—a)"(n-1) ’
n—-1+24 (n=1+2)(b-a)-—a)!
with equality if and only if @ = 0. Therefore, if 7 < ﬁ, that is, the regime r € (a, ﬁb] is

permissible, then the worst-case regret under r = a is lower than under r = a*, slightly above a. In
contrast, the worst-case regret is continuous at r = %b. Given that the regret in the third regime

- . . 2
Ar is linear in r, the worst r (lowest regret) occurs at r = 11_/1[7 with regret ﬁ—ﬁb.

A

747> S0 all 3 regimes of r are permissible.

First consider the case % <

Inthe r € [ﬁb, b] regime, the regret is Ar, so the lowest regret occurs at r = ﬁb and has

/12
value 1+,1b'

In the r € (a, 74 b] regime, the regret is
—~(1=-Db+(n—-1)""exp{nlog(b-r)—(n—1log((n—1+)b— (n+)r)} .

The derivative of the expression in {- - - } is

n_ . (n=1)(n+2) B (n+)r—2ab
b—-r (m—-1+0b—-m+0)r ((Bb-r((n-1+0Db—-(n+r)’

Therefore, in this second regime, the worst-case regret is decreasing for 7 < ﬁ and increasing
for 7 > A Soif 5 < A_ the r that minimizes worst-case regret is r = n’lT/lb, which gives the

= n+d° = e

regret

—(l—ﬂ)b+($)nb.
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Therefore, the overall worst-case regret, including r = a also, has regret

no\" n-1 \""
/1) b,—(l—/l)b'F(ﬁ) (b—a)) ’

n+ n—

mm({l—bb+(

A

—b and r = a respectively.

corresponding to r =

We can show that

n—1
a n \"[n=1+4 _ 4 : _ a
So, for ; < 1- (m) ( - ) ,r = an gives the lowest worst-case regret, and for ;=

1- ()" ("‘1”) , r = a gives the lowest worst-case regret. We can show that

n _ n—1
OSl—( n ) n—-1+2A1 SL,
n+A n-1 n+A4

so this threshold is always interior.

For n/IT/l <5< %, the worst-case regret is increasing in r for the second regime, so the worst-

case in the second regime is when r = a*, but we already know that the worst-case regret is lower

under r = a than under r = a™, so the best r is r = a with regret

n

_1 n—1
ﬁ) (b-a).

n —

—(1 —/l)b+(

For § > 1/1?’ the second regime is not possible, and the third regime’s worst case is again

r = a® which has highest regret than r = a, so again the best r is r = a with regret

_ n—1
—{1—@b+(;§7%§) (b—a),
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so the r that minimizes worst-case regret is r = ﬁb, which gives the regret

—(1—/l)b+(nz/l)nb.

If < A then the worst-case regret is minimized at » = —-b and the worst-case regret value
n+d n+A

18

n

(n+ )"

—~(1=-)b+ b.

If > ﬁ then we always have r > a > n/lﬁb, so the worst-case regret is minimized at r = a*,

S

but we have already shown that » = a™ always has higher regret (worse) than r = a.

A

a
Therefore, for 5 <2

the worst-case regret is

. (b-a)(n—1)""1 [ " 22
min | =(1 = )b+ = ’((nm)"‘l”)b’mb)'

The first, second, and third terms correspond to r = a, r € (a, ﬁb] and r € [<5b, D]

respectively.

The third one is higher than the second one because the third one, as we have already shown,

A

is the second one with r = T

b which by our proof has higher regret than that at » = lf_/lb' So the

worst-case regret becomes

min(((n_i L (1-)b) .

n—1 +/l)"—1(b_a) (= b (n+2)"

‘We note that

n—1
n-1 n o\n
S z( ) .
(n—1+/1) n+A

This is true because (m)x = exp{xlog(x) —xlog(x+ 1)} is a decreasing function of x: the
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derivative of the expression in the {- - - } is

(x~)lc+10g(x))—(x~xi/l

because 1 + log(u) < u for all u. (Let u’ = log(u); this because the well-known 1 + u” < exp(u’).)

x
log(x +)| = 1 - —— +log (——] <0,
+log(x + )) PR x+/l)

We however have

n—1 \"! ( n )"-1
n—1+4 n+A4
Therefore, we have

n—1 \"! no\"
(m) (b—a)—(l—/l)bz(m) b-(1-2)b,

when a = 0 but

n-1 \""! no\n
(m) (b-a)=(1-Db < (=] b-(1-Db.

_a_
n+db*

n—1
- ()" (55)

We now consider

when a = The threshold to define which one is better is therefore always in the middle, at

n/lT/l <3 < ﬁ We have shown that the worst-case regret in the second
regime occurs at » = a* which is always higher regret than r = a, so we only need to consider the

first and third regime: the worst-case regret is

) n-1 \"' 22
mm(—(l—/l)b+(b—a)(n_l+/1) ,1+/1b)

n—1
n—1 1
_ —b|-(1=-2)b.
n—1+/1) ’ ) ( )

:min((b—a)( T2
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-1
We know that ( -l A) < o because n—1 > 1 and ()" is a decreasing function of x. We
also know that b — a < b. Therefore, the first expression in the min (first regime) is always lower
than the second expression (third regime). So the worst case regret in this case is just

n—1
—(1=)b+(b-a) (%) ,

which is achieved at r = a.
Lastly, we consider the case § > lf—ﬂ Then the second regime is never applicable, and the

worst-case regret is

n1 n—1 /12 n—1 n—1
min (—(l—ﬁ)b+(b—a) (m) ,mb) =—(1-)b+(b-a) (m) ’

where we know the first term in the min is less than the second term by what we just proved. This
is also achieved when r = a.

We therefore conclude that for n > 2 the worst-case regret (and the corresponding optimal

reserve r*) as a function of @ and b is as follows.

-1 n—1
(;1) (b-a)—(1-)b if%<1-(-2)" ("—1”) ord > A
inf Rn(SPA(I”),T) _ n—1+4 b n+A n—l1 b n+Ad
re[a,b] L)nb _ (1 —/l)b fl _ (L n [ n—1+4 n= <a A
(n+/1 1 n+/l) n—1 = b < n+A
In the first case, r* = a. In the second case, r* = ﬁb.

Now we calculate the optimal r* and the best worst-case regret for the case n = 1. In the case

. . . T
7 < ﬁ then all 3 regimes are possible. The lowest worst-case regret in the second regime is {ﬁb
when r = li—ﬂb, which is the same as the lowest worst-case regret in the third regime. Therefore,

A2 A2
inf R;(SPA(r), ) = min (b — a, b|= b,
rel[rclz,b] 1 (), %) mm( 4 1+A4 ) 1+4
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4

T implies Ab —a > Lb. Here, r* = 2 b.

3 a
where the last part is true because 7 < ) 7

A

: a
Now consider the case 72T

then the second regime is inapplicable, and the third case holds

for any r € (a, b], and the lowest worst-case regret in this regime is Aa at r = a™, so
inf R;(SPA(r),¥) =min(1b —a,da) = b —a,
rela,b]

where the last part is true because § > ﬁb implies Ab — a < Aa. Here, r* = a. 0
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Appendix C: Battery Operations in Electricity Markets: Strategic Behavior

and Distortions

C.1 Proofs for Section 3.3

Proposition 23. We have

E[(uzp, — u2)*] = p20?

Elogp,] = (1-p))o3
E[D2 — paip,] =0
E[(D2 - payp,) (D1 = 11)] =0
E[(D2 = paip,) (D2 = )] = (1 = p3)o;
E[(D1 = u1)(u2p, — p2)] = poion

E[(D2 - p2) (Hajp, — t2)] = pZo3
Also, for each constant c, we have
E[(D2 = ¢)’|di] = o34 + (p21a, = ©)°

Proof of Proposition 23. The first two equations hold by definition of p;. For the third equation,
bE[D> — pyp,] = E[E[D2 — pop,|D1]] = E[uzp, — p2ip,] = 0. For the fourth equation,

E[(D2—=pop,)(D1—p1)] = E[E[(D2—poip,)(D1—pu1)|D1]] = E[(D1— 1) (421p, — 42ip,)] = 0.
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For the fifth equation,

E[(D2 - pap,) (D2 — p2)] = E[(D2 — p2jp,)*] + E[(D2 = payp,) (aip, — H2)]
=E[E[(D2 — p2ip,)*|1D11] + E[E[(D2 — p2ip,) (k21p, — f2)|D1]]
= E[0'22|Dl] +E[(u2ip, — H2ip,) (21D, — 12)]

= (1-p))oy +0=(1-p})o;

For the sixth equation, E[ (D1 — 1) (p21p, — #2)] = E[E[(D1 = p1) (D2 — p2)|D1]] = E[(D -
H1)(D2 — p2)] = pojon. For the seventh equation, E[(Dy — uz)(uop, — p2)] = E[E[(D2 -

112) (u2ip, = 2)|D11] = E[(app, — p2)?] = p2o?

Lastly, we have

E[(D; — ¢)*|d1] = B[(D2 — paja, + taja, — ©)*|di]
=E[(D2 — poja,)*ld1] + (210, = €)* + 2(p21a, — ©)B[(D2 — paja,|di]
= 0'22|d, + (ta1a, — €)* +2(p2pa, —¢) - 0

2 2
= 04 + (ﬂ2|d1 -c)

Proof of Theorem 5. Fort € {1,2}, we compute

- D, —
BLd ] =E |+ — ’“"] =
f
FRTN2 Dy — ? 2 24 1 2 2 O-tz
E[(d," )] =E [{u:+ =u; + —E[(D; — )] + _ZE[(Dz — )] = py + -
kf kf kf kf
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Therefore, the generation cost is

2 2

o,
E kg cx,ut+§,ut2 +ky a/,ut+é ,u,2+—;
pr 2 2 kf

which simplifies to the given expression.

C.2 Proofs for Section 3.4

Proof of Theorem 6. Generation cost is

a(uy + u2)
B
s |5 [ =20+ (2 + 2747
2 2
D - - 2X0(Dy) Dy — up + 28T (Dy)
+kaD1,D2 é M1 _ZIDA+ ! + lu2+ZIDA+ 1
2 ky ky

We first note that the generation cost is strictly convex (quadratic) in the decision variables. So,
the global minimum is achieved where first-order conditions hold with equality.

