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Abstract

Incentives in Market Design: Robust Auction Theory and Applications to Electricity Markets

Jerry Anunrojwong

Markets coordinate decisions of and interactions between agents and allocate resources. This

coordination requires a deep understanding of the operational details of each particular market:

who the participants are, what they have, what they know, and how they can interact.

While some markets form spontaneously, most markets do not. All of the aforementioned mar-

kets are human constructs that must be thoughtfully designed and optimized to function effectively

and equitably. A common thread throughout this thesis is the critical role of participants’ strategic

behavior and their interplay with constraints on market structure, available resources, and infor-

mation access. This thesis explores two themes in markets: robustness, and applications to energy

markets and battery operations.

Chapters 1 and 2 comprise the first theme. Traditional market design solutions often assume

that the designer knows the environment perfectly, but (i) this knowledge is often neither avail-

able nor reliable, and (ii) the optimal mechanism prescribed by the theory is often too complicated

or fine-tuned to the details of the environment, to be used in practice. Our work on robust auc-

tion design aims to design mechanisms that perform “well” against any “reasonable” shifts in the

environment.

One of the fundamental questions in market design is how to optimally sell an item. Devel-



oping mechanisms that are robust to incomplete information has remained an open question. In

Chapter 1, based on [1], we formalize and answer this question. We consider a seller optimizing

over dominant strategy incentive compatible (DSIC) mechanisms to minimize the worst-case gap

between mechanism revenue and the benchmark, where the only thing known about the value dis-

tribution of = buyers is the upper bound and the correlation structure. Surprisingly, despite the

rich class of DSIC mechanisms, we find the optimal mechanism is a second-price auction (SPA)

with random reserve, which remains optimal across a range of distribution classes capturing pos-

itive dependence, including i.i.d. and affiliated distributions. This provides an explanation for the

widespread use of SPA in practice.

In practice, while we do not have complete knowledge about the environment, we often do

have partial knowledge and we aim to incorporate side information into the robust framework. In

Chapter 2, based on [2], we extend the previous work by analyzing the role of support information

[0, 1] of buyer valuations. We show that if 0/1 is below a threshold, second-price auctions (SPA)

is optimal; if 0/1 is above another threshold, SPAs are now strictly suboptimal, and a new class of

mechanisms we call pooling auctions (POOL) is optimal; if 0/1 is between the two thresholds, a

randomization between SPA and POOL is optimal.

Chapter 3, based on [3], comprises the second theme, studying the impact of incentives and

market power for battery operations in electricity markets. Grid-scale batteries have become much

bigger just in the last few years to shift demand from the growing renewables from when the sun

shines and the wind blows to when people need energy. Because these privately-owned big batter-

ies maximize profit, they may not be fully aligned with the system goal of minimizing system cost.

We propose an analytically tractable model that captures salient features of the highly complex

electricity market. We analyze the resulting battery behavior and generation cost in three operat-

ing regimes: (i) no battery, (ii) centralized battery minimizing system cost, and (iii) decentralized

battery maximizing profit. We show that a decentralized battery distorts its discharge decisions

in three ways. First, there is quantity withholding, i.e., discharging less than centrally optimal.



Second, there is a shift in participation from day-ahead to real-time. Third, there is reduction in

real-time responsiveness, or discharging less in response to smoothing real-time demand than cen-

trally optimal. We quantify each of the three forms of distortions in terms of market fundamentals

through Price of Anarchy (PoA) and prove that PoA is always between 9/8 and 4/3. We cali-

brate our model to real data from Los Angeles and Houston and show that the loss from incentive

misalignment could be consequential, but still relatively small compared to the gains from having

enough battery capacity.
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Introduction

This thesis focuses on the role of incentives in the design and analysis of markets, and their

implications on the form of market structure, robust value of information, and market power.

The first two chapters of the thesis focus on the fundamental theory of auction market design,

with an emphasis on how to design auctions with optimal worst-case revenue guarantees in settings

with limited available information. Classical Bayesian mechanism design relies on the common

prior assumption, but the common prior is often not available in practice. In Chapter 1, we study

the design of prior-independent mechanisms that relax this assumption: The seller is selling an

indivisible item to = buyers such that the buyers’ valuations are drawn from a joint distribution that

is unknown to both the buyers and the seller (only the upper bound is known), buyers do not need

to form beliefs about competitors, and the seller assumes the distribution is adversarially chosen

from a specified class. We measure performance through the worst-case regret, or the difference

between the expected revenue achievable with perfect knowledge of buyers’ valuations and the

actual mechanism revenue. We study a broad set of classes of valuation distributions that capture

a wide spectrum of possible dependencies: independent and identically distributed (i.i.d.) distri-

butions, mixtures of i.i.d. distributions, affiliated and exchangeable distributions, exchangeable

distributions, and all joint distributions. We derive in quasi-closed form the minimax values and

the associated optimal mechanism. In particular, we show that the first three classes admit the

same minimax regret value, which is decreasing with the number of competitors, whereas the last

1



two have the same minimax regret equal to that of the case = = 1. Furthermore, we show that the

minimax optimal mechanisms have a simple form across all settings: a second-price auction with

random reserve prices, which shows its robustness in prior-independent mechanism design. En

route to our results, we also develop a principled methodology to determine the form of the opti-

mal mechanism and worst-case distribution via first-order conditions that should be of independent

interest in other minimax problems.

In Chapter 2, we study the same setting, but now we assume that both the lower bound 0 and the

upper bound 1 of the support of the buyers’ valuations are known. To be robust, the seller chooses a

DSIC mechanism that optimizes the worst-case performance relative to the ideal expected revenue

the seller could have collected with knowledge of buyers’ valuations. Our analysis unifies the

regret and the ratio objectives.

For these objectives, we derive an optimal mechanism and the corresponding performance in

quasi-closed form, as a function of the support information [0, 1] and the number of buyers =.

Our analysis reveals three regimes of support information and a new class of robust mechanisms.

i.) When 0/1 is below a threshold, the optimal mechanism is a second-price auction (SPA) with

random reserve, a focal class in earlier literature. ii.) When 0/1 is above another threshold, SPAs

are strictly suboptimal, and an optimal mechanism belongs to a class of mechanisms we intro-

duce, which we call pooling auctions (POOL); whenever the highest value is above a threshold,

the mechanism still allocates to the highest bidder, but otherwise the mechanism allocates to a

uniformly random buyer, i.e., pools low types. iii.) When 0/1 is between two thresholds, a ran-

domization between SPA and POOL is optimal.

We also characterize optimal mechanisms within nested central subclasses of mechanisms:

standard mechanisms that only allocate to the highest bidder, SPA with random reserve, and SPA

with no reserve. We show strict separations in terms of performance across classes, implying that

deviating from standard mechanisms is necessary for robustness.

In Chapter 3, we consider the impact of incentives and strategic behavior in a particular mar-

2



ket: battery operations in electricity markets. Electric power systems are undergoing a major

transformation as they integrate intermittent renewable energy sources, and batteries to smooth out

variations in renewable energy production. As privately-owned batteries grow from their role as

marginal “price-takers” to significant players in the market, a natural question arises: How do bat-

teries operate in electricity markets, and how does the strategic behavior of decentralized batteries

distort decisions compared to centralized batteries? We propose an analytically tractable model

that captures salient features of the highly complex electricity market. We derive in closed form

the resulting battery behavior and generation cost in three operating regimes: (i) no battery, (ii)

centralized battery, and (ii) decentralized profit-maximizing battery. We establish that a decentral-

ized battery distorts its discharge decisions in three ways. First, there is quantity withholding, i.e.,

discharging less than centrally optimal. Second, there is a shift in participation from day-ahead to

real-time, i.e., postponing some of its discharge from day-ahead to real-time. Third, there is reduc-

tion in real-time responsiveness, or discharging less in response to smoothing real-time demand

than centrally optimal.

We also quantify the impact of the battery market power on total system cost via the Price of

Anarchy metric, and prove that the it is always between 9/8 and 4/3. That is, incentive misalign-

ment always exists, but it is bounded even in the worst case. We calibrate our model to real data

from Los Angeles and Houston. Lastly, we show that competition is very effective at reducing

distortions, but many market power mitigation mechanisms backfire, and lead to higher total cost.

The work provides stakeholders with a framework to understand and detect market power from bat-

teries. It also shows that the potential loss from battery market power is relatively small compared

to the cost reduction achievable from having enough battery capacity in the system. Therefore,

independent system operators in rapidly changing markets might want to prioritize market entry of

batteries and only shift to market power mitigation once the market is more mature.

3



Chapter 1: On the Robustness of Second-Price Auctions in

Prior-Independent Mechanism Design

1.1 Introduction

One of the most fundamental questions in all markets is how to optimally sell an item. Selling

mechanisms have been prevalent throughout history, and they have been systematically studied in

the literature on optimal mechanism design dating back to the seminal work of [4]. The theory

is elegant and has led to an extensive literature. The classical theory, however, has a major con-

ceptual limitation encapsulated through the common prior assumption. It assumes that both the

seller and the buyers know the distribution of valuations of buyers and act optimally according

to this prior. This leads to mechanisms that depend on the detailed distributional knowledge and

the strategic and informational sophistication of the buyers, which are often not available in prac-

tice. This fundamental need to develop mechanisms that are “more robust” and less sensitive to

modeling assumptions is often referred to as the “Wilson doctrine” [5]. While there have been an

emerging literature on the topic in the last decades, the general derivation of appropriately “good"

mechanisms has been an open question, with few exceptions noted below. In the present chapter,

we make progress in understanding “good" prior-independent mechanisms across a variety of envi-

ronments. Quite strikingly, the mechanisms we obtain are minimax optimal across a broad variety

of classes of distributions typically considered.

In particular, this chapter focuses on the classical mechanism design setting in which a seller

wants to sell a good to = buyers. The buyers’ valuations are unknown to the seller and are assumed

to be drawn from a joint distribution L. In the classical mechanism design literature, L is assumed

to be known to the seller and the buyers. Here, we consider a prior-independent setting: while we

4



still assume that the buyers’ valuations are drawn from a distribution, the buyers and the seller do

not know this distribution. We will only assume that the seller knows that the distribution belongs

to a class F (we will analyze many such classes). Similarly, we will assume that the buyers do

not know the underlying joint distribution. We will therefore focus only on mechanisms that are

dominant strategy incentive compatible (DSIC): each buyer finds it optimal to report the truth

independent of all the other buyers’ valuations and strategies.

To quantify the performance of mechanisms, we will focus on the worst-case regret, or the

difference between the ideal expected revenue the seller could have collected with knowledge of the

buyers’ valuations and the expected revenue garnered by the actual mechanism. Because the seller

does not know the distribution, we assume the seller selects the mechanism that performs well

against any element in the class of distribution. In more detail, we take a minimax approach: the

seller selects a mechanism that minimizes the worst-case regret over all admissible distributions.

We refer to Section 1.2.1 for discussions on the choices of the benchmark, objective, as well as our

informational assumptions.

Our problem can be understood as a zero-sum game between the seller, who selects a mecha-

nism, and Nature, who best-responds by choosing a distribution. We focus on bounded valuations

and in this class, we will also consider a broad set of natural classes of joint distributions of valu-

ations: independent and identically distributed (i.i.d.) distributions, mixtures of i.i.d. distributions,

affiliated and exchangeable distributions, exchangeable distributions, and all joint distributions.

We aim to characterize the minimax optimal mechanism and its associated performance.

1.1.1 Summary of Main Contributions

Our main contributions can be summarized at a high level in Figure 1.1. The unified frame-

work and techniques we develop yield the minimax optimal mechanisms for regret for any number

of buyers = and across the classes of bounded i.i.d. distributions,1 two central classes that capture
1Note that in the i.i.d. case, we do not impose shape restrictions on the distribution such as regularity. However, as

we will see later, the worst-case distribution is regular, so the minimax optimal mechanism is exactly the same under
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dependence in valuations (exchangeable and affiliated distributions, and mixtures of i.i.d. distri-

butions), exchangeable distributions, and all joint distributions. Furthermore, we show that a cen-

tral mechanism emerges: the same mechanism is minimax optimal across the classes of bounded

i.i.d. distributions, mixtures of i.i.d. distributions, and affiliated and exchangeable distributions.

Our approach also yields optimal mechanisms for the exchangeable distributions and general dis-

tributions. A striking feature of our results is that optimal mechanisms have a surprisingly simple

form: across all our settings second-price auctions with random reserve prices attain the optimal

minimax regret. Our results thus speak to robustness of second-price auctions in prior-independent

settings.

i.i.d.
distributions

exchangeable and
affiliated distributions

mixture of
i.i.d. distributions

exchangeable
distributions

all
distributions

⊆

⊆

⊆

⊆

⊆

same minimax optimal
mechanism and performance

(depends on =)

same minimax optimal
mechanism and performance

(reduces to = = 1)

Figure 1.1: Summary of minimax optimal mechanisms and performances derived for different
distribution classes.

The case of i.i.d. valuations. We start by studying the case of i.i.d. valuations. Our main in-

novation is a principled methodology to come up with the candidate optimal mechanism and the

worst-case distribution via a saddle point argument. More specifically, assuming that a saddle

the class of regular i.i.d. distributions (cf. Remark after Theorem 1).
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point exists and that the optimal mechanism is a second-price auction with random reserve (along-

side a few regularity conditions), we derive necessary conditions for the structure of a worst-case

distribution (cf. Proposition 10) and the distribution of reserve prices (Proposition 11). We can

then establish the optimality of this mechanism, without any additional assumptions, via saddle

inequalities. The main result is presented in Theorem 1. In particular, this result yields the exact

structure, in quasi-closed form, of the minimax optimal mechanism. The distribution of the ran-

dom reserve price has to be constructed carefully, however, and is determined by a solution to a

particular ordinary differential equation.

A corollary of our analysis specialized to the case of a single buyer recovers the results of [6].

The case of positively dependent valuations. In addition to the i.i.d. case, we study two central

classes that capture the possibility of positive dependence. The first is the notion of affiliation,

which was studied under the name multivariate total positivity of order 2 (MTP2) in statistics [7,

8]. Affiliation was introduced to the mechanism design literature by [9] and has since become

standard in Bayesian mechanism design. To the best of our knowledge, this work is the first to

analyze affiliated distributions in a robust (minimax regret) setting. We establish, quite notably,

that the optimal mechanism against i.i.d. distributions is also minimax optimal against this broader

class (Proposition 2). We establish this result through another saddle point argument, where the

key is to control for the impact of allowable dependencies across valuations. We also establish

a similar result for the class of mixtures of i.i.d. distributions, which are used extensively in the

statistics literature due to their remarkable modeling power [10].

In other words, as shown in Figure 1.1, a second-price auction with carefully constructed dis-

tribution of reserve price is minimax optimal against a variety of classes of distributions.

General Insights. We then use our results to study a variety of related questions. First, we ex-

plore in more detail the structure of optimal mechanisms and the associated performance. In par-

ticular, we can quantify, for any number of buyers, the best performance achievable. In Table 1.1,
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we provide an example of the minimax regret with valuations in [0, 1].

number of buyers 1 2 3 4 5 ... 10 ∞
minimax regret 0.3679 0.3238 0.3093 0.3021 0.2979 ... 0.2896 0.2815

Table 1.1: Minimax regret as a function of the number of buyers = for valuations in [0, 1].

In order to obtain a baseline performance and to quantify the value of mechanism design in

a prior-independent environment, we also characterize the worst-case performance of two natu-

ral benchmark mechanisms: a Vickrey auction, i.e., a second-price auction with no reserve, and

also a second-price auction with a deterministic reserve price (cf. Proposition 5). Quite notably,

the worst-case performance of these mechanisms are similar across the the classes of i.i.d., ex-

changeable and affiliated, and mixtures of i.i.d.. These results are of independent interest, as they

characterize the worst-case performance of commonly used mechanisms.

We establish that the optimal minimax mechanism yields significant improvements over both

mechanisms. In particular, a reserve price is very valuable in prior-independent environments and

the use of a randomized reserve price is also critical to minimize the worst-case regret.

The results also allow us to characterize the impact of increased competition in prior-independent

environments. We characterize the minimax regret as the number of agents grows large (cf. Corol-

lary 2). In particular, we establish that even with large number of buyers, our optimal mechanism

(second-price auction with random reserve) still performs better than the standard second-price

auction. Our results also highlight that as the number of buyers grow large, the minimax regret

does not shrink to zero as the number of buyers grow large, and the limiting minimax regret can

be fully characterized. This apparently counter-intuitive result is driven by the fact that we allow

the worst-case distribution to depend on =; Nature can select (=-dependent) distributions that limit

(but not eliminate) the value of increased competition for the seller. Furthermore, this phenomenon

is robust to the choice of the benchmark. In fact, when taking the alternative benchmark associ-

ated with optimal revenues achievable with knowledge of the distribution of values, we can show

(Proposition 16) that for any =, the minimax regret also does not shrink to zero as = increases, and
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is at least 4−2 ≈ 0.1353.

The case of arbitrary joint distributions. Finally, we also show that our framework readily

yields a minimax optimal mechanism in the case of general exchangeable distributions or general

distributions (cf. Proposition 4). In these two cases, the problem in essence reduces to the case

with a single agent (= = 1) in terms of achievable performance. Intuitively, with arbitrary joint

distributions, nature may simply select only one “effective" buyer and not allow the seller to capi-

talize on competition across buyers. Our framework recovers the result for minimax regret against

general distributions obtained in [11].

We also note that our minimax problems are in general non-convex because of the restriction

on the classes of distributions Nature can optimize over. This is in sharp contrast to other robust

mechanism design problems studied in the literature, such as those in [6] and [12], where the

minimax problems are bilinear and, thus, efficiently solvable.

More broadly, there has been significant open questions on how to operate in prior-independent

environments and on the type of achievable performance in mechanism design in the absence of

priors (see, e.g., discussions in [13]). The present work can be seen as providing a broad spectrum

(across distribution classes and number of buyers) of exact/tight characterization of achievability

results in mechanism design without priors when the benchmark is the maximal value achievable.

The results and techniques developed here may open up the possibility of characterizing minimax

performance against alternative benchmarks or with alternative information structures.

1.1.2 Related Work

Our work is related to the streams of work on auction design and mechanism design, pioneered

by [14, 4, 15]. We refer the reader to the monographs by [16] and [17] for a review of classical

materials on auction design and mechanism design. These works set a stage for classical Bayesian

mechanism design for subsequent works, but they share an assumption that the distribution of
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valuations is common knowledge to both the buyers and the seller.

The present work contributes to a stream of work that aims at weakening the knowledge of the

seller, in the spirit of Wilson’s early call for detail-free mechanisms [5].

In the context of one agent, the problem reduces to that of pricing, and the early works most

closely related to our work are [6] and [18]. [6] considers a minimax regret problem, while [18]

considers a maximin ratio problem. Both papers consider the one-bidder case only. In the orig-

inal formulations of the two papers, [6] considers the first-best benchmark, while [18] considers

the second-best benchmark. An argument analogous to the proof of our Proposition 15 in Ap-

pendix A.6 immediately implies that in the one-bidder case, the first-best and the second-best

benchmarks are equivalent.

Both [6] and [18] specifically consider the random-posted-price mechanism class. In the one-

bidder setting, any DSIC mechanism is equivalent to posting a random price, so their settings

directly correspond to ours, and [6] is an immediate corollary of our results for = = 1.

However, there are unique problem features (and associated technical and conceptual compli-

cations) that arise in the presence of competing buyers (= ≥ 2) in our work that do not arise in the

= = 1 case. In the latter case, any DSIC mechanism is a random posted price, so the only question

involves determining this optimal distribution of posted prices, but in the = ≥ 2 case, there is no

such characterization. In a sense, the class of DSIC mechanisms is “large” and “unstructured.” In

particular, it is not obvious a priori that the optimal mechanism class should be SPA. We consider

identifying SPA as a focal mechanism class to consider as one of our main contributions.

Furthermore, the different distribution classes that we consider in our work (cf. Figure 1.1)

become distinct only for = ≥ 2; for = = 1 they all collapse to the same distribution class. The = ≥ 2

case is also structurally different from the = = 1 case because the = = 1 case is bilinear, that is, the

objective is linear in both the seller’s mechanism and Nature’s distribution and the problem can be

efficiently solved via linear programming duality as in [11, 12]. In contrast, for = ≥ 2 the objective

is still linear, in the seller’s mechanism but is no longer linear in Nature’s distribution, and we need
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to introduce new techniques to solve this problem.

[11] considers a minimax regret problem with multiple bidders and multiple items. They also

consider the first-best benchmark and the class of DSIC mechanisms. Each bidder’s utility is

assumed to be additive in each item, and the resulting mechanism separates across items. They also

let the distributions be arbitrary, and only bounds on the support are known; it is straightforward

to adapt our argument from Section 4.3 to imply that arbitrary distributions for any = reduces to

= = 1. The optimal mechanism exhibited in [11] is the same as our optimal mechanism for Fall

given in Proposition 4, Section 1.4.3 in our work.

The concurrent work of [19] considers maximin revenue rather than minimax regret, so there

is no benchmark. They consider the mechanism with the highest worst-case over the class of

i.i.d. distributions with known upper bound on the support and known mean. In the setting of our

work (in which only the upper bound is known) the maximin revenue is trivially zero, achieved

when Nature chooses the distribution that is always zero. Furthermore, they restrict the mechanism

class to second-price-auctions (SPA) with random reserve, and characterize the robustly optimal

SPA for every number of bidders = ≥ 1. They prove that a SPA is also optimal in the class of

all DSIC mechanisms when = ≤ 2. It remains open to characterize the optimal mechanism for

= ≥ 3. In contrast, we show that for the minimax regret objective, a SPA is optimal over all DSIC

mechanisms for all = ≥ 1 and over different distribution classes.

In the context of prior-independent mechanism design, very few optimality results are available.

In an approximation ratio context, and with the benchmark of optimal revenue with knowledge

of the distribution, initial guarantees against regular distributions are obtained in [20] through a

reinterpretation of the classical results of [21], and these are later improved in [22] and [23] for

two buyers, together with impossibility results. Optimality results are obtained for two buyers with

monotone hazard rate distributions in [23] and in [24] for regular distributions. We also refer the

reader to [25] for a survey.

Our work also relates to the design of optimal pricing and mechanisms with limited data. Some
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works assume access to samples drawn from the distribution [26, 20, 27, 28, 29, 30, 31]. Other

works assume knowledge of summary statistics of distributions; see, e.g., [32, 33, 34, 35].

Here, we focus on dominant strategy incentive compatible mechanisms. This is also motivated

by the fact that buyers often have limited aggregate information about the market. We refer the

reader to [36] for a formal justification for this assumption. Other works make different assump-

tions about the buyers. For example, [37, 38] assume that the buyers have ambiguity sets about the

valuations or distributions of other buyers.

Robustness has received significant attention in the mechanism design and contracting litera-

tures and we refer the reader to the recent survey [39]. We highlight here that a different form

of robustness is often also studied: robustness to the information structure such as higher order

beliefs and type spaces; see, e.g., [40]. The concurrent work of [41] studies optimal auction design

with mean constraints that is robust in this sense. In particular, he considers the class of arbi-

trary (not necessarily i.i.d.) distributions with bounded support and known marginal means, and

the objective is maximin revenue (no benchmark). Most importantly, the seller is allowed to use

any mechanism, that is not necessarily DSIC, and the solution concept is Bayes-Nash equilibrium

rather than dominant strategy equilibrium. The calculation of Bayes-Nash equilibrium involves

not just the valuation distribution itself, but also the information structure, i.e., who knows what,

and who knows about who knows what, and so on (higher order beliefs). [41] assumes that Nature,

apart from adversarially selecting a distribution from a distribution class, also adversarially selects

an information structure as well. He first restricts the mechanism class to SPA and characterizes

an optimal distribution of reserve prices. He then shows that the SPA is optimal among a broader

class of mechanisms he calls “competitive” but it remains open to show whether a SPA is optimal

among all mechanisms.

Lastly, there are also works on optimal robust mechanisms for selling multiple goods under

various objectives and knowledge assumptions; see, e.g., [42, 43].
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1.2 Problem Formulation

The seller wants to sell an indivisible object to one of = buyers. The = buyers have valuations

drawn from a joint cumulative distribution L.2 We assume that the seller does not know the distri-

bution of valuations of buyers L, and only knows the upper bound of the valuation of each agent,

normalized to 1. That is, the seller only knows that the support of the buyers’ valuations belongs to

[0, 1]=. The goal of the seller is to design a mechanism that minimizes her worst-case regret given

the limited information about the underlying distribution of valuations of buyers, where the regret

is defined as the difference between the revenue the seller could achieve with knowledge of the

valuations and the ones actually garnered. With knowledge of the valuations, the maximum rev-

enue achievable is given by the maximum valuation of all the buyers max(v) = max(E1, . . . , E=). In

other words, the difference between the benchmark and the revenue quantifies the value of knowing

the agents’ valuations.

Seller’s Problem. We model our problem as a game between the seller and Nature, in which the

seller first selects a selling mechanism and then Nature may counter such a mechanism with any

distribution of buyers’ valuations with the admissible support. Buyers’ valuations are then drawn

from the distribution chosen by Nature and they participate in the seller’s mechanism.

A selling mechanism < = (x, p) is characterized by an allocation rule x and a payment rule

p, where x : R= → [0, 1]= and p : R= → R. Given buyers’ valuations v ∈ [0, 1]=, G8 (v) gives

the probability that the item is allocated to buyer 8, and ?8 (v) his expected payment to the seller.

We will restrict attention to dominant strategy incentive compatible (DSIC) direct mechanisms.

For such mechanisms, buyers need not make any assumptions about the underlying distribution of

valuations and will find it optimal to report their true valuation, independently of the realization of

valuations of the other buyers. More formally, we require that the mechanism < = (x, p) satisfies

2Throughout, we use boldface to denote joint cumulative distributions or vectors.
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the following constraints:

E8G8 (E8, v−8) − ?8 (E8, v−8) ≥ 0, ∀8, E8, v−8 (IR)

E8G8 (E8, v−8) − ?8 (E8, v−8) ≥ E8G8 (Ê8, v−8) − ?8 (Ê8, v−8) ∀8, E8, v−8, Ê8 (IC)
=∑
8=1

G8 (E8, v−8) ≤ 1 ∀v (AC)

The ex-post individual rationality constraint (IR) states that each buyer 8 is willing to participate

because his payoff is at least his outside option, normalized to zero. The ex-post incentive com-

patibility constraint (IC) states that each buyer 8 always finds it optimal to report his true valuation,

regardless of the valuation of other buyers. Lastly, the allocation constraint (AC) states that the

seller can allocate at most one item. Note that we allow the seller’s mechanism to be randomized.

Throughout this chapter, we will focus on the class of all mechanisms satisfying these con-

straints, which we will call DSIC mechanisms:

M = {(x, p) : (IR), (IC), (AC)} . (1.1)

Informally, the seller seeks to maximize the expected revenue Ev∼L
[∑=

8=1 ?8 (v)
]

relative to the

benchmark associated with the revenues that could be collected when the valuations of the buyers

are known Ev∼L [max(v)]. We consider the regret objective defined by

Regret(<, L) = Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]

(1.2)

After the seller chooses a mechanism <, Nature then chooses a distribution L from a given

class of distributions F such that the valuation of the = agents v ∈ R=+ are drawn from L. The

seller aims to select the mechanism < to minimize the worst-case regret. Our goal, therefore, is to
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characterize the minimax regret

R∗= (F ) := inf
<∈M

sup
L∈F

Regret(<, L). (1.3)

The problem is specified by the choice of the class of mechanismsM, and the choice of the

class of distributions F . As stated before, we will consider the class of all DSIC direct mechanisms

M satisfying (IR), (IC), (AC) as defined in (1.1).

Admissible distributions. Lastly, we consider the choice of the class of admissible distributions

F . This class can be seen as capturing the “power” of Nature: the larger the class, the more power-

ful/adversarial Nature becomes. To date, when imposing no shape constraints in the distributions,

the only available results for this class of problems are for the regret objective and = = 1 [6], and

for arbitrary = when the class F is the class of arbitrary joint distributions [11]. Interestingly, the

minimax regret in the latter case is equal to that when = = 1. In other words, without further re-

strictions on its power, Nature can simply eliminate competition and more buyers do not improve

minimax regret against arbitrary distributions.

In the present work, we consider a broad set of natural candidates for F that represent a spec-

trum of possible levels of power for Nature. In particular, we will consider typical classes con-

sidered in the mechanism design literature when the distribution is assumed to be known, ranging

from the independently and identically distributed (i.i.d.) valuations case, to various notions of

common positive dependence structures (affiliated and exchangeable valuations and mixtures of

i.i.d. valuations), to general exchangeable distributions and general distributions.

1.2.1 Problem Formulation Discussion

Having laid out the problem formulation, we study, we now discuss different features of the

formulation.
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Benchmark. We consider the first-best benchmark, the maximum revenue achievable when the

valuations are known. Another reasonable choice of the benchmark is the second-best, the max-

imum revenue achievable when the distribution is known. Both the first-best benchmark and the

second-best benchmark are extensively used in the literature, and there is not necessarily a single

universal benchmark. The first-best benchmark has been used in the economics, operations, and

computer science literatures such as [6, 44, 11, 45, 46]. The first-best benchmark is also remi-

niscent of the offline optimum benchmark, which is extensively used in the analysis of algorithms

[47]. An advantage of the first-best benchmark is that it is easily computable and can be evaluated

counterfactually (using the reported values when the mechanism is DSIC).