For each fixed D; = di, we take the derivative w.r.t sz(dl). By the law of iterated expecta-
tions, the expectation Ep, p, can be viewed as taking expectation Ep, followed by the conditional
expectation Ep,|p,, by focusing on sz(d 1) we fix the value D = d; while the inner expectation

becomes an expectation over D, ~ n(-|D| = dj). We therefore get

1 ( DA+d1—,U1—ZfT(d1)) 1 ( DA+D2—,u2+sz(D1)
ky

ED2~R('|D1=d1){IB [_k_f M1 — 24 kf +— |2+ 23 kf
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The expression is linear in D>, and the expectation is E[D|D = d1] = p2q,. Therefore,
—kp(py = p2) + 2k pz04 = (dy = 1) + (g, — p2) + 225 (dy) = 0
This allows us to write sz(d 1) in terms of le A
ky 1 1
2 (dy) = —kyzPt + 7(/«!1 - M2) + E(dl - p1) - E(ﬁlzwz1 - 12)
In particular, this implies
RT DA ks
Elzy" (D1)] = —kpzy " + 7(#1 )

Taking the derivative w.r.t. z? A gives

kg [ﬂ [—(u1 =20 + (2 + 27 )] ]

Dy —py — {7 (D)
ky

D; — iy + 217 (Dy)
ky

DA
_(/JI -zt

}:0

+kaD,,D2{,B +(,uz+z’1)A+
or

(2 — p1 +220Y +E 287 (Dy)] =0

Using the expression for E[z8(D)] derived earlier, we get

DA _ H1 — 2
= >

1 1
X (dy) = E(dl - H1) — E(ﬂZIdl - H2).
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We now compute the generation cost. We have

2
Dy - - z2f1(Dy)
ky

DA
(:ul -3 +

1 2
=2 (kf,ul +(Dy = 1) = kypzp? —ZfT(Dl))
f

4k2 [kf(/““ +,Ll2) + (Dl /Jl) + (/J2|D1 /JZ)]

Using Proposition 23, we can evaluate

= ﬁ [ (u1 +u2)2 +0'1 +pS0'2 +2p0107

2
Dy -y — 8 (Dy)
E —PAy !

(,Ul 73 K 2

Similarly,

2
D; — iy + 28X (D)
ky

E (,u2+z’13A+

= 4k2 [(2(D2 M2p,) + (Hop, — H2) + (D1 — pp) + kp(u +,U2))2]

! 2

= WB [40-22|D1 + ((#2|D1 - /12) + (D] - ,U]) + kf(,u1 +,Lt2)) ]

f

4k2 [4(1 P?)O'z +pSO'2 +0'1 + k2 (,ul +/12) +2p0'10'2]
So

2
Dy — iz + 27 (Dy)
kr

2
Dy - — 281 (Dy)
| PRI - 1

S

+E (,uz+z1DA+

"5 | + 2= pD03 + K (11 + p2)? + 2001073
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We also have

M1+ pa\2 (2?1
(,ul—z?A)2+(uz+z?A)2=( 5 )+( 5 )=§(m+uz)2

Therefore, the total generation cost is

B 1
22k2 [oF + (2= pD)os + k(1 + p2)* +2p0r1 0]
f

a(py + o) + kg Ig(ﬂl +wo)? | + kg

which simplifies to the generation cost expression in the theorem.

C.3 Proofs for Section 3.5

Proof of Theorem 7. The prices are given by

APA = o+ pab4

D4 = a+ a4

dRT
ART :a+ﬁ(d{”‘ +L)
ky

dRT
BT = g4 gldDA + 2
ky

with
AP = 1y - DA
AP = 1y 4+ 2P
df =Dy -y - (D))

dy" =Dy - pp + 27 (Dy)
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The battery maximizes profit:
1= (P4 = 24D+ B [~ 51 (D)
We can write

M = B — pa = 220z

DA, (D1 = 1) = (D2 = p2) = 2287 (Dy))
1

+E
ky

Z¥1(Dy)

ﬁ(ul—uz—2z

Taking derivative w.r.t. sz(d 1) for a given fixed d; gives, for each d,

Epy~r(-ldy) =0

((dy = p1) = (D2 — p2) — 428 (dy))
kr

B (.ul —pz =220 +
This reduces to

1 1 kf

ZX(dy) = =(di — 1) = ~(p2ga, — p2) + == (1 — pa — 2204

4 4 4

In particular,
k
Blz{" (D] = (11 - p2 = 2207

Now we take derivative w.r.t le A

Bp1 — o — 42PN +E [B(-2)F(Dy)] =0
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Using the expression for E[z T(Dl)] derived earlier gives

i} (2—ky)
A = 2(kaf)(,u1 - M2)

k
7 (dy) = —(dl M1) — i(#zwl — M2) + Z(Tfkf)(#l — M2)

Now we compute the generation cost. The demands are given by

6-—k 2—k
dPA = g — P4 = ( f) L+ ( /) 10
2(4 - kf) 2(4 - kf)
4PA = 11 +ZDA (2- kf) (6_kf)
2 1

2(4 Kt 2@kt

diT = —(d1 Hl)"“(ﬂZld _,U2)_L(,Ul_ﬂ2)
4 \H2d: 24— k)

08T = (dy = o) + 2 (dy = 1) = (g = 1) + (1 = )
21 = (do = po) + g (v = ) = (o, = o) + s (= o

We calculate the modified real-time demand

_ dRT 3 (5-ky¢) (3—ky)
dfT:dDA+k‘—f:—(1—m) (#2|d1 p2) + - !

2kt T 2@kt

dkr 1 1 (3-ky) (5-ky¢)
dRT dDA 2 = —(dr — — (dy - b _ f f
+ K kf( 2 u2)+4kf( 1= H1) 4kf(N2|d1 ﬂ2)+2(4—kf)”1+2(4—kf)'u2
We calculate, using Proposition 23:
. 3 (5-ky) (3 —ky)
E[(dfT)?] =E|— (D
[(dy")7] ( (D= p) + 71— (,uzml H2) + 2G—kpH t3as Pl
90' +p50'2 +6p0'10'2 ( (5—ky) N (3-ky) )2
- 16k% 24—kt T 2@k
. 4(Dy — o) + (D1 — 1) = (poip, —p2) ~ (3 —ky) 5-kp) \’
E dRT 2 :E 1 p p
[(dy")’] ( 4k, @kt T 2@kt
_ ol + (16 = 1p})o? + 6paio N ( (3—kyp) s (5-ky) /12)2
16k% 2(4-kp)" 204 -ky)
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The generation cost is

a(uy + o) + ks g [(@P™)? + (dD?] | +ksE g [(dF")? + (d5)?]

Using the expressions we have previously computed, this generation cost simplifies to the one

given in the theorem. [

C.4 Proofs for Section 3.7

Figure 2.3.1 Hourly average day-ahead bids and nodal prices (by quarter)

= == = Avg bid to charge ($/MWh) Avg bid to discharge (5/MWh)

s Avg nodal price

$/MWh

b |
al ry
' - "q..ﬁp‘l l'-\r"‘l' ‘-‘.,-' L

1551317211 5 91317211 5 91317211 5 91317211 5 91317211 5 9131721
a3 a4 a1 Q2 a3 a4
2021 2022

Figure C.1: Day-Ahead discharge bid > price (avoid DA scheduling)

Proof of Theorem 9. Assume that there are n batteries indexed by b € [n] = {1,2,...,n}. Assume
that battery b discharges z)* in day-ahead in time 7 € {1,2} and z| (D1) in real-time in time 1,

and z{7 (D1, D7) in RT in time 2, with 224 + 229 = 2} (D) + 285 (D1, D) = 0.
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Figure 2.3.2  Hourly average real-time battery bids and nodal prices (by quarter)

== == = Ayg bid to charge (5/MWh) Avg bid to discharge ($/MWh)
s Az nodal price

$/MwWh

L)
- - Lo
-$50 et "-".- ..-‘ - r L
-$100
1591317211 591317211 5 91317211 5 91317211 5 91317211 5 § 131721
a3 04 a1 a2 a3 04
2021 2022

Figure C.2: Real-time discharge bid =~ price (batteries suddenly show up in RT)

We have
JIDA ZZDA
>4 :,u2+Zszj‘
b
diT(dy) = py - Zzbl +—(di — 1 - Zz 1(d1)

) 1
d§T(d1,d2)=,uz+Zzb1+k dy - 2+ZZ (1)
b
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and

E

P4 =a+pdPh
/lzDA =« +,8d~§)A
AR

:a+,8d~fT

AT = a+pdy”

Battery b’s profit is given by

O, = (P4 = 20Nz 1 +B[(AF = 281251 (D)]

We can write

IT, =ﬁ(ﬂ1—ﬂ2—2ZZbDj‘)fo
b

+E

Fix D = dy. We take derivative w.r.t. sz(dl) to get

or

kf(m uz—zZzbl)wf((dl 1) = (o, = 2) =2 )" 28T (1) = 42fT (1) = 0

210

b'#b

ﬁ{m—ﬂz—ZZzb1+ ((d1 1) = (D2 — o) - ZZzb,l(dl)—élsz(dl))
b

b'#b

{#1 N2_22Zb1+ ((Dl ) = (D2 = p2) = QZZ (Dl))}zg,Tl(Dl)

}Dl

(C.1)

=0



We take derivative w.r.t zf 114 to get

i —ﬂz—ZZ 2 —412‘]4) +E[{-2}zf (D) | =0 (C.2)

b'#b

We will assume that the equilibrium is symmetric. (We can show directly that any equilibrium
is symmetric, because the main terms are determined by linear equations with a unique solution
which we will derive below.)

The main term of (C.1) is
DA RT _
kp(ur —po —2nzy 1) + (di — 1) = (p2ja, — p2) — (2n+2)z;1(dr) =0
or
1 A
i (dy) = 2+l (kf(m — p2) = 2knzy) i+ (di — 1) — (u)a, —,uz))
The main term of (C.2) is
py = pa = 2n+2)zp) ¢ = 2E[z5 (D] =0

From the expression for z5' (d), we have

B[ (D)) (s s = p2) = 2z

2+ 1)

Substituting this in gives

p1—pa— (2n+2)zp 1 =2 (kf('“l ~H2) - ZkfanDaf) =0

2(n+1)

211



or

(n+1—kf)

= e 1 —nky) K1)

DA
p,1

which gives

ky
2((n+1)? — nky)

i (dy) = (u1 — p2) + (di — 1) - (U21a) — p2)

1
2n+ 1) 2(n+1)

We now compute the generation cost. The generation cost is given by
B - . Bt i ;
@+ ) + k5 [P + (@3] + kSE[(AT) + (437)]
which evaluates to

a(pr + p2)

. (2+6n+Tn* +4n +n* — (4n + 5n° + 2n3)kf + nzk})
ﬁ{ 4((n+1)2 — nky)?
n2+5Sn+4n*>+n’ - 3n+ 2n2)kf + nk%)

* 2(n+ 1)2 —nky)? H1H2
(2+2n+ n2)0'12 +Q+4n+2n° - 2n+ nz)p%)O'Z2 +2n(2 + n)p0'10'2}

(17 + 1)

4(n + 1)2kf

This gives

1
Cost(NB) ~ Cost(CN) = B (1 — i) + %(m )’

(n(2+5n+4n>+n’) - n*(3 + 2n)k s + nzki)
4((n+1)? — nky)?