We can show (cf. Proposition 15) that when the distribution class consists of all distributions,

minimax regret against the first-best benchmark and the second-best benchmark are equal, so the

choice of the benchmark is immaterial in that case.

When the distribution class is i.i.d., the choice of the benchmark matters. Extending our work to

the characterization of the minimax regret against the second-best benchmark when the distribution

class is i.i.d. is an important direction for future work. In general, it is not clear a priori if it

is possible to solve for the optimal minimax mechanism. In this chapter, we were able to show

that it is possible to do so against the first-best benchmark through a pure saddle point approach.

Characterizing a minimax mechanism against the second-best benchmark would require a different

approach because a pure saddle point cannot exist; we provide a more extensive discussion in

Appendix A.6.1. Instead, one would need to identify a mixed saddle point, which consists of an

optimal mechanism and the corresponding distribution over distributions, which is, at least at this

stage, a much harder object to deal with.

Upper Bound Information. Throughout the main text, we assume that the values have support

included in [0, 1]. This is purely a normalization for expositional convenience. If the support is

[0, 1] for some known upper bound 1, then the mechanism, distribution, and regret are all scaled

16



by 1 (we formalize this in Proposition 13).

The motivation for the knowledge of an upper bound on the support is that we operate in a

world with minimal or no data, and significant “Knightian” uncertainty. In particular, we think

of the upper bound as some “minimal amount of information” that can be collected even in the

absence of data. Upper bounds can be obtained by consulting experts, using domain knowledge,

or common sense. Some examples might be launching a new product, or auctioning rarely traded

goods (fine art, collectibles, jewelry). In these contexts, it might be easier or more intuitive for

experts to come up with a range of values than distributional parameters such as the mean of the

distribution of values, derived quantities such as the optimal monopoly price, or the exact shape of

the distribution.

We emphasize that the upper bound simply defines an absolute upper bound on the feasible

region of the distributions and need not be the exact actual support of the distribution of values.

For example, the seller can err on the side of caution and choose a conservative upper bound. Even

when the upper bound is “misspecified,” the performance degrades gracefully with the error; we

provide an extensive discussion and analysis in Appendix A.5.

DSIC Mechanism Class. Our work focuses on dominant strategy as a notion of robustness be-

cause this notion of robustness protects against uncertainty in both the valuation distribution and

bidder behavior. Under dominant strategy incentive compatibility, each bidder is incentivized

to report her value truthfully regardless of all other bidder’s behavior. This solution concept is

very compelling because the optimal bidder strategy is simple and, therefore, predictable to the

seller and bidders alike, and it levels the playing field between bidders with potentially different

knowledge and ability to strategize [48]. In contrast, if we further extend our mechanism class

to non-DSIC mechanisms, some bidders may behave strategically, and how they behave will de-

pend intricately on the amount of their knowledge and sophistication, which are not necessarily

known to the seller. The choice of DSIC mechanisms allows us to avoid having to make strong

17



assumptions about bidder behavior.

1.3 Analysis of Minimax Regret for i.i.d. Valuations

In this section, we focus on the class Fiid of i.i.d. valuations with support in [0, 1]=, which we

can define formally as follows.

Definition 1. The class Fiid consists of all distributions such that there exists a distribution � with

support on [0, 1], referred to as the marginal, such that L(v) = ∏=
8=1 � (E8) for every v ∈ [0, 1]=.

Before introducing the main result, we recall the definition of a second-price auction (SPA)

with reserve as such mechanisms will appear in the result. Let v = (E1, . . . , E=) ∈ R=+ be the

valuations of the = agents and E (1) ≥ E (2) ≥ · · · ≥ E (=) be the order statistics. A second-price

auction with reserve ? allocates the item to the highest bid (breaking ties arbitrarily) and charges

payment max(E (2) , ?) if the highest bid is at least ?, and otherwise, does not allocate or charge

anything. When ? is drawn from a distribution, the mechanism is a second-price auction with

random reserve price. It is straightforward that such mechanisms are DSIC.

We are now ready to give the statement of our main result that fully characterizes the optimal

mechanism and optimal performance of the minimax regret problem.

Theorem 1 (Optimal mechanism and optimal performance). The minimax regret admits as an

optimal mechanism a second-price auction with random reserve price with cumulative distribution

Φ∗= on [A∗=, 1] given by

Φ∗= (E) =
(

E

E − A∗=

)=−1
log

(
E

A∗=

)
−
=−1∑
:=1

1
:

(
E

E − A∗=

)=−1−:
,

where A∗= ∈ (0, 1/=) is the unique solution to

(1 − A∗)=−1 + log(A∗) +
=−1∑
:=1

(1 − A∗):
:

= 0.
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Furthermore, the minimax regret is given by

R∗= (Fiid) = (1 − A∗=)=−1 −
∫ E=1

E=A∗=

(
1 −

A∗=
E

)=−1
3E.

This result provides, in quasi-closed form, a minimax regret optimal mechanism for any num-

ber of buyers when the valuations are i.i.d., and the corresponding optimal performance. Quite

remarkably, the minimax optimal mechanism admits a simple structural form: a second-price auc-

tion with reserve, but the minimax optimal reserve price is random. We present and discuss these

in detail, together with more intuition on the structure of the optimal mechanism, in Section 1.5.

Remark. As we will see in the proof, the worst-case distribution against the optimal mechanism

above happens to have non-decreasing virtual values on the interior of its support, with a mass

at the maximum of its support. In turn, the result above implies that we have also identified the

minimax regret when restricting attention to regular distributions with finite support.

Remark on the case = = 1. An important corollary is the = = 1 agent case, where we get the

results of [6] associated with support [0, 1] as a special case.

Corollary 1. Suppose = = 1. We have A∗1 = 1/4 and Φ∗1(E) = log(E) + 1 for E ∈ [1/4, 1]. The

minimax regret is 1/4.

1.3.1 Key Ideas for the Proof of Theorem 1

Below, we detail the key ideas underlying the derivation of a candidate minimax regret optimal

mechanism. The proof is presented in Section 1.3.3.

The proof relies on a saddle point argument. Formally, a saddle point is defined as follows.
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Definition 2 (Saddle Point). (<∗, L∗) is the saddle point of '= (<, L) if

'= (<∗, L) ≤ '= (<∗, L∗) ≤ '= (<, L∗) for all < ∈ M, L ∈ F

Note that if (<∗, L∗) is a saddle point then inf< supL '= (<, L) ≤ supL '= (<∗, L) ≤ '= (<∗, L∗) ≤

inf< '= (<, L∗) ≤ inf< supL '= (<, L), which allows us to conclude that '= (<∗, L∗) = inf< supL '= (<, L).

So to solve the minimax problem, it is sufficient to exhibit a saddle point and prove the correspond-

ing saddle inequalities. Existence of a saddle point implies that the simultaneous-move game be-

tween the seller and Nature in which the seller chooses a mechanism and Nature a distribution

admits a Nash equilibrium.

Our approach relies on two main parts: i.) a principled method to pin down (under additional

assumptions) what the structure of <∗ and L∗ should be, and then ii.) verify formally that the pair

(<∗, L∗) derived earlier is indeed a saddle point.

Our approach for i.) relies on two main steps. We first conjecture that <∗ is a second-price

auction (SPA) with random reserve drawn from a distributionΦ∗ which admits a density. Then, we

provide an explicit formula for the regret '= (Φ, L). In particular, we show that this regret admits

two possible representations:

• An expression that involves only the marginal � (E) and not its derivative. This expression

will appear in (Regret-�) in Proposition 1.

• An expression that only depends on Φ and not its derivative, and is explicitly linear in Φ.

This expression will appear in (Regret-Φ) in Proposition 1.

Based on these two alternative representations, we heuristically derive a candidate saddle point

using an “inverse” optimization approach.

To do so, first, we use the seller’s first-order conditions for an optimal distribution of reserve

prices Φ∗ to derive a worst-case distribution L∗. In particular, because the regret can be seen as

20



being linear inΦ (cf. (Regret-Φ)), if we plug-in the (unknown) worst-case distribution L∗, the first-

order conditions for the seller (under some conditions) dictate that the coefficient of each Φ∗(E)

should be zero whenever the optimal distribution of reserve prices Φ∗ is interior. Because this

coefficient only depends on the distribution, this gives an equation that �∗ should satisfy, pinning

the value of a candidate L∗.

Second, we use Nature’s optimality conditions for the worst-case distribution L∗ to pin down

the candidate optimal distribution of reserves Φ∗. The crucial ansatz we make is that both distri-

butions have the same support [A∗, 1]. We require that the distribution L∗ we derived is actually

worst-case optimal for Nature. Because the regret expression in (Regret-�) only involves the

marginal distribution, fixing Φ∗, we show that pointwise optimization leads to simple optimality

conditions for the worst-case distribution �∗. By requiring that the worst-case distribution is �∗,

we obtain an ODE equation that pins down the distribution of reserve prices Φ∗. Lastly, we show

that a unique A∗ is possible. In Appendix A.1, we give more details on our derivation of candidate

mechanisms and distributions in the saddle point.

Finally, once we have the candidate <∗ = SPA(Φ∗) and L∗, we formally verify the saddle

inequalities in Section 1.3.3. Importantly, the saddle verification does not require any of the addi-

tional assumptions that we made to obtain the candidate saddle point and so the result yields the

actual minimax optimal mechanism (in the space of all DSIC mechanisms) and its performance.

1.3.2 Regret of a Second-Price Auction with Random Reserve

Consider a second-price auction with random reserve price distribution Φ. In such an auction,

first, all = agents submit their bids v ∈ R=+, then we draw the random reserve price ? from the

distribution Φ and finally the seller runs the second-price auction with reserve ? to determine

the allocation and payment. We denote such a mechanism as SPA(Φ). The expected revenue

of SPA(Φ) is E?∼Φ
[
max(E (2) , ?)1(E (1) ≥ ?)

]
. As noted earlier, for any Φ, SPA(Φ) ∈ M: the

second-price auction with random reserve mechanism is DSIC.
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We will now derive the regret of SPA(Φ) against the distribution L, denoted '= (Φ, L). We

will further assume that Φ has a density and is supported on [A∗, 1] because that is all we need for

the proof. We will first derive the (Regret-L) expression that is valid for any joint distribution L.

Then we will specialize to the case when L is i.i.d., and we get the (Regret-�) expression and an

alternative (Regret-Φ) expression.

Proposition 1. Assume thatΦ has a density and is supported on [A∗, 1]. Then the regret of SPA(Φ)

under distribution �, denoted '= (Φ, �), is given by

'= (Φ, �) = A∗ −
∫ E=A∗

E=0
L(1)= (E)3E

+
∫ E=1

E=A∗
(1 − EΦ′(E) −Φ(E)) (1 − L(1)= (E))3E +Φ(E) (L(2)= (E) − L(1)= (E))3E

(Regret-L)

where L(1)= (?) = PrL
(
E (1) ≤ ?

)
and L(2)= (?) = PrL

(
E (2) ≤ ?

)
are the CDFs of the first- and

second-highest order statistics, respectively, and the subscript = is to explicitly note that we com-

pute the probability over = agents.

If we assume that L is i.i.d. and write � (·) for each agent’s marginal CDF, then

'= (Φ, L) = A∗ −
∫ E=A∗

E=0
� (E)=3E

+
∫ E=1

E=A∗
(1 − EΦ′(E) −Φ(E)) (1 − � (E)=) +Φ(E)=� (E)=−1(1 − � (E))3E (Regret-�)

Furthermore, if we assume that � is supported on [A∗, 1] and �′(E) exists on (A∗, 1), then

'= (Φ, L) = A∗ −
∫ E=A∗

E=0
� (E)=3E

+
∫ E=1

E=A∗
(1 − � (E)=) + =� (E)=−1(1 − � (E) − E�′(E))Φ(E)3E (Regret-Φ)
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1.3.3 Proof of Theorem 1

We are now ready to prove our main result, Theorem 1.

Proof of Theorem 1. We define L∗= = (�∗= )= to be the i.i.d. distribution over = valuations with

marginal �∗= , and �∗= is the isorevenue distribution starting at A∗= as given by �∗= (E) = 1 − A∗=/E for

E ∈ [A∗=, 1) and �∗= (1) = 1. We also define the optimal mechanism <∗= = SPA(Φ∗=).

Step 1 (Nature’s optimality). We will first prove that '= (<∗=, L) ≤ '= (<∗=, L∗=), or equivalently,

'= (Φ∗=, L) ≤ '= (Φ∗=, L∗=). Note that Φ∗= has a density, and is supported on [A∗=, 1], so '(Φ∗=, L) is

given by the (Regret-�) expression in Proposition 1. Because
∫ E=A∗=
E=0 � (E)= ≥ 0, we have

'= (Φ∗=, L) ≤ A∗= +
∫ E=1

E=A∗=

(1 −Φ∗= (E) − E(Φ∗=)′(E)) (1 − � (E)=) + =� (E)=−1(1 − � (E))Φ∗= (E)3E

= A∗= +
∫ E=1

E=A∗=

{
=A∗= − E
E − A∗=

+ =� (E)=−1 − (= − 1)E
E − A∗=

� (E)=
}
Φ∗= (E)3E

≤ A∗= +
∫ E=1

E=A∗=

sup
I∈[0,1]

{
=A∗= − E
E − A∗=

+ =I=−1 − (= − 1)E
E − A∗=

I=
}
Φ∗= (E)3E

where the equality in the second line follows from from the fact that satisfies the ordinary differ-

ential equation (ODE-Φ): (Φ∗=)′(E) +
(=−1)A∗=
E(E−A∗=)Φ

∗
= (E) = 1

E
; this fact is established in Proposition 12.

Finally, the last inequality is a pointwise bound.

The derivative of the expression in inside the supremum with respect to I is =(= − 1)I=−2(E −

A∗= − EI)/(E − A∗=) which is less than or equal to zero for I ≤ 1 − A∗=/E and is greater than or equal

to zero for I ≥ 1 − A∗=/E. Therefore, it is maximized at I = �∗= (E) = 1 − A∗=/E. As a result,

'= (Φ∗=, L) ≤ A∗= +
∫ E=1

E=A∗=

{
=A∗= − E
E − A∗=

+ =�∗= (E)=−1 − (= − 1)E
E − A∗=

�∗= (E)=
}
Φ∗= (E)3E = '= (Φ∗=, L∗=).