Cost(NB) — Cost(DCN) = 3 (1 — u2)?

n(n+2)B

S _ 2
e 12k, TP
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Therefore,

1 (P +n+1)? - <(n+1)2_ 1

1+n(n+1)(nz+n+2)_n(n+1)(n2+n+2)_ © “nn+2) +n(n+2)'

O

Proof of Theorem 10. We first consider (P1). We want to maximize profit with the extra constraint
that E[z5"] = 0.

The profit is

1= (P4 = AP + B [T~ A1 (D] + 08 (7]

= B(u1 — pa — 22727

(D1 = 1) = (D2 = p2) = 2277 (Dy))
+E ,8(/11_/12_221DA+ K : (D))
We can ignore the factor of S in maximizing profit.
We can write the Lagrangian
L= (1 —pa—227"z04
(D1 = p1) = (D2 — 2) = 22§71 (Dy))
+E (,Lll — Uz — ZZIDA + K L ZfT(Dl) + 6E [ZfT]

Taking derivative w.r.t. zX" (d;) for a given fixed d; gives, for each d|,

Ep,~r(-lay) +6=0

o = e )
f

This reduces to
RT 1 1 1 kg DA
zp (dy) = Zka + Z(dl —H1) — Z(#zul — p2) + Z(ﬂl — 2 —2z;
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In particular,
BT (D) = S0+ 5L Gy - o - 220%)
This should be zero. Therefore,
0= —(u1 — pa —2z7%)
Now we take derivative w.r.t z4:
(11— p2 — 42PN +E [(-2)FT(D1)] =0

Because E[z8] = 0, we have

_ 1
704 = Z(ﬂl — {2)
_RT 1 1
Zy (dy) = Z(dl —U1) — Z(Mldl — H2)

Now we compute the generation cost. The demands are given by

3 1
H1 = ZIDA =TH1t+ 22

JPA =
! 4 4

1

DA DA

dy" =+ = Mt g2

d\” = Z(dl —Hp) + Z(#2|d1 - M2)

1 1
dy" = (dy = o) + 3 (dy = 1) = 3 (2ia, = p2)
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We calculate the modified real-time demand

dRT

CZ{QT :dlDA+k—
S

3 1
=—( 1_/~11)+_(,u2|d1 M2) + qHLT g
RT
Jgf_dgu‘i
kg
= (o) + () = ) zu+
ay 2~ M2 4kf 11— M H2ld, — M2 4/11 4ﬂ2

We calculate, using Proposition 23:

2
. 3 3 1
E[(dX")*] =E (—(Dl M1) LT (,Ll2|Dl H2) + ZHht Z#z)

90' +p? 0'2 + 6p0'10'2 3 1)
16k} 4111 4/12
. 4(Dy — p2) + (D1 — 1) — (M2ip, — H2) 1 30\
E[(d§T)2] =E ( 4k, 1 + Z,Ul + Zﬂz
_ 0'12+(16—7pf)0'22+6p0'10'2 . 1 . 3 \?

/

The generation cost is

T

a(p + po) + ky § [(dPh)? + (@24)?] ] +k/E

which simplifies to

5p3 +6 +5 507+ (8 =3pl)os +6p0io
Cost(DCN-Reg) = a(u; + ) + B| 2 F 12 m, (8 —3p)o; +6pa 2]

16 16k

Here, DCN-Reg means decentralized but “regulated”.
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We can compute

kf(4+kf)

Cost(DCN-Reg) — Cost(DCN) = f————
os(DON-Reg) ~ Cost(DCN) = L

(1 — u2)* =2 0

so Cost(DCN-Reg) > Cost(DCN). So this regulation (requiring that the battery discharges zero
in expectation in real time) always increases cost!

Under this regulation, the three types of distortions are

quantity withholding =

shift from DA to RT =

RI—= O N

reduction in RT responsiveness =

So the reduction in RT responsiveness is the same. The quantity withholding is worse, and the
shift from DA to RT is better (obviously! because it is designed specifically to combat this).
So stamping down on withholding of the second kind (shift from DA to RT) means spillover to
withholding of the first kind (quantity withholding). As we have seen above, the net effect on the
system is to increase cost. And the battery profit decreases by definition (profit under constrained
maximization is lower than profit under unconstrained maximization).

Now we consider (P2). This is a consequence of a more general theorem, Theorem 15, that
characterizes the equilibrium with any number of batteries and virtual bidders.

]

Theorem 15 (Battery Competition and Virtual Bidders). Let there be B batteries and V virtual
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bidders in a Cournot competition. Then each battery b’s DA and RT discharges in period 1 are

(B+V+1)—(V+1)ky

DA _ —
bl T 3(B+V+ 1) (B+1) - Bky) (1 = p2)
(D1 = 1) = (H21p, — H2) (V+ Dk
z1 (D) = - + (1 = p2)
2(B+1) 2((B+V+1)(B+1)—Bky)
Each virtual bidder v’s discharges in period I are
B Bk ( )
=BV +1)(B+1) - Bky) 1T
The generation cost is
(BZ+2B+2)(B+V+1)2+sz§—B(232+SB+4+2(B+2)V)kf , 1 1 )
. ( . )a
4(B+V +1)(B+1) - Bks)* 4k s (B+1)2
Proof of Theorem 11.
I = B(u1 — po — 22744
(D1 = 1) = (D2 = o) = 2z87(Dy))
+Eﬁ%ﬂrﬁu—zﬁm+ p 1 ZfT(Dy)
f

+s (zll)A + E[sz])
Taking derivative w.r.t. zX" (d;) for a given fixed d; gives, for each d|,

+5=0

BED,~x(-|dy)

(#1 i —2:PA ((dy—m1) - (Dzk— H2) — 4sz(d1)))
f

This reduces to

ka

1 1 ks DA
“(dy = ) = ~ (g — ) + L (= g =2
15 +4( 1= M1) 4(,Uz|az1 M2) + 1 (11— p2 = 2277)

X (dy) =
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In particular,

ka kf
E[zX"(D)] = ’r + I(/ll — 2 = 2274

Now we take derivative w.r.t le A.
Bpr = pa = 420%) + BE [(-2)z{T (D) ] +5 =0

Substituting the expression for E[zX"], we have

DA _ (Z_kf) ka

Z] _—2(4—](]0)(“1_MZ)_—2(4—kf)ﬁ
R gy~ Lo 1 kg ks
21 ( 1)—4—1( 1—M1)—Z(H2|dl—#2)+m(ﬂl—ﬂ2)+m

Note that with positive s, the battery does LESS quantity withholding and MORE shift from
day-ahead to real-time. This is a good sign.

The total discharge is
1 k fs

4_kf(ﬂ1—/l2)+m

ZlDA + E[ZIIQT] —

Now we compute the generation cost.
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Now we compute the generation cost. The demands are given by

ks (6—ky) (2—ky)
dPh =y - P = s T+ e
2(4-kpB  2(4-kp) 2(4-kyp)
ks (2-ky) (6—kp)
AP =+ P = o + 1o
24-kp)p  2(4—ky) 2(4 - ky)
ks k 3 1
aRT = _ f _ f B ddi - 1 B
1 (4—kp)B  2(4—ky) (1 = p2) + 4( 1~ M)+ 4(#2|d1 H2)
ks k 1 1
dRT = f f B d — 1o 1 _
? (4—kf),8+2(4_kf)(“1 p2) + (do = o) + 7 (dy = pn) = 7 (p2jay = o)

We calculate the modified real-time demand

s art 3 1 (5—ky) (3—ky) (2—k¢) s
dRT:dDA 1_:_ d _ - _ f f B f s
1 O+ K 4kf(1 ,ul)+4kf(,u2|d1 /lz)+2(4_kf),u1+2(4_kf),u2 XAk B
(3-ky) (5—-ky) (2-ky)
M1+ M2+
2(4 - ky) 2(4 - ky) 2(4 - ky)

RT

z d 1 1
RT DA 2
= = = — —(d - - —
dy =dy” + K kf(d2 #2)+4kf( 1= M1) 4kf(112|d1 u2) +

We calculate, using Proposition 23:

2
E[(df")*] = E (%(Dl ) ﬁ“‘w H 2((54 _kkff)>“1 ' 2((34 —kkff)>“2 ) 2(<24 —kkff))%)
907+ pioy +6paior [ (5-ky) (3 = ky) 2=k s\’
) 16k +(2(4—kf)”1+2(ka)m_2(4"‘f)5)

B 4(Dy — pup) + (D1 — 1) — (uoip, —H2) (3 —ky) (S —ky) (2-kp) s\’
BL(d}T)] = E( ak; | A el v kff)ﬁ)
_ a7+ (16 =7p7)a3 + 6pai o . ( (3 = ky) + (5~ ky) + (2- &) i)2

) 16k* 2@k 2=k 2= k) B

The total cost (generation cost plus subsidy cost) is

S Pty @

S+ @)

Cost(DCN-s) = a(uy + u2) + kg +ksE

M1 = p2 ks
+ +
s(4—kf 24— k;
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‘We can then calculate

(2—-kp)(4+ky)
2(4 - ky)?

(12 = Skp)ks 5

Cost(DCN-s) — Cost(DCN-0) = 1Ak )2,8 >
f

(u1 — p2)s +

So for s > 0, Cost(DCN-s) is minimized at s = 0.

C.5 Proofs for Section 3.8

Theorem 16 (Multiple Time Periods). For each t' < t, define D1, = (D1,D2,...,Dy), i

E[D,], g = (u1 + -+ ur)/T, Cmdﬂﬂdl:t, =E[D|D1.y = dy.].

The centralized battery discharge decisions are given by, for each period t,

Z?A =M~
RT __(T-9 ) 1 _
(D14) = (T—1+1) (Dr — ur) Z T—r+1) (Dy = prr)

(T- t+1)2(“"‘)“ “‘”ZZ (T e ()

=1i=t'+1

The decentralized battery discharge decisions are given by, for each period t,

DA _ (2_kf) -
Z —(4_kf)(ut )
RT kg _(T-n )
Iy (Dlzt)— (4—k )(,u[— ) 2(T—t — H) Z2(T —,Ut’)

m Z(/MDH '“I)*'Z Z 2T - t’)(T '+ 1) (iD= i)

=1i=t'+1

If we further assume that each D, is normal and independent, the bounds 9/8 < PoA < 4/3 always

hold.
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Remark. Even though Theorem 16 proves the bounds 9/8 < PoA < 4/3 only in the special
case when (Djy,..., D7) are independent and normal, we conjecture that the same bound still
holds under a reasonable assumption on the covariance matrix, such as when each two periods are

positively correlated: Cov(D;,, D,,) > 0 for each ¢y, ;.

Proof of Theorem 16. We first solve the centralized case.

We want to minimize generation cost. The generation cost is

T
Z[(l_kf)(a’(/lz_zz L 2 (i Z?A)z)

=1

D, — _ZRT D, — _ZRT2
kB Q(NZ_ZZDML) ﬁ(ﬂ,_zpuL) ]

ky 2 ky
B T-1 T-1 2
=aTfi+ 5{(1 =kp) D (=P 4 (1= k) (m + sz“)
=1 1=1
2 7-1 T-1 _RT\?
D,—,u,—sz DA Dr—pur+2,5 7
+kuE( g — 224 e R ﬂT+;Z, 5

Therefore, we want to minimize the expression in {- - - }.

Fix 1 <t <T-1.Foreachi,t <i <T -1, take the derivative with respect to ZZRT(dH) and

take expectation over D ;,1);; (so the equation depends only on d.; gives

-
kp(ur — i) = (Wiay, — 1) + (Hrian, — pr) + k gzl +kuz +ZZ +Z(1+1(I=i))E[Z§T|d1:z]=0
t/_

t'=1

(C.3)

where p4,, = d; fori =t, and E[zX7|d},] = 28 (dy4) for ¢’ = 1.

We will first solve for the DA variables. So we will take expectation of (C.3) fori = ¢ over Dy,
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to get
T-1
kuzDAHE +ZE[Z§T]:0

t'=1

Because this holds for every ¢, and only E[zX”] depends on ¢ in the above equation, we get that

E[zRT] must be equal for every #: E[zXT] = E[sz] and
ks Z PAHTE[R =0
We now take the derivative with respect to z°4:

=2(1—kp) (e = 20 + (1= kp)(2) ( T+ZZ )

1 D, — u, — KT - +ZT,1ZR,T
+kf(2)(—E)E(/Jr—ZzDA+—t 'L]ztf “ ) kf( ) (,UT+ZZ 'uka =1t

t'=1

Replacing E[zX"] = E[z{"], we get

2
2(2 - kf)(,uT—/J;+z, +ZZ )+k_fTE[ =0
ll_

This holds for every t. So there is a constant ¢ such that z°4 = y, — ur + ¢ This gives
_ 7— 2_T RT DA - RT
22~ kp)T(c+fi=pr)+ B[z = 0and 0 = kfzz +TE[zRT] = kT (i — pr + ) + TE[ZRT]
f

t'=1

Therefore, E[sz] =0andc = pur — ,s0 P4 =y, —

Now we solve for zX7(d.,).
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Substituting z,DA = p; — i in (C.3) gives
t—1 T-1

~(irdr, = 13) + (riay, = pr) + ) 28+ Y (141t =D))E[zf|d1,] =0 (C4)
t'=1 t'=t
Summing (C.4)overallt <i < T — 1 gives

T-1 t—1 T-1
= > Witd, = 1)+ (T = 1) (priay, = pr) + (T =1) D 2fT + (T =1 +1) > Bz |d14] =0

i=t t'=1

1'=t

This gives ZZ;} E[zﬁTldm] in terms of zﬁT, t" <t — 1. We substitute this into (C.4) with i = ¢:

-1 T-1
~(dy = ) + (priay, —pr) + ) 28 + 25+ ) Bl ldi] = 0
t'=t

t'=1

-1

(T =1+ 1) [=(d = ) + (gria,, —pr) + ) 287+ 287

t'=1

T-1 !
== > (itay, = #3) + (T = ) (ptryay,, = pr) + (T = 1) > 287
p t'=1

T-1 -1
~(T=1)(dy = ) + ) (fitay, = 1) + (11, = pr) + ) 28T+ (T =1+ Dz =0
t'=1

i=t+1

This recursion has the form

-1
(T -1+ l)sz+Zz5T:at
=1
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with

T
ay= (T =1)(dy = ) = )" (Hilay, = i)
i=t+1

This gives Tsz =aj so sz =a;/T and

(T - Z)Zz+l - (T—-1+ l)sz + ZfeT =di+l — Ay

(a1 —ay)

Zp1 TR = (T _ t)

t—1
—+ _— ’ —_ ’ = —_
“ =T Z(T-t')(“’“ @)= T ;(T—t’)(T—t’+l)a[

- 1 T
S (T-r+D ((T =0 = ) = ), Gy, - u,-))

i=t+1

-1 1 , ;
_; (T-)(T-t+1) ((T —t')(dy - ﬂt’) - Z (/Jl'|d1:,/ - /11))

i=t’+1

Therefore

o (T L
Zf ‘m Z<T ) = gy 2 b )

Z Z (T—t')(T t+ 1)(/’1’|d1t' ﬂl)

=1i=t’'+1

We now solve the decentralized case. The battery profit is

T
= Z/lDA DALE
1=

- St aphep

Zﬂm ]

E Z(ﬂfT—ﬂ’fT)sz]
T-1

-1
,BZ(M; pr —2zP4 - Zz ) A4BY E

k#t =1

(Dt = uy) — (D7 — pr) = 22,
( — ur — 2ZtDA _ § Z?A + 4 4 p 1
k#t f
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For a given k, consider the derivative of the profit w.r.t sz(d 1:x). We get

1 RT DA DA
Z(_E)E[Z’ |d1:k]+(#k_,uT_22k —Zzt

t£k t#k

<(dk — Mi) — (UT)dyy — HT) = ZE ZKNdy 4] - 4sz(d1:k))) =
Py

where, of course, if ¢ < k, then E[zXT|d}.4] = 28X (dy).

or

+k | g — pr — 2204 - Z 2P+ (di = ) = (g, — pr) =2 Z E[z"] - 428" =0
12k 1=k

We will first take the expectations to eliminate all randomness (and solve for the DA variables
first):

‘We have

m
E:Z /lt_ﬂT_ZZtDA_ZZzD'A)ZIDA
t

t'#t

+ZE

t

k¢ !

(D; — ) = (D1 = pr) = 2287 = ¥y 287
(,uz—,uT—ZZtDA—ZZfr)A+ t— He t v#tle | RT

t'#t

Derivative w.r.t. sz(dl;k) gives

E

1 (Di — px) = (Dy — pg) — 428 = 3 28T
1'#k f t'#k f

or

kp(ux = pr) = kyzpt = ky " P4 2ZE fdvi] = 228" + (dk = ) = (uriag — pr) =0
t
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(Without further specification, ), means sum overt = 1,...,7T — 1.) Of course, when ¢ < k, we
have E[Zledl:k] = ZfT(dl:z)'
We will use this equation later to solve for individual z T(d 1:x)- For now, we take the expecta-

tion over all randomness to get

kp(px = pr) = kg2 = kg > 2PA =2 3 B[] - 2B[zf] =0
t 1

We want to calculate Y, E[zXT]. Summing the above for all k € [T — 1] gives

kp > (e = pr) = kT Y 2P =21 Y B[] =
t t t

So

ky ky
D B === 3 Pt v on D (e~ par)
t t

t

Substituting this back in gives

k
BIE) =~ DA+ S - ) - 5 Z(ut ur)

Now take the derivative w.r.t. zf A

DD+ | = pr =420t = TP+ > (- DE[] + (-2)B[zf"] = 0

1£k t'#k 1#k

or

~270% - 22 2P+ (uk — pr) — B[z ] - ZE[ZfT] =0
t

t
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Substituting the value of E[sz] and Y, E[zRT] gives

(2—ky)
= 2 Gy e )

Summing over k € [T — 1] gives

2—k
I o kf;;Zwt—m

Therefore,

a_ (2—kyp) (2-ky)
2P _(4_kf)(<uk—m>——2<ut m) Tl

where g = (u; + - -+ pur—1 + pr)/T. Substituting this into the E[sz] expression gives

Elz{] =

ky ky a
G=5) (pr = ,UT)——Z(,U: H) =G kf)(uk—u)

Now we will solve for each sz.

Recall
kip(pe = pr) —kpzd® — kg Z z? ZZE Tldia] =228 + (di = 1) = (priay, — ur) =0
t

Substituting the sz A expression gives

2k
(4- k)

(ptx = par) - ZZZ, (drr) = 4287 (d1) - 2 Z (2" |l + (dk = a) = (aryary = pr) =0
t=k+1

(C.5)

This equation will be used a lot: (C.5)
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Fixat, 1 <t <T - 1. We will solve for z*7 (d\.;) in terms of d, .

The equation with k =1 is

2k
@ 2 ) — ur) — 2Zz — 4R _ 2 E E(z5 |dy] + (di = o) = (Hrjar, — 1) =
t'=t+1

Now take the equation with 7+1 < k < T —1 and take expectation over D (;41).x (so the equation

depends only on dy.:

2k, .
k) e pr) = ZZZ -2z

-2 Z (1+1(¢ = k)E[z5" |d1] + (kjar, — k) = (UTiay, — 1) =0

t'=t+1

Summing these equations for all < k < T — 1 gives

2% T-1
(4—£)Z(ﬂk—ﬂT) 2(T—t)ZZ - 2T - ”UZEZI’ il = (T =0 kriar, = pr)

T-1
+(di =)+ ) (g, — ) =0

k=t+1
Therefore,
Elz" |d
; (257 |d1./] (T—t+1)(4 k)Z(,Uk Ur) = t+1)Z
1
(T -1) 1 1 -
ST ) M~ ED) 5y (i )+ 5 t+1)Z('uk|d“ 1)

k=t+1

The equation with k =t says:

2k
@- 2 ) — HT) — ZZZ ZZE (287 |d ] + (dr — ) — (Hryay, — ) =0
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Solving for zXT gives

1
ZfQT (4 k ) IJT) — Z Tyr ZE Z[/Tldl [ + = (dl‘ /’ll‘) - E(/’lel:t - MT)

Substituting the expression for ZT ! E[z5T|d 1] gives

Zr

kf )
(4 k) He= (T - t+1)2”k t+IZ 2(T—t+1)(t_’ut)

1 1 T-1

2(T r+1) (ﬂT|dlt /JT) mkztl(ﬂkwlt ,Uk)