Step 2 (Seller’s optimality). Now we want to show that '= (<∗=, L∗=) ≤ '= (<, L∗=). That is, if

we fix the distribution to be L∗=, then <∗ achieves the lowest regret among all mechanisms. We
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note that '= (<, L∗=) = Ev∈L∗= [max(v)] − Ev∈L∗=
[∑=

8=1 ?8 (v)
]
. The first term does not depend on

< and the second term is the expected revenue under L∗=. Therefore, we want to show that <

maximizes the expected revenue under L∗=. Our calculation is analogous to [4] but we cannot use

the standard results directly because L∗= is a mixture of a point mass and an absolutely continuous

distribution with density, so we will work out the expected revenue expression from first principles.

The details are standard (because it is a Bayesian mechanism design problem) and are provided in

Appendix A.2 for completeness.

1.4 Minimax Regret under Various Families with Dependent Valuations

So far, we have characterized the minimax regret inf<∈M supL∈F '= (<, L) only for the class

Fiid of = i.i.d. agents. In this section, we extend our framework by considering other choices of the

class of distribution F that capture different notions of dependence between agents’ valuations.

1.4.1 Exchangeable and Affiliated Distributions

In this section, we analyze the class of exchangeable and affiliated distributions (referred to as

multivariate total positivity of order 2, or MTP2, in statistics). The notion of affiliation is a notion

of positive dependence that was introduced to the mechanism design literature by [9] and has since

become standard. We restrict attention to distributions that are symmetric as, otherwise, Nature

can eliminate competition by setting the valuations of all but one bidder to zero.

Definition 3. A distribution L over = real valuations is exchangeable if it has the same joint

distribution under any ordering of those valuations. Formally, a vector of random variables

v = (E1, . . . , E=) is exchangeable if for any permutation f : {1, 2, . . . , =} → {1, 2, . . . , =}, the

random variables (Ef(1) , Ef(2) , . . . , Ef(=)) and (E1, . . . , E=) have the same joint distributions. A

joint distribution L is exchangeable if the corresponding random variable is exchangeable.
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To give a formal definition of affiliation, we need a few auxillary definitions.3 First, a subset �

of R= is called increasing if its indicator function 1� is nondecreasing. Second, a subset ( of R= is a

sublattice if its indicator function 1( is affiliated, i.e., for any v, v′ ∈ ( we have v∧v′ ∈ ( and v∨v′ ∈

( where v∧v′ = (min(E1, E
′
1), . . . ,min(E=, E′=)) and v∨v′ = (max(E1, E

′
1), . . . ,max(E=, E′=)) denote

the component-wise minimum and maximum of v and v′, respectively. For a distribution L and sets

� and (, we write PrL (�|() as the probability that a random variable drawn from the conditional

distribution L restricted to ( is in �.

We can now give the definition of affiliation.

Definition 4. A distribution L is affiliated if for all increasing sets � and � and every sublattice

(, PrL (� ∩ � |() ≥ PrL (�|() PrL (�|().

The following property of affiliation is well-known (see e.g. Theorem 24 of [9]) and we will

use it throughout. Assume that the distribution L has a density 5 . L is affiliated if and only if

5 satisfies the affiliation inequality 5 (v) 5 (v′) ≤ 5 (v ∧ v′) 5 (v ∨ v′) for almost every v, v′. If L

is a discrete distribution, the same relationship holds when we interpret 5 as the probability mass

function.

We denote by Faff the set of all exchangeable and affiliated distributions with support [0, 1]=.

Clearly Fiid ⊂ Faff and hence R∗= (Faff) ≥ R∗= (Fiid). We are now ready to state our main result of

this section.

Proposition 2. Let <∗= be a SPA with reserve CDF Φ∗= with the corresponding A∗= as given by

Theorem 1, and �∗= be the = i.i.d. isorevenue distributions with A∗= as given in (�-IsoRevenue).

Then for any exchangeable and affiliated distribution L over = agents and any mechanism <,

'= (<∗=, L) ≤ '= (<∗=, L∗=) ≤ '= (<, L∗=). Therefore, R∗= (Faff) = R∗= (Fiid).

Before we proceed to the formal proof, we give some high-level idea on the forces behind

the result. Fixing the marginal distributions, increasing dependence should increase revenue of a
3We follow the treatment in the appendix of [9].
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SPA because the second highest valuation would tend to be closer to the highest valuation. One

also needs to understand the impact of increasing dependence on the benchmark. For affiliated

distributions, we show in Lemma 1 below that the distribution of the first-order statistic is first-

order dominated by the maximum of = i.i.d. copies. Our result uses this to establish that the

worst-case distribution of Nature is i.i.d.

Proof of Proposition 2. We have already shown in the second part of the proof of Theorem 1

that '= (<∗=, L∗=) ≤ '= (<, L∗=), so we only need to show the first part, which is '= (Φ∗=, L) ≤

'= (Φ∗=, L∗=). In the proof, we will work with order statistics of the distribution over a subset of

agents, defined as follows.

Definition 5. Let L be an exchangeable distribution and 1 ≤ : ≤ =. Any restriction of L to :

valuations leads to the same distribution regardless of which : specific valuations we choose. We

can then define L( 9)
:

to be the distribution of the 9-th highest order statistics under such a restricted

distribution. For example, L(1)
:
(?) = Prv∼L (max(E1, E2, . . . , E: ) ≤ ?).

We first prove the following lemma.

Lemma 1. If L is exchangeable and affiliated, then � (1)= (?)1/= ≥ � (1)=−1(?)
1/(=−1) for every ?.

Proof of Lemma 1. Theorem 23 in the Appendix of [9] implies that if v ∼ L such that L is affili-

ated, and ℎ1, . . . , ℎ= are nondecreasing functions of v, then ℎ1(v), . . . , ℎ= (v) are affiliated. There-

fore, if we define the random variables .: = 1(E: > ?) for each : , then _ = (.1, . . . , .=) are affil-

iated. Because v is exchangeable, so is _ . By exchangeability, we can define for each 0 ≤ : ≤ =

and y ∈ {0, 1}=, Pr(_ = y) = D: if y = (H1, . . . , H=) has : 1’s and = − : 0’s. We use the nota-

tion 1: for 1 repeated : times, and likewise for 0: . The affiliation inequality for _ implies, for

0 ≤ : ≤ = − 1,

Pr(_ = (1: , 0=−: )) Pr(_ = (0: , 1, 0=−:−1)) ≤ Pr(_ = (1:+1, 0=−:−1)) Pr(_ = 0=),
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or D:D1 ≤ D:+1D0. We can apply this inequality inductively to get D:D:−1
0 ≥ D:1 for every 1 ≤ : ≤ =.

From
∑

y Pr(_ = y) = 1 we have D0 +
∑=
:=1

(=
:

)
D: = 1 because there are

(=
:

)
possible y’s that have

: 1’s. Therefore,

�
(1)
= (?)=−1 = D=−1

0 = D=−1
0

(
D0 +

=∑
:=1

(
=

:

)
D:

)
≥ D=0 +

=∑
:=1

(
=

:

)
D=−:0 D:1 = (D0 + D1)= = � (1)=−1(?)

=.

Back to the main proof. Using the regret expression4 from Proposition 1, we have

'(Φ∗=, L) ≤ A∗= +
∫ ?=1

?=A∗=

(
1 − ?(Φ∗=)′(?) −Φ∗= (?)

) (
1 − L(1)= (?)

)
3? +Φ∗= (?)

(
L(2)= (?) − L(1)= (?)

)
3?.

[49], equation 5.3.2, states that the distribution of the second order statistics satisfies (in our nota-

tion)

L(2)= (?) = =L(1)=−1(?) − (= − 1)L(1)= (?).

The defining ODE of Φ∗= is

(Φ∗=)′(?) =
1
?
−
(= − 1)A∗=
?(? − A∗=)

Φ∗= (?).

Substituting the expressions for L(2)= (?) and (Φ∗=)′(?) in the inequality above gives

'(Φ∗=, L) ≤ A∗= +
∫ ?=1

?=A∗=

( (= − 1)A∗=
? − A∗=

− 1
)
Φ∗= (?) (1 − L(1)= (?)) + =Φ∗= (?) (L

(1)
=−1(?) − L(1)= (?))

= A∗= +
∫ 1

?=A∗=

( (= − 1)A∗=
? − A∗=

− 1 − (= − 1)?
? − A∗=

L(1)= (?) + =L(1)=−1(?)
)
Φ∗= (?)3?

4To prevent confusion, we remind the reader that L (1)= is the CDF of the first order statistics of L over = agents,
whereas L∗= is the i.i.d. isorevenue distribution starting at A∗= and is not related to the generic L.
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Now we apply Lemma 1 which gives L(1)
=−1(?) ≤ L(1)= (?) (=−1)/=, so

'(Φ∗=, L) ≤ A∗= +
∫ 1

?=A∗=

( (= − 1)A∗=
? − A∗=

− 1 − (= − 1)?
? − A∗=

L(1)= (?) + =L(1)= (?) (=−1)/=
)
Φ∗= (?)3?

≤ A∗= +
∫ 1

?=A∗=

sup
I∈[0,1]

{ (= − 1)A∗=
? − A∗=

− 1 − (= − 1)?
? − A∗=

I + =I(=−1)/=
}
Φ∗= (?)3?.

The derivative of the expression inside the supremum with respect to I is − (=−1)?
?−A∗= + (= − 1)I−1/=

which is less than or equal to zero for I ≤
(
?−A∗=
?

)=
= �∗= (?)= and greater than or equal to zero for

I ≥ �∗= (?)=. Therefore, the expression is maximized when I = �∗= (?)=, giving us

'= (Φ∗=, L) ≤ A∗= +
∫ 1

?=A∗=

( (= − 1)A∗=
? − A∗=

− 1 − (= − 1)?
? − A∗=

�∗= (?)= + =�∗= (?)=−1
)
Φ∗= (?)3? = '= (Φ∗=, L∗=)

as desired.

1.4.2 Mixture of I.I.D. Distributions

In this section, we consider another common class of distributions that captures positive depen-

dence. We consider the class Fmix of all mixtures of i.i.d. distributions over = agents. The mixture

of i.i.d. class is very common in statistics as a way to flexibly model dependences through latent

variables [50], which is interpretable in our mechanism design context as unknown random states

of the world.

Definition 6. Fmix is the class of all distributions L such that there exists a probability measure `

on the set of distributions satisfying L(v) =
∫ ∏=

8=1� (E8)3`(�) for every v.

In the previous definition,� is the i.i.d. distribution that = agent valuations are drawn i.i.d. from,

and `(�) is the weight of � in the mixture that comprises L. We note that mixtures of i.i.d. have

pairwise non-negative covariance, i.e., if v ∼ L ∈ Fmix, then Cov(E8, E 9 ) ≥ 0 for every 8, 9 .5

5Proof: denote by <(�) the mean for marginal �, then by the law of total covariance, Cov(E8 , E 9 ) =

Var� (<(�)) ≥ 0.
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Therefore, the class Fmix also captures positive dependence.

We note that the classes Faff and Fmix, while both capturing positive dependence, are not “com-

parable” in the sense that one is not contained in the other, as formalized below.

Lemma 2. We have that Faff ( Fmix and Fmix ( Faff.

In the proof of Lemma 2, we construct an explicit example of a distribution that is affiliated

but not a mixture of i.i.d., and another example of a distribution that is a mixture of i.i.d. but not

affiliated.

Clearly Fiid ⊂ Fmix and hence R∗= (Fmix) ≥ R∗= (Fiid). The main result of this section is:

Proposition 3. R∗= (Fmix) = R∗= (Fiid).

This equality holds because the class of mixtures Fmix is the convex hull of Fiid. Therefore, if

we interpret the minimax problem as a game between Nature and the seller, under Fmix, Nature can

choose a strategy randomizing over Fiid whereas under Fiid Nature must choose a pure strategy.

However, because Nature goes second in the sequential game, there is an optimal pure strategy.

This follows because Nature’s payoff is linear in its action, i.e., the distribution. The formal proof

is given in Appendix A.3.

1.4.3 Exchangeable Distributions and All Distributions

In this section, we consider the class Fexc of all exchangeable distributions and the class Fall

of all distributions. Clearly Fexc ⊂ Fall and hence R∗= (Fall) ≥ R∗= (Fexc). The main result of this

section is that R∗= (Fexc) = R∗= (Fall) = 1/4, which is independent of =. This result is a slight

generalization (in the case of one item) of [11], who proved a similar result on Fall. In the present

case, the result emerges from the same framework as the rest of this chapter. The proof is given in

Appendix A.3.6

6We also omit the subscripts of L∗, <∗,Φ∗, A∗ in the proposition and proof to reduce conflation with the analogous
quantities from the i.i.d. case and to reduce clutter.
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Proposition 4. For each : = 1, . . . , =, let L∗,: be a distribution on [0, 1]= such that for v ∼ L∗,: ,

E8 = 0 for any 8 ≠ : , and E: follows the isorevenue distribution on [1/4, 1], that is,

�∗,: (E: ) =



0 if E: ∈ [0, 1/4]

1 − 1
4E:

if E: ∈ [1/4, 1)

1 if E: = 1.

Let L∗ = 1
=

∑=
:=1 L

∗,: be the uniform mixture of all the L∗,: ’s. Let <∗ = SPA(Φ∗) such that Φ∗ is

supported on [1/4, 1] and is given by

Φ∗(?) = log(E) + 1 for ? ∈ [1/4, 1]

Then, for any mechanism < and distribution L ∈ Fall, '= (<∗, L) ≤ '= (<∗, L∗) ≤ '= (<, L∗).

Moreover, R∗= (Fexc) = R∗= (Fall) = '= (<∗, L∗) = 1/4 because L∗ is exchangeable.

This proposition shows that for any =, the minimax regret with respect to either Fall or Fexc is

1/4. This is the same value as the minimax regret with respect to Fiid with = = 1 in Corollary 1.

Furthermore, the optimal mechanism in this case is the same as the optimal mechanism for Fiid

with = = 1, and the worst-case distribution is of the form: select an agent uniformly at random

such that this agent has the same isorevenue distribution as the = = 1 case, and all the other agents

have zero valuation. These are the formal correspondences that we previously alluded to when we

say that under Fall and Fexc, Nature eliminates all competition and any = reduces to = = 1.

1.5 Minimax Optimal Mechanism and Performance: General Insights

Now that we have derived the optimal mechanism, the optimal performance, and the worst-

case distribution for the minimax regret, in this section, we explore the structure of the optimal

mechanism, compare the performance with “natural” alternative mechanisms, and evaluate the

30



value of competition. We do so for the cases of i.i.d., exchangeable and affiliated, and mixtures of

i.i.d. distributions.