This gives a recursion that gives zX" in terms of z& for 1 < ¢ <t — 1. The recursion has the

form

RT

1 N RT
o T (T—r+1);Z”

This gives

t—1
(T =1+ 1)K = (T =1+ 1)a, -y &
t’'=1

(T -0z = (T —t+ D)zf = (T - t)aw — (T - 1+1t)a, — 25
1

a

(T-1)"

RT _ _RT
O A
Summing these equations from 1 to t — 1 gives

RT
Z[ -

Zl —daj) — Z(T—t’ ay
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We also have z’fT =aj, SO

i 1
RT
=ar - Qs

Note that we have

ks I ZT: AT B I i( )
a; = ————— — _ _ 3
Uk \M T T ey LM T e TR T a ey Ly e TR

‘We have

k
M =q = _fkf (/Jl—/i)+(T2 )(1—u1)——Z(/~lk|d1 k)

and

T

ok 1 (T - 2) 1 <
RS2 (“2 G Z“) A ) g gy

kr
_(Tl—l)((4 k)(‘“ ’“_‘)+(T2 )(1_“1)‘_2(”kld1 Hi)

kf (T - 2)
= a- kf)(,uz—,u)+m( —H2) - 2T = I)Z(ﬂkuu k) = —T(dl—,ul)

T
1
+ TT-D ;(#kldl — Hk)

We substitute the expressions of a; and a; in the sz expression. The ‘“constant” term is
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ky/(4—ky) times

e (T—t+1)( Z )

1 1 =
_Z(T ) o m Lt
T T _
+(_(T—t+1)+z(T—t’)(T—t’+1))'u

t—11'-1

(T—t+1)z’uk_Z(T nHe ™ ZZ(T—t’)(T 7+ )HE

=1 k=1

The coefficient of [ is

T =T T T T T
—+ — = - + -=|=-1
(T—-t+1) Z:(T—t’ T—t’+1) (T-1t+1) (T—t+1 T)

We swap the order of the double summation (over ¢’ and k, to over k and ¢’) to get

t—1 -1 1 t—1 1
((T—t’) (T—t’+1)) Z( i+l T- k)”

1

Therefore, all the terms cancel out to i, — & and the constant term is

kg

—(4 — kf) (ue = f1)

The rest of zXT is

(T-1) 1
m(dz — M) — 3T+ D) kzlll (Kkldy, — Hk)

t’) 1
Z(T—t) 2(T t’+1)(d - Hy) = mz(ﬂ’dd”’ Uk)

k=t"+1
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Therefore, we have

RT _ ky _ (T -1) =l 1
z (di) = 4—k )(#t -+ m(a’z — H1) —; m(a’z’ - W)
1
AT -1+ 1) Z (ki = “”*Z Z z(r_w(T D) e = )

=1 k=t’+1

We will now calculate Cost(CN) and Cost(DCN) when the demands in all periods are indepen-
dent.

We have
_ e B
Cost = aTfa + ECost
with
T D, -y — 2KT\?
s _ (1 _ _ _DA\2 _ t T Mt~
Cost” = (1 kf);(,u 2 )+ku ( z, —kf )
First, we have
T g D, -, —0)\?
Cost’(NB):(1—kf)Z(u,—ohkuE(ﬂ,_0+#)
=(1- kf)Zﬂﬁku(uﬁ—)
=1 =1
RSN
=1 =1

»|q
o

Now we compute Cost’(CN). We have u; — z,DA =pforeveryl <t <T.Forl <t<T-1,

we have

t
D;—p -z = Z; m(Df = {r)
V=
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For t =T, we have

R = Zz ZT—I+1 Dy — )

SO

T-1

Dr —ur — 28" = (Dr — pr) - )

T — t+1

=1
Forbothl <t <T-1andt =T, we have

2

2 t
Dt—,ut—ZRT _ 1 0y
E — DA+—t — 2+ - - v

Now we note that
Therefore,

1 o

T
, _ _ . _\2 i —\2 —_t/
Cost’(CN) = (1 — k)T (A)" + ky (T(“) - ; (T—1+1) k2

2
9

2
=T +Z(T (+1) ky

Now we compute Cost’(DCN) We have

_ DA _ (2 - ky) - 2 e
o= 2 = = g kf)(ﬂ —f) = (4_k)( 1)
For1 <t <T -1, we have
k (T t+2) 1
D; —u; — RT _ ___°J ——(D; - + — (D
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SO

2 T-1 2

Di—p—z" - 3 (T-1+2) \ o} 1 o

Blu —PA+ 220 % ) _ g7+ (T—-t+2) \oi | oy
o ) (ﬂ (4_kf)(/ll ”)) (2(T—t+1) k3 ;4(T—z'+1)2k;

Now we compute

——ZZ

I
=R = Zz(r v D)

SO

k = 1
Dy — gy — R = 1 _ @)+ (Dy - > (D, -
T — HT —Zr (4_kf)(,UT @) + (Dr #T)"‘t:1 2(T—t+1)( = Mt

D7 — ur — 287 1 2 g2 T-l | 2
Elur -z + | =|a+ -0 +L+y ——— L

So the equation for 1 < < T — 1 also holds for ¢t = T as well. Therefore,

T 5 )
Cost’(DCN) = (1 -k 7] =
ost’(DCN) = (1 — ky) ,:El (,u+ (4—kf)('u ,u))

T t i
1 (T —t+2)? 0'[ o2
+k - (u -l —"T
f;((4—kf)2(’“" w* AT—1+1)2 ks Z _t,+1)2kf
Now we note that
o =T t'+1)2 kf = 4T - t'+1)2 ko HMT —1+1)2 kg
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and collecting the coefficients of -7 /k s

(T —1+2)? (T-1)  (T-t+4)
MT 1+ 12 AT —t+12 HT—1+1)

forl <t <T—1and (T -T+2)%/(4(T =T +1)?) = 1, which is also equal to the above forr = T.

Therefore,

’ i ) (T -t+4) 0',
Cost’(DCN) =Ta” + (4 k)ZZ(/lt A) +Z4(T—l‘+1)kf

Now, we note that

=
’ﬂ
=i
[\*)
It
ok
Py
kS
|
=i
p—
[\*)

e

=1 =1

Therefore,

1) o?

Cost’(NB) — Cost’(CN) = 2 — !

ost’(NB) — Cost’(CN) = ;:(,Ut a)° + Z(T—t+1)kf
12=5kp+ k3 L 3(T—1) of
Cost’(NB) — Cost’(DCN) = ————— 24 !
ost’(NB) — Cost’( ) TGk Z(,Ut ) Z4(T—t+1)kf

12-5k +k2
Note that MTJ;J;Zf € [%, %] Therefore,

PoA =

Cost(NB) — Cost(CN)  Cost’(NB) — Cost’(CN) 9 4
Cost(NB) — Cost(DCN) ~ Cost’(NB) — Cost’(DCN) 8’3

We now calculate these quantities for a general multivariate normal distribution with 7 = 3

periods:
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2
H1 0 P120102  P130103

(DlaD23D3)~N M2 |5 P1207107 0'22 P2302073

2
M3 ] \pP130103 0230203 o3

We have

p P
200 0y 2p1p0102  2p130103  P2302073

Cost’(NB) — Cost’(CN) = Y (u, — @) + +
;E; 3ks 2k 3k 3k k ¢
12 = 5kp+ k% (r2 (z7+2,92)a-2 5p%.072
Cost’(NB) — Cost’(DCN) = ——— 24 1 272 133
ost’(NB) - Cost (DCN) = —7— = Z(ut )%+ K 8K,

_ P120102 _ P130103 (22P12P13 —36/023) 02073
2k 2k 72k,

Therefore,

4(Cost’(NB) — Cost’(DCN)) — 3(Cost’(NB) — Cost’(CN))

kf(4 +kys) < Z( - i ,0%20'22 +10p2,07 + (11p12p13 + 9p23) 02073
(4-k )2 9k ¢

We can see that if all correlations are positive p12, p13, 023 = 0, then the expression above
will be > 0, so we still have PoA < 4/3. However, the above expression is not always negative.
The constraints on the covariance matrix is that the matrix must be positive semidefinite, that is
012,013,023 € [-1,1] and 1 — p%z - p% - p§3 +2p12013023 = 0. In fact, numerical optimization
suggests that the maximum value of PoA is around 2, achieved at, for example, oy = 0» | 0,03 =
1, p12 = p13 =0, p23 = —1. However, the parameter values where PoA is this high are expected to
be quite pathological, and we believe that for reasonable parameter values, PoA should be much

smaller than this, and is likely below 4/3.
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Theorem 17 (Round-trip Inefficiency). Let the battery’s round-trip efficiency be n € (0, 1] such
that the battery discharges in period 1 (peak) and charges in period 2 (off-peak).

The centralized battery discharge decisions are given by

pa_ 1 Ui
an = 1+r;2'ul 1+772'u2
2
RT n Ui
T (D)) = Di - ) - -
1 (D) 1+772( 1= M) 1_|_772(,112|D. M2)

The decentralized battery discharge decisions are given by, for each period t,

PA = 2-kp) (7 _n
o N L P
#(Dy) = ks Lk - —— ui (D —,Ul)—#(,uzu) - M2)
(4—kp) \1+n2 1 +n? 2(1+17?) 2(1+n?) !

If we further assume that (D, D,) ~ 7 is jointly multivariate normal, then the bounds 9/8 <

PoA < 4/3 always hold.

Proof of Theorem 17. The calculations are similar to those in the proof of Theorem CN and The-
orem DCN, but with z? A= —Z? A /n and sz = —sz /n instead.
We first compute the optimal strategy in the centralized case (CN).

Generation cost 1S

a(p + ()

2
) DA
+ ks b (,Ul_ZlDA) + #2+1—)
2 n
Dy —u XD
+ka é /ll_Z1DA+ 1 H1 1 ( 1)
’ 2 kf

2
A Dy—u+ {1 (D1)/n
+ |2 + + K

J
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For each fixed D = d;, we take the derivative w.r.t z’fT(d 1):

E 1 DA+d1_:ul_ZfT(d1) + 1 +Z?A +D2_ﬂ2+ZfT(d1)/n
Do~n(:|D1=d,) kf M1 — 24 kf nkf H2 n kf

We now evaluate the expectations over Dy ~ 7 (-|dy):

1
T (,Ul -4+

dy — 1 — 28 (dy) 1 DY woga, — 2+ 2 (dy)
p + 2+ + =0
f

u
kg nky n k¢

The above simplifies to

n(p2ga, — p2) = n*(di — 1) = 2k ppy + ik ppn + (1402 k2?4 + (1 + 7528 (d)) = 0

or

(o, — 2) + 7 (dy — ) + Pk pry — nk ppn

R (dy) = —k P4 + T

Therefore,

nk r(nui — pu2)
1 +n?