1.5.1 Structure of the Optimal mechanism

Through our analysis, we obtain the first minimax regret results for an arbitrary number of

buyers across a spectrum of distribution classes. In Figure 1.2, we illustrate the saddle point.

On the left part of the figure, we depict the distribution of the reserve price Φ∗= associated with

the saddle point, and on the right part, we depict the corresponding worst-case distribution �∗= .

We observe that as = increases, the distribution of reserves decreases in the first-order stochastic

dominance sense. This is expected because, as competition increases, the role of reserve prices

diminish. We also note that the seller sets reserve prices with positive probability even in the limit

as competition increases. As we will discuss later, Nature can counter the seller by limiting the

effective competition, even if the number of buyers is large. In turn, the seller continues to use

positive reserve prices.
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Figure 1.2: Optimal reserve CDF Φ∗= and worst-case distribution �∗= for minimax regret as a func-
tion of =.
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1.5.2 Optimal Worst-Case Performance versus Alternative Mechanisms

Performance of Alternative Mechanisms

It is also instructive to compare the minimax regret to the worst-case regret under “natural”

mechanisms. We will consider two such mechanisms: SPA without reserve, and SPA with optimal

deterministic reserve. We derive the worst-case regret under these mechanisms in the following

proposition, whose proof is given in Appendix A.4.

Proposition 5. The following results hold for all of Fiid, Faff, Fmix. For = ≥ 2, the worst-case regret

of SPA(A), the second-price auction with fixed deterministic reserve A, is (1−A)
= (=−1)=−1

((1−A)=−A)=−1 for A ≤ 1
2

and A for A ≥ 1
2 . For = = 1, the worst-case regret is max(1 − A, A). Therefore, the worst-case regret

of the SPA with no reserve SPA(0) is 1 for = = 1 and
(
=−1
=

)=−1
for = ≥ 2. If we can choose the

reserve A to minimize the worst-case regret, the optimal reserve is A∗ = 1
=+1 with regret

(
=
=+1

)=.
As expected, the worst-case regret of the optimal SPA with deterministic reserve with = agents

is greater than the worst-case regret for SPA with no reserve with = agents. Moreover, note that as

= → ∞, the optimal reserve price converges to zero, and the limiting worst case regret with and

without reserve converge to the same value of 1/4, which is the regret over all distributions.

In contrast to the optimal mechanism, there is no single optimal worst-case distribution for

the optimal second-price auction with reserve but, instead, a sequence of worst-case distributions

whose regret converges to the worst-case value. This follows because the presence of a fixed

reserve price introduces a discontinuity in the revenue of a second-price auction as a function of

the distribution. To wit, in the Fiid case, for the optimal reserve price A∗ = 1/(= + 1) and n > 0

small enough, consider the two-point distribution that puts mass on 1 with probability 1/(= + 1)

and on A∗ − n with probability =/(= + 1). The regret of this sequence of distributions converges

to the optimal regret as n ↓ 0. Intuitively, Nature counters the second-price auction by placing an

atom immediately below the reserve price to maximize the revenue loss when the reserve price
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is not cleared and another at 1 to maximize the difference between the first- and second-highest

valuations.

Interestingly, the worst-case regret of a SPA with optimal deterministic reserve with = agents is

equal to the worst-case regret for SPA with no reserve with = + 1 agents. This result has a similar

flavor with the classic result on auctions versus negotiations of [21].7

Comparison

Next, we compare, for each value of =, the optimal worst-case regret to that of SPA(0) and a

SPA with optimal deterministic reserve price. The results are presented in Table 1.2.

= OPT SPA(0) SPA(A∗)
1 0.3679 1.0000 0.5000
2 0.3238 0.5000 0.4444
3 0.3093 0.4444 0.4219
4 0.3021 0.4219 0.4096
5 0.2979 0.4096 0.4019

10 0.2896 0.3874 0.3855
25 0.2847 0.3754 0.3751
∞ 0.2815 0.3679 0.3679

Table 1.2: Worst-case regret under the optimal mechanism in comparison with SPA for each =.
The columns are: OPT is the optimal mechanism, SPA(0) is the SPA with no reserve, and SPA(A∗)
is the SPA with optimal deterministic reserve.

We observe that despite the fact that Nature counters competition, as discussed earlier, there is

significant scope for optimization and the worst-case performance can be significantly improved

when moving from SPA(0) or SPA(A∗) to the optimal minimax mechanism. For example, with

three buyers, the optimal mechanism leads to an improvement of more than 25% compared to the

alternative mechanisms.
7An important difference is that in our setting, the worst-case distribution changes (Nature is allowed to react to

the mechanism) whereas in [21] the distribution is fixed.
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1.5.3 On the Value of Competition in a Minimax Regret Framework

The previous section shows the minimax regret for different values of =. As expected, the regret

decreases as = increases, which highlights the the value of competition for the seller. However, we

observe that the value of competition has diminishing returns. For example, in Table 1.2 we can

see that the minimax regret from = = 1 to = = 2 decreases by 12%; from = = 2 to = = 3, 4.5%; from

= = 3 to = = 4, 2.3%; from = = 4 to = = 5, 1.4%. We also note that the limiting minimax regret as

= → ∞ is strictly positive. This is formally captured in the following corollary that characterizes

minimax regret performance as =→∞.

Corollary 2. We have lim=→∞ =A∗= = 2 where 2 ≈ 0.434818 is a solution to 4−2 −
∫ ∞

1
4−2G

G
3G = 0.

The regret '= (Φ∗=, �∗= ) converges to a constant 4−2 −
∫ 1

0 4−2/E3E ≈ 0.281494. Furthermore, the

optimal mechanism Φ∗= converges in distribution to Φ∗∞ given by

Φ∗∞(E) =
∫ ∞

1

1
G

exp
(
−2
E
(G − 1)

)
3G for E ∈ [0, 1] .

It might seem surprising at first that increasing competition in a setting with bounded i.i.d. val-

uations does not lead to a vanishing regret as competition increases. However, it is important to

note the following: 8.) Nature can select a distribution that indirectly limits the “effective" com-

petition when = is large and 88.) the benchmark in the regret is the best revenues one could obtain

without information asymmetry. Indeed, in the present framework, Nature selects a distribution

that depends on =. It is possible to show that asymptotically the distribution associated with the

saddle point puts mass of order Θ(1/=) at 1, and significant mass around zero. For large =, under

the optimal mechanism, the fundamental contribution to regret under the worst-case distribution

is as follows: with high probability, there is at most one agent that has a valuation significantly

different from zero, so the mechanism cannot use other agents as a competitive benchmark. In

other words, the choice of the worst-case distribution negates a large part of the effect of com-

petition. A related phenomenon explains the behavior of the worst-case performance under the
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alternative mechanisms. Finally, while the choice of the benchmark impacts the limiting value of

regret, the observation that regret does not vanish as the number of buyers increases is robust to the

choice of the benchmark. For example, in Proposition 16 we show the minimax regret against the

second-best benchmark (optimal revenues with knowledge of the distribution of values) is at least

4−2 ≈ 0.1353, regardless of the number of buyers.

1.6 Conclusion

In this chapter, we analyze the fundamental problem of optimally selling an item to an arbi-

trary number = of buyers without the common prior assumption. Knowing only an upper bound

on the buyers’ valuations, the seller selects a DSIC mechanism that minimizes the worst-case

regret between the mechanism revenue and the benchmark revenue when the buyers’ valuations

are known. We consider a broad range of classes of admissible distributions: i.i.d, mixtures of

i.i.d., exchangeable and affiliated, exchangeable, and all distributions. We show that the first three

have minimax regret values that depend on = and exactly characterize the optimal mechanism and

performance for each =, while the last two reduce to the case = = 1, i.e., the no-competition case.

Taken together, these results show the strength (or lack thereof) of different distributional class

assumptions and quantify the value of competition in the minimax framework.

There are many natural directions for future work. One potential direction is to consider other

benchmarks, especially the second-best benchmark defined by the maximum revenue achievable

by the optimal mechanism that knows the distribution L but not the buyers’ valuations. This

benchmark captures a different layer of information asymmetry: it captures the value of knowing

the buyers’ valuation distribution, whereas this work’s benchmark captures the value of knowing

the buyers’ valuations. We have discussed the first-best versus second-best benchmarks in Sec-

tion 1.2.1 and Appendix A.6.1, and we expect that novel methodological approaches are required

to deal with the second-best benchmark.

Another direction is to consider the impact of side information. In this chapter, we consider the
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setting with minimal knowledge (only the upper bound on the valuations is known). In practice,

while we do not have complete knowledge about the environment, we often do have partial knowl-

edge. This partial knowledge about the distribution might be the mean or other moments (as in

[19, 41, 51, 52]), the median or other quantiles (as in [33]), or samples from the i.i.d. distribution

(as in [27, 29]), or the shape of the distribution (such as regularity or monotone-hazard-rate). How

to incorporate additional side information into the robust framework is mostly an open question,

but it can be a bridge to bring the robust theory closer to practice.

While in the setting studied in this work, only minimax regret is nontrivial, with other forms of

partial information mentioned earlier all of minimax regret, maximin ratio, and maximin revenue

are nontrivial. Developing new methodologies to unify these objectives and better understand the

tradeoffs between them should be a fruitful agenda.

Another related avenue is to develop mechanisms that optimally tradeoff robust guarantees

when the additional information is correct and when it is not, as in the emerging area of algorithms

with predictions/advice [53].

The other natural direction is to consider different notions of robustness and equilibrium con-

cepts for buyers. While the class of DSIC mechanisms has its advantages in robustness and simplic-

ity (as discussed in Section 1.2.1), there are non-truthful mechanisms, such as first-price auctions,

that are used in practice, and it will be useful to have a way to robustly design them as well.
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Chapter 2: Robust Auction Design with Support Information

2.1 Introduction

The question of how to optimally sell an item underlies much of modern marketplaces, from

online advertising and e-commerce to art auctions. Selling mechanisms are widely used in practice,

and in turn they are studied in economics, computer science, and operations research under optimal

mechanism design, starting from the pioneering work of [4]. The literature often assumes that

the seller knows the environment perfectly, but (i) this knowledge is often either not available or

reliable, and (ii) the optimal mechanism prescribed by the theory is often too complicated or fine-

tuned to the details of the environment, to be used in practice. There is therefore a need to develop

mechanisms that depend less on market details, and this need is often referred to as the “Wilson

doctrine” [5].

The emerging literature on robust mechanism design, in turn, aims to design mechanisms that

perform “well” in the worst case against “any” environment. This line of work often leads to

interesting insights but, taken literally, they can lead to mechanisms that are too conservative. In

practice, while we do not have complete knowledge about the environment, we often do have

partial knowledge, and how to incorporate additional side information into the robust framework

is essential to bring the robust theory closer to practice. In this chapter, we make progress in this

direction by analyzing the role of support information of bidder valuations, as captured by lower

bounds and upper bounds on bidder valuations.

The motivation of the knowledge of such bounds is that we operate in a world with minimal or

no data. The bounds need not be learned from data but rather are derived from asking experts, using

domain knowledge, or common sense. Examples include launching a new product, or auctioning
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rarely traded goods such as fine art, collectibles, and jewelry. In these contexts, the support infor-

mation is a natural form of partial knowledge because it is easier and more intuitive to come up

with a reasonable range of values than to guess something like the shape of the valuation distribu-

tion (either parametric or nonparametric like regularity or monotone hazard rate) or distributional

parameters like the mean or the optimal monopoly price.

More formally, consider a seller who wants to sell an item to = bidders. The bidders’ valuations

are unknown to the seller and are assumed to be drawn from a joint distribution L. The seller does

not know L, and knows only a lower bound 0 and an upper bound 1 on the support of L, and that

the valuations belong to the class F of i.i.d. distributions. Similarly, the bidders also do not know

L. Therefore, we focus on mechanisms that are dominant strategy incentive compatible (DSIC).

Under such a mechanism, every bidder optimally reports her true value regardless of other bidders’

valuations and strategies.

We will quantify the performance of mechanisms by the gap between the benchmark oracle

revenue, the ideal expected revenue the seller could have collected with knowledge of the buy-

ers’ valuations, and the expected revenue garnered by the actual mechanism. Our framework will

be general and apply to two classical notions of gaps considered in the literature: (i) the re-

gret (absolute gap) is the difference between these two revenues, and (ii) the approximation ratio

(relative gap) is the ratio of these two revenues. The seller selects a mechanism that performs

well (minimizes regret or maximizes approximation ratio) in the worst case against all admissible

distributions.1

The interval [0, 1] associated with the admissible distribution class captures the amount of

uncertainty of the decision maker. We will parameterize this uncertainty through 0/1, which we

call the relative support information, and which is a unitless quantity ranging from 0 to 1. When

0/1 ∼ 0 (either because 0 ∼ 0 or 1 � 0), we have minimal relative support information while

1Our framework also applies to the traditional maxmin (worst-case) revenue, but the worst-case revenue is trivial
in the present case of support information.
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when 0/1 ∼ 1 we have maximal support information as the endpoints are close.

The understanding of the interplay of support information and robust auctions is very limited

outside of very particular special cases (= = 1 [6, 18] and 0 = 0 [1]), leading to the follow-

ing question: how does support information affect the structure of optimal robust auctions and

achievable performance? We study optimal performance and associated mechanisms across the

relative support information spectrum and establish richness in the structure of the resulting robust

mechanisms with three distinct information regimes corresponding to three mechanism types. In

particular, our work subsumes and unifies the three studies mentioned above, characterizing an

optimal mechanism and the associated performance for an arbitrary number of bidders = and any

support information [0, 1], for both the regret and ratio objectives. See Table 2.1 for a high level

summary of known results and the results we develop in this chapter.

Problem Information Objective
Type level Regret Ratio

pricing (= = 1) all 0/1 [6] [18]
auctions (= ≥ 1) 0/1 = 0 [1] 0
auctions (= ≥ 1) all 0/1 —This work—

Table 2.1: Comparison with the closest previous studies along the dimension of the number of
buyers (pricing (= = 1) vs. auctions (arbitrary = ≥ 1) and the level of relative support information
0/1.

2.1.1 Summary of Main Contributions

We develop a unified framework for regret and approximation ratio through a single quantity,

the minimax _-regret, where the _-regret is the difference between _ times the benchmark revenue

and the mechanism revenue, and _ ∈ (0, 1] is a constant. It is clear that when _ = 1, the _-regret

reduces to the regret. The fact that the _-regret can be used to characterize the maximin ratio re-

lies on an epigraph reformulation of the latter problem, which is fairly standard in the context of

optimization with fractional objectives. Our main contribution, however, is the full characteriza-
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tion of a minimax optimal mechanism and its associated performance for _-regret for any value of

_ ∈ (0, 1], any number of buyers = and any support information [0, 1]. Since we are primarily

interested in the effect of the support [0, 1], we initially assume that the valuations are = i.i.d. ran-

dom variables given the canonical nature of this setting. Our family of optimality results across

this spectrum brings to the foreground a very rich structure of optimal mechanisms, and establishes

how relative support information critically impacts the structure of optimal mechanisms.