E[ZR(D)] = —k;zP4 +

We take the derivative w.r.t z? A

1 P4
(1—kyg) |=(u1 =27 + = |2+ —
n n
Di—m -z (D)) 1 P4 Dy — i+ (Dy) |
+k B | = [ — 224 + A +— o+ 21—+ 27
kf n kf
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or

(1= ky) [~n(nu = p2) + (1 +p?)zP4]

1
+ky | —n(nu — ) + (1 +7%) 204 + k—f(l +nH)E[X(Dy)]

or
—n(p1 — p2) + (1 + )P4 + (1 + ?)E[ZF (D)) = 0

Substituting the expression for E[ZfT(Dl)] gives

—n(nuy — p2) + (1 +177)zP4 — kp (1 +7HZP4 + 9k p (qp1 — 112) = 0
or

DA _ n(nur — u2)
R D
1+7

This gives

2

= n Ui
2 (dy) = 1+772(611 - ) — T+ 17 (H21d, — H2)

We now compute the generation cost Cost(CN). We have

pA\2 )
< (11 +nu2)
DAN2 1
—z + + =
(1 =277) (/lz p ) T
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and

2
Dy —uy — 28 (Dy)
kg

E (,Ul -0+

3 1
K3(1+72)?

3 1
k;(l +1?)?2

E (k (1 +np2) + (D1 = 1) + n(ayp, = p2)°

( M +m)’ + o+’ pios + 277100'10'2)

and
2
gl a0, Pamper g (D)/n
M2 7
1 2 2
- mE (kfﬂ(,ul +nu2) + (D1 — p1) + (1 +577) (D2 = w2) = (p2yp, _qu))
f n
1
) m(k;nz(”l +nu2)* + 1007 + (1L+17°)205 + pioy +20(1 +n*)poio
—2npoior —2(1 +7 )psa'z)
1
T (P2 (kinz(“l +n) et + (10 = (1 +2n2)pf)%2+2773pmaz)
AR
Therefore,
2 2
Dy —u —z{"(D LA Do s+ ZRT(D
E|pu— 20"+ 1= m =z (DY) +E |+ I 22 p2+zi (D1)/n
ky k ¢

1
) 2\2
(1)
3 1
K (1+7?)

(K302 (a2 + (L D)ot + (L) (47 = p)ad + 201+ 1P)per )

( Hur+np)* + o + (1+7% = p)os +277P0'102)
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Therefore, the generation cost is

a(uy + (o)

2
+ kg E (,UI_ZIDA) +

2

2

P4

o+ —
n

Dy - —2X0(D
kR B iy DA 1= =z (D)
2 kf

2
P4 Dy -+ {1 (Dy)/n
+ [0 + + 5

J

SO

(w+nw)® B
2(1+n%)  2(1+n?)ky

Cost(CN) = a(u1 + p2) + 8 [o] + (1 +7° = p2)o3 + 2npori o]

‘We now consider the decentralized case.

The prices are given by

P4 =a+p(uy - 2%
ZDA
3 =a+p ,u2+1—)

dl_ 1—ZRT
ﬂlfT:oz+,B pl—z?A+—'u !

kg
DA RT
z dy—po+2z7"/
B = a4 Blup+ 2—+ K L/
n ky
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Battery profit is

DA_DA DA_DA RT _RT , RT _RT
AP T+ A T+ E[A 7 Ay 2

/lRT
RT 2 RT
(ﬂ‘ _7)Z‘ ]

2
Ho 147
=ﬁ(m— NP Z?A)Z?A

2 2
> l+7 1 Dy—pr 1+7y
(#1 - % - TZ?A +— (Dl THm 7 (D)) 27 (D)

/lDA
= (/llDA — —i’ )Z?A +E

+ GE

Taking the derivative with respect to zlfT(d 1):

1412 1 Moja, — M2 1472
= nZDA+k—(d1—,u1— 4 - 277 287 (d1) ]| =0

no o n
or
k k 2
RT f _DA nky n n
d) =22y T ) — (- ) - —
g (d) ==-—7 TS (np1 — p2) 2(1+n2)( 1= H1) ST+
This gives
k k
RT [ _DA nKky
D) =—-—— -’ _
E[z)" (D1)] 2 0 (1 — p2)

Taking the derivative with respect to z{) A

2(1 +n? 1 +n?
_ta 2+ ';77 )ZIDA+E[(— +277 )ZfT(Dl)] =0
n n n

Substituting the expression for E[sz(D 1)] gives

DA _ (2-ks) p
b (G —kp) (147

(muy — p2)
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This gives

2

ky —m
M (dy) = 5 (i1 = ) + (H2ja, = H2)

n
(4—kp)1+7 (1+n2)(d1_“‘)_2

_n
(1+7?)

Substituting these into the generation cost expression and using Proposition 23 yields the gen-

eration cost

Cost(DCN) = a(u; + u2)
{16+4n2 - (8+3n2)kf+k§ , 4+ 167% — (3 +8n%)k; +n2k§ , n(12-5kg +k})

+ +
20+ (A —kp2 20+ @A —kp2 2T )@ — k2t

N (4 + 772)0-12 +(4+4n° - 3p%)022 + 6npo10s
8(1+n?)ky

The cost under a no-battery regime is exactly the same as before in Theorem 5 (no 7 is involved,

because there is no charging and discharging):

2,2 2, .2
MY+ O +‘72)

Cost(NB) = a(u; + uz) + 8 ( 7 + 2%

Assuming p; = p, we therefore have

Cost(NB) — Cost(CN) =8 ((77#1 - )’ 4 (noy — p0'2)2)

2(1+7?) 2k¢(1+1n?)

2
(12 =5ks +kp) (s — pp)? , 3o — par)’
(4—kf)2 2(1+1n2) 8kf(1+772)

Cost(NB) — Cost(DCN) = g3 (

(12-5k ¢ +k§.)

i € [%, %] for ks € [0, 1], we have PoA € [%, %] as desired.

Because
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Theorem 18 (Non-Parallel Supply Curves). Here, we assume

Gyl(x) = ay +Bsx

G}l(x) =ay+frx

(Note that if we want to match the previous assumption, we will have ay = a, By = kg, ap =

a,Br = pB/kswith kg =1~ ky.) The centralized battery discharge decisions are given by

1
P4 = 5 = o)
RT 1 1
Zp (Dy) = E(Dl - 1) — 5(/"2|D1 — H2)

The decentralized battery discharge decisions are given by
4 = M(ﬂl — H2)
L2485 +3B)

1 | )
ZX(Dy) = Z(Dl - H1) — Z(:UZIDl — U2) + p )(ﬂl — M2)

24y + 3p;

The system generation costs in each regime (no battery NB, centralized CN, decentralized DCN)

are given by
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(a'f_a's)2 (a'fﬁs"'asﬁf) IBf:Bs
Cost(NB) = — __PrPs
OUNB) = =t B g ) g M
(a'f - a’s)z (a'fﬁs + asﬁf) :8 IBf
Cost(CN) = —
ost(CR) B B (i + 4 + g0 gy
(0'l + (2 - p; )0'2 +2p0107)
Cost(DCN) = —( f- @)” + @b + sy (p1 + p2)

By + Bs Bs + By

2) + '8—(0'1 +0'2)

|+ o)’

ﬂfﬂs(zoﬁ; + zgﬁfﬁs + IOﬁ%) 2 2 ﬁfﬁs(lzﬂi + lgﬁfﬁs + 8:8%)

4B, + B4, 357 HiTH)E

ﬁf (50‘1 + (8 — 3pf)0'2 +6p0'10'2)

16

Assuming pg = p, we have

|\
IA
)
o
>
IA

TS

for every parameter. The lower bound 9/8 is achieved when By < ;.

achieved when B; < B.

Proof of Theorem 18. We then have

A —ay A—ay
Gs(1) = , G =
(1) 3. £ 5;

From

G(AP*) + Gy (AP4) = aPA

Gs(APY) + G (AR") = P4 + af"
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Hi1p2

The upper bound 4/3 is



with dP4 =y, — zP4,dR" = D, — p, — zRT. Solving for AP4, ART gives

/ltDA:a'fﬁs"‘a'sﬁf_'_ ,Bs:Bf dtDA
ﬁs"'ﬁf ,Bs"'IBf

(Af7)?

ART = arPs +asPr N BsBr dPA 4 B dRT
Bi+Br  Bs+Bs o
The generation cost is given by
2 ADA)Z o
Z / AdG4() +E / AdG ()| = Z %
= | Ja<apa A<ART pr 2B

We first calculate the no-battery case.

Leta = % WE have

/IDAZQ/ ﬁfﬁs

:8]‘ +ﬁs
/IDA —a+ ﬁfﬁs
:8]‘ +ﬁs
AR — g ¢ ﬁffﬁ; i+ Br(Dy — )
/lgT —a+ lgﬁffﬁg M2+ Br(Do = u2)
ﬁfﬁs 2
BiBs
E(/lgT)z = (a + ,Bf};‘,Bs 2) +,8f0'2
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So

(1 1 DAN2 DA\2 ﬁ]%0'12+,8§0-22 “? ajz’
Cost(NB)_(2’8S+%)((/l1 )"+ (A5 ))+T_E_ﬁ_f
(BB 5 o @ BiBs o o Br , Br
_( 5.5, a _,B_S_,B_f +a(,ul+p2)+2(Bf+ﬁs)(,u1+,u2)+70'l+70'2
(a _a's)z B1Bs B By
:—W+a(,u1+u2)+m(p%+y%)+%af+%ag

Now we calculate the centralized case.

Remember that dlDA =M1 —ZIDA, dzDA = Uz +ZIDA,dfT = D1 — Ui —ZfT(Dl),dgT = D2 — M2+
Z¥1(Dy)

For each fixed D = d;, we take the derivative w.r.t. sz(dl). We get

E 2477 (=B) + 245" (By)ID1 = di] =0

or

BBI_ iy = iy +22P8) 4 B (D = i2) — (D1 = ) + 22K (D)) Dy = i | = 0
ﬁs"‘ﬁf

or E[/lgT - /lleDl = d] = 0, which becomes

Bs(pa — 1 +220%) + (Bs + Br) ((pajay — o) — (di — 1) + 2287 (d1)) = 0

this allows us to write sz(d 1) in terms of z? A

RT ;\_ __ Bs  _pa Bs B .1 ~
zy (di) = B+ B +—2(,8s+ﬁf)(#l p2) + 5 (dy = 1) = 5 (2ya, = p2)
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In particular, this implies

IBS DA IBS

ERTD ——
e Ol == B 2B+ B

(11 — p2)

Taking the derivative w.r.t. le A gives

! [21{“( Py )+2ﬂ§“(ﬁsﬁf )]+ 115[2&{*7( Py )+2J§T(ﬁsﬁf )]:0

28, Bs+By Bs+Brll " 2By B+ B Bs + By
or

DA _ DA RT _ 3RT

At - apt BT AT

ﬁs ﬁf

or
1 IBSﬁf DA 1 ,Bsﬂf DA RT _
’B—Sﬁs+ﬁf(/lz—#1+2zl )+E ’8S+’8f(ﬂz—,ul+221 )+ BrE[(D2 — u2) = (D — u1) +2z; (D1)] | =0
or

(2 — 1 +220%) + 2E[zF"(D1)] = 0

Using the expression for E[z8 (D )] derived earlier, we get

1
P4 = 5(/11 - H2)
RT 1 1
7y (dy) = E(dl —H1) — 5(/J2|d1 - M2)
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We now compute generation cost. We have

arPs +asp Bsp
APA = A = I T2 Ly + o)

BBy 2(Bi+By)

QRT afBs +afr + BsBr
ﬁs"'ﬁf 2(,35+,3f)

2RT = affs +asBr + BsBy
ﬁs"'ﬁf 2(,35+,3f)

(1 + p2) + %((Dl — 1) + (u2p, — M2))

(1 + p2) + %(Z(Dz —w2) + (D1 — 1) — (M2ip, — H2))

We have

2

2
a +a
Bs +asPy BBy (1) + /12)) + Tf(alz +pio3 +2p0 o)

:33'+ﬁf 2(:33 :3 )

E[(A7)?] = (

and

2

2 By
affs +asBr + BsBr m +/J2)) (‘71 + (4 - 3p )0'2 +2p0107)

:Bs+:8f 2(:35+18f)

E[(A57)?] = (

The generation cost is therefore

2
Cost(CN) = Z

=1

(APA)2 _ asz B (/15T)2 - aj%
2B 218f

/IDA 2 CY2 1 ﬁz
_ ) ey N 2(AP4Y? + _f(zo—]Z + (4= 2p}) 03 +4poio) - 205

Bs 2:8f
2
= (,31; ,BIf)( IDA)2 % ,3; + ﬁ—f(al +(2- pS)O'2 +2p010%)
_ Bs + By (a'fﬁs + By + BsBy
ﬁsﬁf ﬁs +ﬁf 2(ﬁs +ﬁf)
(ay-ay)’ . (ayBs +asBy)
(Bs + By) (Bs + By)

+ —(0'1 +(2- ,os)cr2 +2p0107)

2 2 @3 g
C}’/S
) s RN f(0'1+(2 )03 +2p0107)

,Bs ﬁf

(1 + o)

(1 + p2)

BsBy
4(Bs + By)

(1 +p2) + ————

Lastly, we calculate the decentralized case.
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The battery maximizes profit

= (APA - DM PA L BIAFT - 2578 (D))

_ ﬁsﬁf _ _~_DA\_DA

_ﬁs+ﬂf('u1 p2 =227 7)z

+E ( Bobs (11— 2 =220 + Br((Dy — 1) = (D2 — p2) — 2sz(D1))) ZfT(Dl)]
,Bs"'ﬂf

Taking the derivative w.r.t. sz(d 1) for a given fixed d; gives, for each d|,

ﬁsﬁf
ﬁs"‘ﬁf

(11 — o = 2204 + Bp(D1 — 1) = Bp(D2 — o) — 4Bz (D) Dy = d1] =0

This reduces to

1 1
¥ (dy) = Z(dl — U1) = Z(,uzwl - M) + (p1 — o —220%)

Bs
4(ﬁs + ,8 f)
In particular,

Bs

RT _
Ha 012358

DA
(1 — p2 —2z77)
Now we take derivative w.r.t le A,

(1 — o — 4P +E Poby

-2)z2f1(Dy)| =0
Bs + B; g, P (P

Using the expression for E[sz(Dl)] derived earlier gives

DA _ (IBS + 2:8_f)
‘U T 236, +4B))

1 1
X (dy) = Z(dl — M1) — Z(Mldl — M2) +

(11 = p2)

L(ﬂl — U2)
2(385 +4B5)
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‘We then have

/lDA:a'fﬁs"'a'sﬁf_i_ ﬁsﬁf(5:3s+6:8f) [y + ﬁsﬁf(ﬁs"‘zﬁf) i
Bs+Br 2B +B (BB +4Bp) T 2(Bs+Br)(3Bs +4Bp)
04 = afﬁs+asﬁf+ ,Bsﬁf(ﬁs"'zﬁf) [y + Bsﬁf(sﬁs+6ﬁf) i
Bs+Br 2B+ BB +4Bp) T 2B+ Br)(B3Bs +4B)
ART = a/fﬁs + a’sﬂf + ﬁsﬂf(él'ﬁs + Sﬁf) )+ ﬁsﬁf(zﬁs + 3ﬁf) 'u
Bs+Br 2By +B (B +4Bp) T 2(Bs+Br)(3Bs +4B)
3
+ %(Dl - up) + %(#zwl — M2)
/lRT:a'fﬁs"‘a'sﬁf_i_ ﬁsﬁf(zﬁs+3:8f) [y + ,Bsﬁf(4ﬁs+5ﬁf) i
2T T B+Br 2B+ BNGB 4B 208+ Br)(3Bs 4B
+ ﬁ—f(Dl M1) — ﬁ4—f(,uz|131 —u2) +Br(Dy — u2)
‘We have
2 /lDA)Z > (AfT)Z - a}
Cost(DCN) = Z [ Bl ="
Note that
ayBs + ayfy . BsBr(4Bs +5Br) BsBr(2Bs +3By)

E[(4f")*] = (

+— (90‘12 + p?O‘zz + 6p(710'2)

Bs+Br  2(Bs+Bp) (3B +4Bp !

2B, + Br) (3B, +4B;)

:Bsﬁf(4ﬂs + Sﬁf)

E[(/lfT)z] _ (a'fﬁs +a’s,8f + ﬁsﬁf(zﬁs +3ﬁf)

ﬁQ
+ l_g (0'12 + (16 - 7pf)022 + 6p0'10'2)

afBs+asfr

Leta = =535
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B+ Br 2B+ BB +apn T

Z(Bs +ﬁf)(3,8s +4ﬁf)

2
#2)
2
,Uz)



The cost becomes

CBrB) )+ﬁfﬁs<20ﬁ§+29ﬁfﬁs+10ﬁ%>( )

— (04

B1B, B B+ BB+ 3p? T

BrBs(12B7 + 19515 + 857) 202 2057 /16 L
z(ﬁf+ﬁs)(4ﬂf+3ﬁs)2 M2 — 2,85 - 2,8f + 2ﬁf (100‘1 + (16—6ps)0'2 + 12p0‘10’2)

Now we note that

PBr+phy) ad ¥ (af—ay)?

B PBs Bs Br  Br+Bs

Therefore,

(a'f - as)z + a’f,Bs + a’s,Bf
Br+Bs Bs + By
ﬁfﬁs(zoﬁfc +29BB; + 1087)

Cost(DCN) = — (u1 + p2)

BrBs (12875 +198¢B; + 855)

2, .2
M+ u5) + H1H2
4B+ @EBr+3p07 L TE T 2(Br+By) (4Br +36,)?
+ & (50’12 + (8- 3p%)0‘22 + 6p0'10'2)
16 ‘
We can now prove the bounds on the Price of Anarchy. Assuming p; = p, we have
BrBs 2 Br 2
t(NB) — t(CN) = —— — L —
Cost(NB) — Cost(CN) 2B; + B (k1 = p2)" + = (01 = po2)
Cost(NB) - Cost(DCN) BrBs(128% + 198 + 8ﬁ%>( SPELTY ’
0s —Los = M1 — H2)" + ——(01 — pO22
4By +Bs) (4B s +3pBy)? 16

This implies 9/8 < PoA < 4/3 as desired.

Theorem 19 (Convex Supply Curves). Assume G~(x) = a + Bx + yx> with a, 8,y > 0.
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The centralized battery discharge decisions are given by

1
D4 = 5 (i = p2) +0(y%)
2
1 1 2D, ¥
ZX(Dy) = §(D1 — 1) — E(l«tzm1 —[2) — 2kf1 5 +0(y?),

The decentralized battery discharge decisions are given by

2 2
pa_ (2—ky) (o7 —03) y 2
= (u o) ~ 22240
k' 1 1 0'2—0'2 0-22|D Y
Z, (D) 2(4_}{}0)(#1 ﬂ2)+4( 1= M1) 4(,uz|d1 M2) + M=k ak, ,B+ (r")

Proof of Theorem 19. We first solve the centralized case.

Generation cost is

a(p1 + u2)
£l -2+ o+ 292+ % [ =20 + (2 + 20 7]

+ks |3 |
{é ( DA+D1—ﬂ1—ZfT(D1)
2

2

M1 — 274 k; M2+ 24 kf

i

We first note that if y = 0, then the generation cost is strictly convex (quadratic) in the decision

2
D> — ur + 287 (D,
+( DA, M2+ 27" (Dy)

Dy — iy + z{7 (D)
kg

1 ( pa  Di—pi—z{T(D1)

3
+ (,uz + 704 +
kg

variables. So, for y sufficiently close to zero, the global minimum is achieved where first-order
conditions hold with equality.