Novel mechanism class. A natural candidate for an optimal mechanism is a second-price auction

with appropriate random reserve. Previous work [1] shows that this is optimal with zero relative

support information, i.e., for 0 = 0. Suppose for a moment that relative support information is

high (i.e., 0 ∼ 1) and we are restricted to the class of second-price auctions (SPAs). Setting any

nontrivial reserve is risky because when the highest buyer’s value is below the reserve the seller

does not allocate and gets zero revenue. At the same time, the benefits of a reserve price are limited

since the highest and lowest values are close. Indeed, the seller can guarantee a revenue of 0 with

no reserve, which is close to the maximal revenue achievable of 1. Hence, it should be intuitive

that when relative support information is high, a SPA with no reserve is optimal among the class

of SPAs. (A formal result is presented in Section 2.4.2.) A natural question is then whether there

are mechanisms that can outperform a SPA with no reserve from a robust perspective, and what

structure they take.

We define a new mechanism class, with the aim of softening the trade-offs associated with

reserve pricing in second-price auctions. These mechanisms, that we dub “pooling auctions”

(POOL), have an associated threshold. When the highest bid is above the threshold, the mech-

anism allocates to the highest bidder, as in a SPA when the highest bid is above the reserve price.

However, when the highest bid is below the threshold, rather than not allocating as a SPA would

do, the seller allocates uniformly at random to any of the bidders. In other words, this auction

pools the low types and the lowest bidder may get the item. By increasing the allocation at low
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values, the mechanism increases the revenue derived from lower-valued bidders, but in doing so,

the mechanism can extract less revenue from higher-valued bidders due to incentive compability.

In this sense, the pooling auction makes allocation and payment more “uniform” across values and

softens the tradeoffs from reserve pricing.

Characterization of an optimal mechanism. Our main result, Theorem 2, establishes that there

always exists an optimal mechanism that is a randomization over second-price auctions (SPA) with

different reserves and pooling auctions (POOL) with different thresholds. Therefore, an optimal

mechanism can be implemented in terms of a random instance of one of these “base” mechanisms.

Furthermore, three fundamental relative support information regimes emerge. There are thresholds

: ; and :ℎ such that: if 0/1 ≤ : ; (low information regime), SPA with random reserves is optimal; if

0/1 ≥ :ℎ (high information regime), POOL with random thresholds is optimal; if : ; ≤ 0/1 ≤ :ℎ

(moderate information regime), a randomization over SPA and POOL (i.e. interpolation between

the two extremes) is optimal.

We note that SPA is a “standard” mechanism, meaning that it never allocates to non-highest

bidders, but POOL is not. Therefore, the optimal mechanism we have identified is standard if and

only if 0/1 ≤ : ; . Secondly, POOL always allocates, meaning it allocates with probability one,

whereas SPA does not (because it does not allocate below the reserve). Therefore, the optimal

mechanism always allocates if and only if 0/1 ≥ :ℎ.

While the result above applies for any _, we note that for the maximin ratio problem (the prob-

lem of maximizing the worst-case ratio of revenue to the benchmark), the value of _ is endogenous,

and it is not clear a priori in which information regime one falls. Quite interestingly, we can prove

that the optimal maximin ratio mechanism is never in the SPA regime and thus some amount of

pooling is always necessary in this case (see Section 2.3.2 and Proposition 9).

Methodology and closed-form characterization. We characterize the optimal mechanism and

worst-case distribution in closed form via a saddle-point argument. In particular, if we assume that
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a saddle point exists and the optimal mechanism has the form outlined in the previous paragraph,

we derive necessary conditions for Nature’s worst-case distribution (cf. Section 2.3.1) as well as

the distributions of random reserve A and threshold g, under a few fairly mild technical condi-

tions. We then prove that the resulting mechanism is optimal without any additional assumptions.

Our methodology provides a unified treatment across all support information levels, and objec-

tives (regret and approximation ratio) in one framework. We also characterize Nature’s worst-case

distribution as part of our analysis, which takes the following form: for 0/1 ≤ :ℎ, the worst-

case distribution is an isorevenue distribution (i.e., zero virtual value), whereas for 0/1 > :ℎ, the

worst-case distribution has a constant positive virtual value in the interior of the support.2

Quantifying the value of scale information and competition. Using the machinery we develop,

we can exactly compute the minimax regret and maximin ratio for any support information [0, 1]

and number of buyers = (cf. Figure 2.4). We show that even a small amount of knowledge can lead

to nontrivial guarantees on revenue. For example, even when we only know that values can vary

over a full order of magnitude (0/1 = 0.10), we can guarantee 40.38% of the ideal benchmark

with only 2 buyers. When the knowledge of the scale is more precise, say, if we know the value up

to a factor of two (0/1 = 0.50), we get a guarantee of 74.63% with 2 buyers. With more agents,

the guarantees improve (around 5% and 3% more, respectively, for an additional buyer).

Quantifying the power of mechanism features. We have identified an optimal mechanism that

is a randomization over base mechanisms in the SPA and POOL classes. A distinguishing feature

of the latter mechanism is that it is non-standard, i.e., it allocates to non-highest bidders. We show

that this feature is necessary for optimality by characterizing the minimax optimal mechanism and

performance within the class of all standard mechanisms and showing that the optimal mechanism

strictly improves over optimal standard mechanisms. More broadly, in Section 2.4, we quantify

the value of different features in the mechanism class by computing the worst-case _-regret (and

2For a distribution with CDF � and density 5 , the virtual value at E is defined by E − (1 − � (E))/ 5 (E).

42



thus, regret and ratio) for different nested mechanism subclasses of all DSIC mechanisms: all

DSIC mechanisms (Mall), all standard mechanisms (Mstd), SPA with random reserve (MSPA-rand),

SPA with deterministic reserve (MSPA-det), and SPA with no reserve (MSPA-a). These results are

also of independent interest, as they characterize the worst-case performance of commonly used

mechanisms. In terms of maximin ratio, we find strict separation for all subclasses exceptMSPA-det

versusMSPA-a (cf. Figure 2.7). These results show that introducing some features (such as non-

standardness) can lead to significant performance improvements.

2.1.2 Related Work

Auction Design and Mechanism Design [14], [4] and [15] pioneered a long line of work on the

design of auctions and other economic mechanisms with strategic agents. In particular, [4] shows

that if agent valuation distributions are known, i.i.d. and regular, then the optimal (expected-

revenue-maximizing) mechanism is a second-price auction with reserve. This is the classical

paradigm of Bayesian mechanism design. However, once we go beyond the simplest settings, this

paradigm quickly leads to very complicated “optimal” mechanisms that are too detail-dependent

and potentially fragile. In response, part of the algorithmic game theory literature instead focuses

on proving approximation guarantees for specific “simple” mechanisms [54]. This line of work

still assumes that the value distribution is known to both the designer and all players, and the play-

ers play a Bayes-Nash equilibrium. In our setting, however, the value distribution is not known,

the performance is evaluated in the worst case rather than the “Bayesian” average case, and we

require a dominant strategy equilibrium.

Robust Mechanism Design The closest line of work to ours is how to robustly sell an item with

non-Bayesian uncertainty on valuation distributions. This question has been studied in the “prior-

independent approximation” literature in algorithmic game theory [25, Chapter 5], often assuming

the shape of the distribution (such as regular or monotone hazard rate) is known but not the “scale”
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of the distribution. In this chapter, we assume we know the scale of the distribution (as captured by

the bounds [0, 1]) but not the shape and we derive both regret and ratio guarantees. The one-agent

case reduces to a pricing problem; [6] and [18] provide exact characterization for minimax regret

and maximin ratio pricing, respectively. [55, 12] analyze minimax regret against any number = of

agents whose valuation distributions are arbitrarily correlated with a known upper bound on the

support. They show that their problem “reduces” to the one-agent case because Nature can choose

the worst-case distribution to only have one effective bidder.

Technically and conceptually, the previous chapter, based on [1], is the closest to our work.

We show that the second-price auction is robustly optimal for any number = of agents when only

the upper bound of the valuations is known, whereas our work assumes that both the lower bound

0 and the upper bound 1 are known. This allows us to capture the entire spectrum of support

information. Whereas both their work and ours share the guess-and-verify saddle point framework,

the main difficulty of this framework is to identify the form of the optimal mechanism in the first

place. This makes our departure from the case 0 = 0 challenging: it requires us to explore the space

of DSIC mechanisms beyond second price auctions. As soon as one departs from SPAs, the space

of mechanisms is much larger and it is not clear what should be a good candidate class a priori.

We identify new focal mechanisms (namely, pooling auctions) and show that qualitatively different

forms of optimal mechanisms emerge, depending on the amount of information 0/1. Lastly, they

only focus on regret, whereas we unify both regret and ratio objectives in a single framework.

Previous works that study robust mechanism design tend to identify second-price auctions

(SPA) as optimal [1, 19, 11, 56, 57, 41, 23]. One of the main contributions of this chapter is

to show why SPA fails to be optimal when we have sufficient relative support information and

propose a new building block for robust mechanism design, the pooling auction mechanism. Other

than the fact that the optimal mechanism in our setting is composed of these new mechanisms, this

new class may also be of independent interest in other robust mechanism design problems.

Our work is also related to a broader literature on robustness in mechanism design and con-
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tracting [39]. In particular, while we highlight the work on robustness to distributions here because

they are most related to our work, there are other forms of robustness as well, e.g., robustness to

higher-order beliefs [40, 58], robustness to collusion and renegotiation [59, 60, 61], and robustness

to strategic behavior that is weaker than dominant strategy [36, 62]. Robust mechanism design

also has conceptual links to robust and distributionally robust optimization; see [63] and [64] for

overviews.

Optimal Mechanisms with Partial Information Our work is also related to the design of ro-

bustly optimal pricing and mechanisms with partial information about the distribution. Some works

assume access to samples drawn from the i.i.d. distribution [26, 20, 29, 30, 31] while others assume

that summary statistics of distributions are known [32, 34, 35, 19, 65].

Pooling in Auctions While the specific form of the pooling auction POOL that we propose is

new, the more general notion of pooling in auctions has appeared in the literature, starting from

the pioneering work on revenue-maximizing auctions of [4]. When � is not regular, it is shown

the distribution must be “ironed” such that the all bidders in the same ironing interval have the

same allocation, that is, their types are pooled. The main difference is that in [4], there is a known

focal distribution � to iron, whereas there is no single distribution in our problem, and the pooling

emerges naturally from the worst-case analysis over all feasible distributions. In fact, we can see

from the proof of the main theorem that the worst case distributions are all regular. Therefore, even

if we only consider the worst case over all regular distributions, the robustly optimal mechanism

will still pool, whereas if we know the true distribution to be any specific regular distribution, the

Bayesian optimal mechanism will not pool by Myerson. The robust auction framework therefore

gives qualitatively different prescriptions. Beyond [4], pooling in auctions has been shown to be

optimal in a variety of settings [66, 67, 68, 69] but to the best of our knowledge, these work all

operate in the Bayesian setting and as such the driver of pooling appears different.
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2.2 Problem Formulation

The seller wants to sell an indivisible object to one of = buyers. The = buyers have valuations

drawn from a joint cumulative distribution L. The seller does not know L, and only knows a lower

bound 0 and an upper bound 1 of the valuation of each buyer. That is, the seller only knows that

the support of the buyers’ valuations belongs to [0, 1]=.

Seller’s Problem. We model our problem as a game between the seller and Nature, in which the

seller first selects a selling mechanism from a given classM and then Nature may counter such a

mechanism with any distribution from a given class F . Buyers’ valuations are then drawn from

the distribution chosen by Nature and they participate in the seller’s mechanism.

We will now consider the choice of the mechanism classM. A selling mechanism < = (x, p)

is characterized by an allocation rule x and a payment rule p, where x : [0, 1]= → [0, 1]= and

p : [0, 1]= → R. Given buyers’ valuations v ∈ [0, 1]=, G8 (v) gives the probability that the item

is allocated to buyer 8, and ?8 (v) his expected payment to the seller. In our main result, we will

consider the classMall of all dominant strategy incentive compatible (DSIC) direct mechanisms. A

mechanism is DSIC if and only if it is optimal for every buyer to report her true valuation (IR) and

participate in the mechanism (IC), regardless of the realization of valuations of the other buyers,

and the seller can allocate at most one item (AC). More formally, we require that the mechanism

< = (x, p) satisfies the following constraints:

E8G8 (E8, v−8) − ?8 (E8, v−8) ≥ 0, ∀8, E8, v−8 (IR)

E8G8 (E8, v−8) − ?8 (E8, v−8) ≥ E8G8 (Ê8, v−8) − ?8 (Ê8, v−8) ∀8, E8, v−8, Ê8 (IC)
=∑
8=1

G8 (E8, v−8) ≤ 1 ∀v . (AC)

Note that we allow the seller’s mechanism to be randomized. We can now define the class of all
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DSIC mechanisms

Mall = {(x, p) : (IR), (IC), (AC)} . (2.1)

This is the same definition of DSIC as in Chapter 1, and we repeat it here for completeness.

Seller’s Objective. Informally, the seller seeks to minimize the “gap” between the expected rev-

enue Ev∼L
[∑=

8=1 ?8 (v)
]

relative to the benchmark associated with the revenues that could be col-

lected when the valuations of the buyers are known Ev∼L [max(v)].3 We consider two notions of

gaps. First is the absolute gap, or regret, defined by

Regret(<, L) = Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]
. (2.2)

Second is the relative gap or approximation ratio, defined by

Ratio(<, L) =
Ev∼L

[∑=
8=1 ?8 (v)

]
Ev∼L [max(v)] . (2.3)

After the seller chooses a mechanism <, Nature then chooses a distribution L from a given

class of distributions F such that the valuation of the = agents v ∈ R=+ are drawn from L. The

seller aims to select the mechanism < to either minimize the worst-case regret or maximize the

worst-case approximation ratio. Our goal, therefore, is to characterize the minimax regret and

3The benchmark we use, maximum revenue with known valuations, is called the first-best benchmark. Another
plausible benchmark we can use is the second-best benchmark, maximum revenue with known distributions. Both
benchmarks are extensively used in the economics, operations, and computer science literatures; examples of papers
using the first-best benchmark include [6, 44, 45, 46]. The first-best benchmark is also reminiscent of the offline
optimum benchmark, which is extensively used in the analysis of algorithms [47].
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maximin ratio for different classes of mechanismsM and classes of distributions F :

MinimaxRegret(M, F ) := inf
<∈M

sup
L∈F

Regret(<, L) , (2.4)

MaximinRatio(M, F ) := sup
<∈M

inf
L∈F

Ratio(<, L). (2.5)

For _ ∈ (0, 1], define the _-regret

'_ (<, L) = Ev∼L

[
_max(v) −

=∑
8=1

?8 (v)
]
.