For each fixed D| = d,, we take the derivative w.r.t zX" (d;). By the law of iterated expecta-
tions, the expectation Ep, p, can be viewed as taking expectation Ep, followed by the conditional

expectation Ep,|p,, by focusing on sz(d 1) we fix the value D = d; while the inner expectation
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becomes an expectation over D, ~ n(-|D| = dy). We therefore get

k¢

1 di— i —zf(dy)) 1 Dy — pp + ZRT(Dy)
ED2~7T('|D1=d1){ﬂ [_E (,Ul - Z?A + kf 1 w0 +Z?A + kf 1

2
R DA+d1—/11—ZfT(d1) 1
7 k;

kg

2

Dy — pp + 287 (dy)

/12+ZIDA+ A 1 Y =0
f

We will calculate the expectations in terms of w4, and 0'22| a0 First we evaluate the expectation,

using the last equation of Proposition 23 to evaluate the quadratic term in D,, then multiply across

by k-

k% [k s = p2) + 2k pzP4 = (di = 1) + (paja, — p2) + 225 (dy)]

Y
TR
/

2 2
- (kf(,ul - PN d) - - ZfT(dl)) + 0'22|d1 + (l~tz|d1 — o+ 25 (dy) + kg (pa +Z?A)) ] =
Let y = y/B. We get

ky [(taay — o) = (dy = pr) = ky(pr — po) + 2k pz04 + 2257 (dy) |
+ 7{0§|d1 + [(H21ay — p2) + (dy = 1) + kg (py + p2) | %

[(21a, — p2) = (di — 1) — kp(pr — po) + 2k pz0 + 2287 (dy) | } =0 (C.6)

Taking the derivative w.r.t. z? A gives
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; [ﬁ [=(un = 2P + 2+ D] +y [=(u1 = 27D + (2 + 277

Dy — py —zf7(Dy)
ky

Dy — iy + 217 (D)

kg
2
}:0

+ (,u2+z11)A+

DA
- (ﬂl -zt

+ kaDl,Dz {IB

Dy — 1 —z¥(Dy)
ky

2

pa D=+ (D)

+ o+ 2P +
kr

+Y |- (/ll - Z?A +
or (withy =v/B):

(ks + k) (o = py + 220 + k(i + 1) (2 — 1 + 2204y
1
- kaDl,Dz{k—f (D2 — ) = (D1 — 1) + 227 (Dy)]

+ kiz [k (o — w1 +220%) + (D2 — o) = (D1 — 1) + 2257 (Dy) |
X [(D1 = 1) + (D2 = p2) + k(1 + p12) | } =0

or

(2 = p1 +220%) + k(o + 1) (2 = 1 +2274)7
1
+kaD1’D2{k_f [2ZfT(D1)]

+ klz [k (o — 1 +220%) + (D2 = po) — (D1 — ) + 2287 (Dy) |
S

X [(D1 = 1) + (D2 = p2) + k(1 + p12) | } =0 (C.7)

We now have equations (C.6) and (C.7) for z? A and z’fT(d 1) from first-order conditions on

sz(d 1) and z? 4 respectively, which we want to solve.
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‘We now write

DA ._ sDA , sDA 2
=Y+ 07

2y (do) = 21" (do) + 21" (do)¥ + O(7).
The main term of the z&7 (d,) derivative equation is, for every d;,
(oja, — p2) — (dy — ) = kp(py = po) + 2k 274 + 2287 (dy) = 0

or

_ _ k 1 1
K (dy) = —ks7P4 + jf(,ul - 2) + E(dl - 1) - 5(/42|d1 — H2)

Therefore,
=RT _pa ks
Elz7" (D1)] = —kpzy " + 7(#1 - H2)
The main term of the zP# derivative equation (C.7) gives
po — p1 + 2704 + 2B (28T (D)] = 0

Substituting the expression for E[ZfT(Dl)] gives

DA _ M1 — M2
1 = )

Putting Z? 4 into the expression for ZfT(d 1) gives
_RT 1 1
gy (di) = S (dv = ) = 5 (p2ja, — p).-
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The curvature correction term of the z’fT(a’ 1) derivative equation (C.6) gives

2320 + 227 (A1) + {03 g, + [t = ) + (dr = ) + k(i + )|

[(1ay — p2) = (di — p1) = kp(pn — o) + 2k pZ04 + 2280 (dy) | } =

Note that [(/12|d. —m2) = (dy — 1) — kyp(uy — po) + 2k_fZ?A + ZZfT(dl)] = 0 for every d; by

the defining equation for z T(dy). Therefore,
265204 + 2k 21T (dy) + 03 = 0

or

o2
2|d1

ART sDA
dy) = —k¢Z
(d1) = —ksZ) 2%

Taking the expectation over d; and using Proposition 23 gives

(1-p3)o;

sRT ke 5PA
B (D] = k20 - ——

The curvature correction term of the z? 4 derivative equation (C.7) gives

2204 4 ky(po + p1) (2 — 1 +2204)

E|22f7(Dy) ta [kf(,uz — 1 + 220 + (D2 — p2) — (D1 — ) + 2277 (Dy)]
f

X [(Dy = 1) + (D2 — po) + kg1 +p2)] | =0

Using Proposition 23, the last expectation term evaluates to 0 + (1 — p; )0' +0=(1-p; )0'
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Also substitute the expression for E[ﬁ’fT(Dl )] gives

1- ?0‘2 1
2504 2 [k p2PA - d-eioy 2’;;) : +kf(1 p3)os =0

This yields
P4 = 0.
Therefore,
o2
ART 2|d1
d) = .
(dy) = "3k,

We conclude that the battery discharges are given by

1 .
D4 = S (1 = ) + 0(7%)

2

1 1 904

RT |~ 2
d = — d — —_ = — —_ +0 R
1 ( 1) 2( 1 ,Ul) 2(,“2|d1 ﬂ2) 2‘]‘} () )

as claimed in the theorem.
‘We now solve the decentralized case.

The prices are given by

A4 =+ BdPA +y(dP)?

ADA = o+ BdPA +y(dD)?

JRT JRT 2
ART :01+,8(d1DA+1—) +y(d1DA+;)

kg ks
RT RT \ 2
A8 =g+ alDA+—d2 + d‘DA+—d2
2 = 2 X A ) X
f f
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with

P = 1y = DA
P = iy + 20
di' =Dy -y - 2 (Dy)

dXT =Dy — o + 28 (Dy)
The battery maximizes profit:
M= (P4 = 242+ B [T - el D)

We can write

I = B(p1 — po — 222" 2P + y (1 + po) (1 — po — 2294204

+E[,3 (,Ul —pp = 27204 + (D1~ ) - (Dzk— K2) =227 (D)) T (Dy)
f
+y (,Ul i+ (D) _,Ul)]:' (D7 - ﬂz)) (M i —2Ph s ((D1— 1) - (Dzk— u2) —2z280(Dy)) ZfT(Dl)]
f f
Taking derivative w.r.t. sz(dl) for a given fixed d; gives, for each d,
Ep,-r(ldy) | B (/11 — oy 204 4+ ((dr—pu) - (Dzk; H2) - 4ZfT(d1)))
ry ('ul i+ (d —ﬂl)]-:f(Dz —,Uz)) (,u1 - 2PA ((di - 1) - (Dzk; 112) —4sz(d1))) iy
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This reduces to

kfc(,ul — o =220 + kp(dy — 1) = kyp(uoja, — p2) — 4k 2 (dy)
2
+ ((Haja, — 12) + (d1 — 1) + kppn + ko)

X (~(kta, = ) + (dy = pur) = 4257 () + ks = kppiz = 2k 2% } (C3)

Now we take derivative w.r.t le A

Buy — o = 4204 + y (i + ) (u1 — pio — 4207)

(D1 — 1) + (D2 — o)
ky

+E|B(-2)z2f(D1) +y |11 + po + )(—2)ZfT(D1)] =0 (C.9)

We now have (C.8) and (C.9) from the first order conditions over sz(Dl) and z? A Now we
look at the main and curvature correction terms in turn.

Let ¥ = y/B. We write

DA _ DA , sDA~ 2
=+ Y+ 0(F0)

21 (D1) = 27 (D1) + 2f (D)7 + O(7%)
The main term of (C.8) gives

kp(pr — pa =220 + (dy — 1) = (p2ga, — p2) — 4257 (d1) =0
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or
_ 1 1 kf _
ZX(dy) = =(dy — 1) = = (pja, — p2) + = (1 — p2 = 22774
4 4 4
This gives
k
B2 (D) = 2 (ui - 2 = 2207
The main term of (C.9) gives
Blui = p2 =420 +E [B(=2)21T(D1)] = 0
Using the expression of E[ZX7(D)] gives
_pa_ ky =DA
Hy— i =450 = (i = 2 = 2277) =0

which gives

_DA _ (2 - kf) _
ST (H1 — p2)
Plugging this value of zP* into the equation for Zf (D) gives

sRT

7y (dy) = %(dl - H1) — %(ﬂzwl — p2) + (11 — p2)

k¢
24 —ky)

The curvature correction term of (C.8) gives
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or

- 2k3274 — 4k 2T (dh)

2

+ ((p2ja, — p2) + (dy — 1) + kppy + kppn)

X (_('UMI — u2) + (dy — 1) = 425 (dy) + kppay — kpun — 2ku?A) } =0
Using the expressions for z74 and z87 (d}), we calculate

(—(,uzwl — p2) + (dy — 1) = 425 (dy) + kppy — kppo — 2kf5?A) =0

Therefore, the last product term is zero. We therefore have

22DA ~RT 2

2
. kg, Taja
= -

This also gives

k (1 -p?)o?
sRT _ _Mapa _ )
E[Zl (D1)] = 5 < 4kf

The curvature correction term of (C.9) gives
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— 4204 4 (1 + o) (i — po — 4704

(D1 — 1) + (D2 — u2)

+E
ky

(-2)z{7(D1) + (m + i + ) (—2)2{”(1)1)] =0

We have calculated E[ffT(Dl)] above. Using the expression for ZfT(D 1) and Proposition 23,

we can also calculate

E[4((Dy - p1) + (D2 — p2)) X (Dy)]

2k
=E [((D1 — 1) + (D2 = w2)) [ (D1 — 1) — (H21p, — H2) + _f (1 —/12))]
(4 k)

E[(D1 - p1)* = (D1 = 1) (Hayp, — p2) + (D2 = i) (D1 = 1) = (D2 = o) (o, — p2)]
L2y
(4-ky)

2 2 2
= 0] — pooy + poioy — pso; +0

(11 = w2)E[(D1 — 1) + (D2 — p2)]

_ 2 2 2
=07 —Ps0;

Therefore,

(2-ky)
—4PA L (o) (1 -4 —— L2 ) (-
200+ (i uz)( 24—k (11 = p2)
kf (1 _p2)0.2 kf 2 0.2 _p20_2
| _Efpa _ TP sy [ — Sy - I Bl TR
o Y (p1 + p2) 20— k) (p1 = p2) K 1
or
k¢ (1 - p2)o? k ¢ ol - plo?
_4sDA Y 2 _ 2y 4 kesPA 4 e 2_ 2y _ 1 572 _
<] ey (47 — 13) < 2k, ey (17 — 13) 2k,
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or

2 2
~DA _ 0y~ 0,

U Tk (A= k)

Substituting the expression of 21D A into that of 2fT(d 1) gives

2_ .2 o2
0179 2|dy

4(4—kp)  4ky

2 (dy) =

This leads to the decentralized battery strategies as desired.

Price of Anarchy (Los Angeles 2023) Price of Anarchy (Houston 2023)
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Figure C.3: Price of Anarchy with finite battery capacity.
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Price of Anarchy (Los Angeles 2023) Relative Battery Capacity (Los Angeles 2023)
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Figure C.4: Price of Anarchy with endogenous battery capacity, considering battery investments
and operations.
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