To unify the minimax regret and maximin ratio objectives, we will focus on the minimax _-regret

defined by

'_ (M, F ) := inf
(G,?)∈M

sup
L∈F

'_ (<, L). (2.6)

The following proposition, whose proof is given in Appendix B.1, formalizes that the values of

problems (2.4) and (2.5) can be obtained from a characterization of the problem in (2.6).

Proposition 6. MinimaxRegret(M, F ) = '1(M, F ) and MaximinRatio(M, F ) is the largest

constant _ ≥ 0 such that '_ (M, F ) ≤ 0.

We note that the traditional notion of worst-case performance can also be obtained from MaximinRevenue(M, F ) =

−'0(M, F ). However, with only support information [0, 1], the problem is trivial: without the

�-dependent benchmark counteracting, Nature will simply put all the weight of the worst-case

distribution � at 0.

Admissible distributions. Lastly, we consider the choice of the class of admissible distributions

F . This class can be seen as capturing the “power” of Nature: the larger the class, the more

powerful/adversarial Nature becomes. To simplify exposition, we will assume for most of this
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chapter that F is a class of independently and identically distributed (i.i.d.) distributions Fiid,

defined formally as follows.

Definition 7. The class Fiid consists of all distributions such that there exists a distribution � with

support on [0, 1], referred to as the marginal, such that L(v) = ∏=
8=1 � (E8) for every v ∈ [0, 1]=.

2.3 Optimal mechanisms over the class of all DSIC mechanisms

In this section, we characterize an optimal mechanism over the class of all DSIC mechanisms

Mall for the minimax _-regret problem against i.i.d. distributions Fiid for any _ ∈ (0, 1], support

information [0, 1], and number of bidders =. Our main theorem presents an optimal mechanism

for each uncertainty regime. We will then use the main theorem to gain insights into the structure

and performance of the optimal mechanism.

Let E (1) and E (2) be the highest and second-highest entry of v and let : denote the number of

buyers with value equal to E (1) . We define the SPA and POOL mechanism classes as follows.

Definition 8 (second-price and pooling auctions). A second-price auction with reserve A, denoted

SPA(A), is defined by the allocation rule G : [0, 1]= → [0, 1]= and the payment rule ? : [0, 1]= →

[0, 1]= given by, for each 8 ∈ [=],

G8 (v) =


1(E8=E (1) )

:
if E (1) ≥ A ,

0 if E (1) < A ,
and ?8 (v) =



E (2) 1(E8=E
(1) )

:
if E (2) ≥ A ,

A
1(E8=E (1) )

:
if E (1) ≥ A > E (2) ,

0 if E (1) < A ,

Given a distribution of reserve pricesΦ, we denote by SPA(Φ) a second-price auction with random

reserve prices drawn from Φ.

A pooling auction with threshold g, denoted POOL(g), is defined by the allocation rule G :
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[0, 1]= → [0, 1]= and the payment rule ? : [0, 1]= → [0, 1]= given by, for each 8 ∈ [=],

G8 (v) =


1(E8=E (1) )

:
if E (1) ≥ A ,

1
=

if E (1) < A ,
and ?8 (v) =



E (2) 1(E8=E
(1) )

:
if E (2) ≥ A ,

(=−1)g+0
=

1(E8=E (1) )
:

if E (1) ≥ A > E (2) ,

0
=

if E (1) < A

Given a distribution of thresholds Ψ, we denote by POOL(Ψ) a pooling auction with random

thresholds drawn from Ψ.

Note that in any DSIC mechanism (including SPA and POOL defined above), the payment

rule is uniquely determined from the allocation rule via Myerson’s envelope formula. In a pooling

auction, we can still use the threshold to differentiate between bidders with different values and

potentially extract more revenue, without risking the zero payoff that comes from not allocating

the item. Of course, this has implications for payments. We illustrate this interplay in Figure 2.1,

where we depict, for the case of two agents, the allocation rule G(v) and revenue ?1(v) + ?2(v) at

each valuation vector v = (E1, E2) for three mechanisms: SPA (no reserve), SPA(A), and POOL(A).

We can see intuitively that pooling low types indeed softens the tradeoff associated with reserve

pricing. By increasing the allocation for the low types, we increase the payment accrued from

lower-value bidders but, at the same time, we decrease the payment accrued from higher-value

bidders to guarantee incentive compatibility (so higher-value bidders do not pretend to be lower-

value ones). When the relative support information is high (i.e., 0 ∼ 1), the lower-value and

higher-value bidders are not too different, and this softer tradeoff has the potential to lead to more

robust mechanisms.

Before we state our main theorem, we first define two thresholds that will demarcate three

information regimes arising in our analysis.
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(f) POOL(A) revenue

Figure 2.1: Allocation rules and revenue of SPA without reserve, SPA(A), and POOL(A). In the
allocation rule, P1 stands for allocating to player 1, P2 for allocating to player 2, and P∅ for not
allocating.

Definition 9. Fix = and _ ∈ (0, 1]. Define : ; ∈ (0, 1) as a unique solution to

_

∫ C=1

C=:;

(C − : ;)=−1

C=
3C = (1 − : ;)=−1.

Define :ℎ to be 1 for = = 1, and if = ≥ 2, define :ℎ ∈ (0, 1) to be the unique solution to

∫ C=1

C=:ℎ

[
(C − :ℎ)=−1

C=
− (1 − _) (C − :ℎ)

=

C=+1

]
3C = (1 − :ℎ)= .

We are now ready to state our main theorem.

Theorem 2 (Main Theorem). Depending on the value of 0/1, the minimax _-regret problem admits
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the following mechanism as robustly optimal.

• Suppose 0/1 ≤ : ; , and let A∗ = : ;1. An optimal mechanism is SPA(Φ∗) with

Φ∗(E) = _ E=−1

(E − A∗)=−1

∫ C=E

C=A∗

(C − A∗)=−1

C=
3C .

• Suppose 0/1 ≥ :ℎ, and let q0 = (0 − :ℎ1)/(1 − :ℎ). An optimal mechanism is POOL(Ψ∗)

with

Ψ∗(E) = =_

= − 1

(
E − q0
E − 0

)= ∫ C=E

C=0

(C − 0)=
(C − q0)=+1

3C .

• Suppose : ; ≤ 0/1 ≤ :ℎ. Let (E∗, U) be the unique solution to

(E∗ − 0)=−1

(E∗)=−1 (1 − =U) = _
∫ C=E∗

C=0

(C − 0)=−1

C=
3C ,

(1 − 0)=
1=

− (E
∗ − 0)=
(E∗)= (1 − (= − 1)U) =

∫ C=1

C=E∗

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C .

An optimal mechanism is based on a unified threshold distribution D such that if we draw

a sample A ∼ D, if A ≤ E∗ the mechanism is SPA(A), otherwise the mechanism is POOL(A),

where the CDF of D is given by

D(E) =


_

(
E
E−0

)=−1 ∫ C=E

C=0

(C−0)=−1

C=
3C for E ∈ [0, E∗] ,

− 1
=−1 +

=
=−1

(
E
E−0

)= [(
1−0
1

)=
−

∫ C=1

C=E

[
(C−0)=−1

C=
− (1 − _) (C−0)

=

C=+1

]
3C

]
for E ∈ [E∗, 1] .

We present the proof of Theorem 2 in §2.3.1, with some computational details deferred to

Appendix B.2. We then use our closed form characterization to gain insights into the structure and

performance of the optimal mechanism in §2.3.2 and show how our results reduce to the known

pricing case with = = 1 in §2.3.3.
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2.3.1 Proof of the Main Theorem

The key idea for the proof of our main theorem (Theorem 2) is to explicitly exhibit a saddle

point of the zero-sum game between seller and Nature, defined as follows.

Definition 10. (<∗, L∗) is a saddle point of '_ (<, L) defined in (2.6) if and only if

'_ (<∗, L) ≤ '_ (<∗, L∗) ≤ '_ (<, L∗) for all < ∈ M, L ∈ F .

As discussed in the related work section, the saddle point guess-and-verify technique has been

used before in robust auction design problems [1, 19], but these all identify second-price auctions

as robustly optimal. Because the space of DSIC mechanisms is so big and unstructured, it is

unclear a priori what the candidate mechanism family should be. Part of our technical contribution

is identifying the right mechanism class depending on the support information regime. Importantly,

this mechanism class is parameterized by a “one-dimensional distribution” (e.g. the Φ in SPA(Φ)

or Ψ in POOL(Ψ) or a “unified threshold distribution” combining both SPA and POOL), which

enables us to apply first-order condition techniques to establish the saddle point conditions.

We proceed in three steps. Firstly, we introduce a class of (6D, 63) mechanisms, which unifies

the optimal mechanisms in all three regimes (second-price auctions with random reserves, pooling

auctions with random thresholds, and randomization between SPA and POOL). Secondly, we

derive sufficient conditions for a particular (6D, 63) mechanism and a particular distribution �∗

to be a saddle point. The proof of the main theorem is then reduced to checking these sufficient

conditions, which we defer to the Appendix. Thirdly, we illustrate how we can use our framework

to guess and verify an optimal mechanism in the high information regime. While this step is not

strictly necessary for verifying the optimality of a candidate saddle point, it offers valuable insights

into the construction of our mechanism. Such intuition may prove beneficial for future researchers

exploring related robust mechanism design problems.
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6D (E1)
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63 (E1)

6D (E2)
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Figure 2.2: Allocation rules of a (6D, 63) mechanism for = = 2. For the first buyer, we have
G1(E1, E2) = 6D (E1) if E1 > E2, and G1(E1, E2) = 63 (E2) if E1 < E2. When E1 = E2 the allocation is
not shown but equal to G1(E1, E2) = (6D (E1) + 63 (E1))/2.

A Unifying Class of Mechanisms

We now introduce the class of (6D, 63) mechanisms, parameterized by two functions 6D, 63 .

Definition 11 ((6D, 63) mechanisms). Let 6D, 63 : [0, 1] → [0, 1] be given functions. A mecha-

nism (6D, 63) is defined by the allocation rule G : [0, 1]= → [0, 1]= given by, for each 8 ∈ [=],

G8 (v) =


1
:
6D (Emax) + :−1

:
63 (Emax) if E8 = max(v) := Emax and there are : entries in v equal to Emax

63 (Emax) if E8 < max(v) := Emax

and the payment rule ? : [0, 1]= → R=++ is determined uniquely from Myerson’s formula such that

the resulting mechanism (G, ?) is dominant strategy incentive compatible.

In other words, the mechanism allocates 6D (Emax) to the highest bidder(s) and 63 (Emax) to the

non-highest bidder(s). If there are : highest bidders, the mechanism breaks ties symmetrically by

selecting one of them to be the “winner” with 6D allocation uniformly at random. The (6D, 63)

mechanism class is a powerful abstraction in our settings for two reasons we delineate below.

Figure 2.2 illustrates the allocation under a (6D, 63) mechanism for the case of two buyers.

First, all mechanisms in the three different support information regimes (SPA with random
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reserves, POOL with random thresholds, and a randomization between SPA and POOL) can be

represented in this form. Note that both SPA(A) and POOL(g) are (6D, 63) with the following

specification:

SPA(A) : 6D (E) = 1(E ≥ A) 63 (E) = 0

POOL(g) : 6D (E) =
1
=
+ = − 1

=
1(E ≥ g) 63 (E) =

1
=
− 1
=

1(E ≥ g)

Furthermore, this class of mechanisms is closed under randomization. A randomization over a

family of (6D, 63) mechanisms is still a (6D, 63) mechanism with the resulting mechanism having

6D and 63 that are “convex combinations” over the base 6D and 63 functions. Therefore, all mecha-

nisms having the form in Theorem 2 are (6D, 63) mechanisms. The formal statement and the proof

are deferred to Proposition 17 in the Appendix.

Second, the (6D, 63) mechanism, while general, still captures the sense in which our mecha-

nisms are analytically tractable for saddle point calculations. More precisely, we have the following

expression for the expected regret of a (6D, 63) mechanism under an arbitrary distribution �.

Proposition 7 (Expected Regret of a (6D, 63) mechanism). Let '_ (g, �) := '_ ((6D, 63), �) be the

expected _-regret of a (6D, 63) mechanism under i.i.d. distribution �.

If we assume that 6D and 63 are continuous everywhere and differentiable everywhere except

at a finite number of points, then

'_ (g, �) = 0(_ − 6D (0) − (= − 1)63 (0)) +
∫ E=1

E=0

(_ − 6D (E) + 63 (E) − E6′D (E) + (E − =0)6′3 (E))

+
∫ E=1

E=0

(
−_ − (= − 1) (6D (E) − 63 (E)) + E(6′D (E) + (= − 1)6′3 (E))

)
� (E)=3E

+
∫ E=1

E=0

=(6D (E) − 63 (E) − (E − 0)6′3 (E))� (E)
=−13E . (Regret-�)

If, instead, we let 6D and 63 be arbitrary but we assume that � has a density 5 = �′ on [0, 1)
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(so it potentially has point masses only at 0 and 1 of size � (0) and � ({1}) := 51 respectively),

then we have the (Regret-g) expression

'_ (g, �) = _1 − 0 (6D (0) + (= − 1)63 (0)) � (0)= − (16D (1) + (= − 1)063 (1)) (1 − (1 − 51)=)

+ (1 − 0)63 (1)
(
1 − (1 − 51)=−1(1 + (= − 1) 51)

)
+

∫ E=1

E=0

−_� (E)= + 6D (E)=� (E)=−1(1 − � (E) − E�′(E))3E

+
∫ E=1

E=0

63 (E)=(= − 1)� (E)=−2�′(E) {(E − 0) (1 − � (E)) − 0� (E)} 3E . (Regret-g)

(Regret-g) is valid for = ≥ 1 if we take the expression =(= − 1)� (E)=−2 to be zero for = = 1.

Verification of a Saddle Point

Importantly, the (Regret-�) shows that the expected regret can be written as an explicit poly-

nomial function of the marginal CDF � (E) and is “separable” as a function of � (E). This allows

us to maximize regret as a function of � by maximizing each individual � (E) expression “point-

wise” independently for each E, subject only to the constraint that � (E) is weakly increasing in E

(which is automatically satisfied for our specific �). By deriving first and second conditions using

(Regret-�), we derive the following sufficient conditions for Nature’s saddle.

Proposition 8. Suppose that g∗ is a (6∗D, 6∗3) mechanism and �∗(E) is an increasing function that

satisfy the following conditions:

(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′
D (E) + (= − 1)6′∗3 (E))

)
�∗(E)

+(= − 1) (6∗D (E) − 6∗3 (E) − (E − 0)6
′∗
3 (E)) = 0 (FOC)

6∗D (E) − 6∗3 (E) − (E − 0)6
′∗
3 (E) > 0 . (SOC)

Then '(g∗, �∗) ≤ '(g∗, �) for any �.
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Note that first-order and second-order conditions together do not imply global optimality in

general. It is only true in this case due to the special structure of the integrand, which has the form

U� (E)=−1 − V� (E)= for each � (E), that we analyze directly.

To verify Nature’s saddle it is sufficient to check (FOC) and (SOC) for the specific 6∗D and 6∗
3

and �∗ for each of the three regimes. We defer these calculations to Appendix B.2.1.

The seller’s saddle is '(<, �∗) ≤ '(<∗, �∗). Optimizing over < given i.i.d. �∗ is a standard

Bayesian mechanism design problem, and optimality of <∗ in each respective regime follows from

applying the classical theory from [4].

Derivation of the Saddle Point for the High Information Regime

To give the reader a sense of how these calculations work, we will work out the guess-and-

verify procedure in the high support information regime below. Throughout the rest of this subsec-

tion, we assume 0/1 ≥ :ℎ. We first use the formula (Regret-g) and the sellers’ saddle to pin down

the worst-case distribution �∗. In turn, plugging �∗ in the first-order condition of Nature’s saddle

in Proposition 8 gives us a differential equation involving 6D and 63 that can be used to solve for

the mechanism. We then conclude by formally verifying that the candidate saddle point is optimal

using the approach delineated in the previous section.

In the high information regime, the pooling auction is conjectured to be optimal and, thus, we

should always allocate the item. So, we must have 6D (E) + (= − 1)63 (E) = 1 for every E. Using

(Regret-g), we can write the expected regret purely in terms of 6D as

_1 − 0� (0)= − 1 + 1(1 − 51)=

+
∫ E=1

E=0

[
− _� (E)= + =� (E)=−2�′(E) {(E − 0) (1 − � (E)) − 0� (E)}

+ =� (E)=−2 {
� (E) − � (E)2 − (E − 0)�′(E)

}
6D (E)

]
3E . (Regret-6)

Note that (Regret-6) depends on 6D only through 6D (E) and is linear in 6D. This is useful for
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the seller’s saddle inf< '_ (<, �∗). If the seller maximizes over the POOL mechanism parameter-

ized by 6D, then by the first-order conditions, under the worst-case distribution �∗, the coefficient

of each 6D (E) should be zero. Otherwise, the seller could decrease her regret by changing the

distribution of reserves. Therefore,

�∗(E) − �∗(E)2 − (E − 0) (�∗)′(E) = 0 ⇒ 3

3E

(
E − E − 0

�∗(E)

)
= 0 ⇒ E − E − 0

�∗(E) = q0 .

This pins down Nature’s candidate distribution as �∗(E) = (E − 0)/(E − q0), a distribution with

constant virtual value q0. We note this part of the argument (guessing �∗) is technically not needed

in the formal proof, because it is sufficient to simply verify the saddle point to confirm that our

mechanism is robustly optimal. Therefore, we can make certain smoothness assumptions to derive

this �∗ which are not needed for the formal saddle verification proof. Nevertheless, we think it is

useful for the readers to understand where our candidate saddle point comes from.

We now derive the mechanism 6∗D. Proposition 8 gives sufficient conditions to imply Nature’s

saddle. The (FOC) also gives an Ordinary Differential Equation (ODE) on 6∗D that uniquely deter-

mines it as follows. Substituting 6∗
3
(E) = (1 − 6∗D (E))/(= − 1) and �∗(E) = (E − 0)/(E − q0) in

(FOC), we get

3

3E

[
(E − 0)=
(E − q0)=

6∗D (E)
]
=
(E − 0)=−1

(E − q0)=
− (1 − _) (E − 0)

=

(E − q0)=+1
.

We therefore get

6∗D (E) =
(E − q0)=
(E − 0)=

∫ C=E

C=0

[
(C − 0)=−1

(C − q0)=
− (1 − _) (C − 0)

=

(C − q0)=+1

]
3C =

1
=
+ _

∞∑
:==+1

(E − 0):−=
: (E − q0):−=

.

The expression makes it clear that 6∗D (0) = 1/= and 6∗D (E) is increasing in E, the latter of which

is necessary for the function to correspond to a true feasible mechanism. We also impose the

condition that 6∗D (1) = 1, which gives an equation that q0 must satisfy. By definition of :ℎ, we see
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by inspection that the resulting equation has an explicit solution

q0 =
0 − :ℎ1
1 − :ℎ

.

We need q0 ≥ 0 for Nature’s saddle to hold: this is why this mechanism and the corresponding

saddle is valid only in the 0/1 ≥ :ℎ regime.

The above ODE manipulation not only determines 6∗D, but also makes sure that the resulting 6∗D

satisfies (FOC). The only thing that remains for Nature’s saddle is to verify (SOC). By substituting

6∗
3

with 6∗D and write (6∗D)′(E) in terms of 6∗D (E) using the ODE from (FOC), (SOC) reduces to

=6∗D (E) − 1 + _ > 0 which is true because 6∗D (E) ≥ 6∗D (0) = 1/=. Lastly, verifying Seller’s saddle is

a standard Bayesian mechanism design problem. Fixing �∗, the optimality of a POOL mechanism

follows because under a constant positive virtual value �∗, every mechanism that always allocates

is optimal.

2.3.2 Structure of Optimal DSIC Mechanisms

We next discuss the structure of optimal mechanisms under the minimax regret and maximin

ratio objectives.

Minimax Regret Objective

The case of minimax regret is obtained by setting _ = 1 in Theorem 2. In Figure 2.3, we

fix 1 = 1, and depict optimal mechanisms for 0 = 0 (low information), 0 = 0.25 (moderate

information), and 0 = 0.5 (high information). We show the allocation rule G1(E1, E2) to buyer

1, and the total allocation G1(E1, E2) + G2(E1, E2) to both buyers. Note that the mechanism is

symmetric, so G2(E1, E2) = G1(E2, E1) and is therefore not explicitly shown. The corresponding 6D

and 63 functions are shown in the last row of Figure 2.3.

The top heatmaps of Figure 2.3 for G1(E1, E2) show that in the low information regime (0 = 0),
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Figure 2.3: Optimal mechanisms for minimax regret. The top row shows the allocation rule
G1(E1, E2), the second row shows the total allocation G1(E1, E2) + G2(E1, E2), and the last row shows
the 6D and 63 functions. The upper end of the support is 1 = 1 and each columns shows a different
value of the lower end 0 ∈ {0, 0.25, 0.50} (low, moderate, and high support information regimes).

the upper triangle is all zero because in that regime the optimal mechanism randomizes among

SPAs, which never allocate to the non-highest buyer. The upper triangle is not zero for moderate

(mixture of SPA and POOL) and high information regimes (POOL). We can also see this from the

bottom row of Figure 2.3 because 63 is zero for 0 = 0 but strictly positive for 0 ∈ {0.25, 0.50}.

The middle heatmaps of Figure 2.3 show the total allocation G1(v) + G2(v) = 6D (Emax) +

63 (Emax). In the low information regime, it is always less than 1 because SPA discards the item

below the reserve. In the high information regime, it is always 1 because POOL always allocates.
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In the moderate information regime, it is 1 in the POOL region when Emax ≥ E∗ ≈ 0.8 and is less

than 1 in the SPA region when Emax < E∗ in the lower left corner. We can also see this from the

value of 6D (E) + 63 (E) in the last row of Figure 2.3.

In all heatmaps, we see that in the lower triangle (E1 ≥ E2), the values are constant on each

horizontal line because the allocations are 6D (E1) for bidder 1 and 63 (E1) for bidder 2 which

depend on E1, while in the upper triangle (E1 ≤ E2), the values are constant on each vertical line

because the allocations are 63 (E2) for bidder 1 and 6D (E2) for bidder 2 which depend only E2, just

as Figure 2.2 suggests.

Maximin Ratio Objective

Figure 2.4 depicts the maximin ratio value as a function of relative support information 0/1

for different numbers of buyers =. The ratio quantity gives us the fraction of ideal revenue that the

mechanism can achieve. This figure provides quantitative evidence that even a small amount of

knowledge can lead to nontrivial guarantees on revenue.
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Figure 2.4: Maximin ratio as a function of relative support information 0/1 and the number of
buyers =.

Unlike the minimax regret case where _ = 1 is set exogenously, here _ is obtained from

bisection search to find the value of _ such that the minimax _-regret is zero (cf. Proposition

61



6) and _ = _∗(:, =) is a function of : ≡ 0/1, i.e., the maximin ratio given : that we computed

earlier. As a result, the regime is determined endogenously. For each =, we then compare : = 0/1

with : ; = : ; (_∗(:, =), =) and :ℎ = :ℎ (_∗(:, =), =) to determine the regime. The next result shows

that the maximin ratio mechanism is either a pure POOL, or a mixture of SPA and POOL.

Proposition 9. The optimal mechanism identified in Theorem 2, when specialized to the maximin

ratio objective, is never in the pure SPA regime.

The proof is given in Appendix B.2.2. Numerically, we find that the mechanism is in a pure

pooling auction regime for “reasonable” values of 0/1, namely, 0/1 ≥ 0.0978 for = = 2, 0/1 ≥

0.0155 for = = 3, and 0/1 ≥ 0.0035 for = = 4. We can visualize the pool threshold distribution

Ψ of POOL(Ψ) as follows. Because Ψ is supported on [0, 1], with varying parameters 0 and 1

we normalize the threshold g by g̃ = (g − 0)/(1 − 0) so the normalized thresholds are on the

same scale [0, 1] . For = ∈ {2, 4} and 0/1 ∈ {0.10, 0.25, 0.50, 0.75, 0.99}, we plot the normalized

POOL-threshold CDFs in Figure 2.5. We see that for low 0/1, the distribution puts more weight

on lower thresholds, and vice versa. However, the distributions are quite close for a wide range of

0/1 and for reasonably high values of 0/1, the normalized distribution is close to uniform.
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2.3.3 Remark on the case = = 1

An important corollary of Theorem 2 is the pricing case (one-bidder / no-competition). Apply-

ing the result with = = 1 directly recovers the minimax regret result of [6] and the maximin ratio

result of [18] as special cases.4 We give the proof of this corollary in Appendix B.2.3.

Corollary 3 (Pricing). Suppose = = 1 and fix _ in [0, 1]. For 0/1 ≤ 4−1/_, the minimax _-regret

is _4−1/_1, achieved with the price distribution CDF Φ(E) = 1 + _ log(E/1) for E ≥ 4−1/_1 and 0

otherwise. For 0/1 ≥ 4−1/_, the minimax _-regret is −0 + _0 + _ log(1/0) achieved with the price

distribution CDF Φ(E) = 1 + _ log(E/1) for E ∈ [0, 1].

In particular, the minimax regret is 1/4 if 0/1 ≤ 1/4 and 0 log(1/0) if 0/1 ≥ 1/4. For 0 > 0,

the maximin ratio is 1/(1+ log(1/0)), achieved by the price distributionΦ(E) = 1+ log(E/1)/(1+

log(1/0)) for E ∈ [0, 1].

We remark that in the one-bidder case, : ; = 4−1/_ and :ℎ = 1, so there are only two regimes

(low and moderate support information), and this is reflected in the corollary statement. Moreover,

with only one bidder, POOL becomes a degenerate mechanism that always allocates. This is why

in the 0/1 > 4−1/_ regime (moderate information), the optimal mechanism, which is a mixture of

SPA and POOL, always allocates with positive probability. This can be seen in the pricing CDF

Φ(E) = 1 + _ log(E/1), which has a point mass of positive size 1 + _ log(0/1) > 0 at E = 0.

2.4 Minimax _-Regret across Mechanism Classes

Our main theorem (Theorem 2) gives a complete characterization of the optimal robust per-

formance when Nature’s distribution is i.i.d. (L ∈ Fiid) and the seller can choose any DSIC

mechanism (< ∈ Mall). It turns out that the optimal mechanism is generally a randomization over

4More precisely, [18] derives the maximin ratio against the second-best benchmark in the discrete price setting,
whereas our result is against the first-best benchmark in the continuous setting. However, their numerical value for the
ratio approaches ours as the grid resolution becomes finer. We can also show that for the = = 1 case, the maximin ratio
for two benchmarks are the same. [18] also does not explicitly derive the optimal mechanism, whereas we do.
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SPA and POOL mechanisms. This optimal mechanism has interesting features, and we would like

to quantify how much each feature contributes to the performance. That is, without that feature,

how much (robust) performance, if any, we will lose. Equivalently, our results quantify the “cost

of simplicity” or the performance loss if the seller is restricted to simpler classes of mechanisms.

We formalize this problem by solving minimax _-regret problems, _ ∈ (0, 1], when the mech-

anism classes M are successively smaller, omitting one feature at a time. The subclasses under

consideration are shown in Figure 2.6.

MSPA-a

MSPA-det

MSPA-rand

Mstd

Mall

Figure 2.6: Nested mechanism subclasses we consider, from biggest to smallest: DSIC mech-
anisms (Mall), standard mechanisms (Mstd), SPA with random reserve (MSPA-rand), SPA with
deterministic reserve (MSPA-det), SPA with no reserve (MSPA-a)

First, our optimal mechanism is not standard because POOL might allocate to a bidder who is

not the highest. To isolate the role of the pooling feature, we study the class of standard mecha-

nisms that only allocate to the maximum bidder. Second, we study the need to deviate from SPAs

in standard mechanisms, and hence study SPAs with randomized reserves. Lastly, we quantify the

power of randomness and the power of using a reserve by computing minimax regret under the

classMSPA-det of SPA with a deterministic reserve and the classMSPA-a of SPA with no reserve.

Interestingly, we show that there are strict separations in terms of maximin ratio between Mall,

Mstd,MSPA-rand, andMSPA-a (but not betweenMSPA-det andMSPA-a). In other words, pooling and

deviations from SPAs are critical for robust performance, and so is the randomization of reserve

prices.
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2.4.1 Minimax _-Regret Over Standard Mechanisms

A mechanism is said to be standard if it never allocates to an agent that does not have the

highest value. Formally, it satisfies the following constraint:

G8 (E8, v−8) = 0 ∀8, E8, v−8 such that E8 < max(v) . (STD)

We can now define the class of all standard mechanisms.

Definition 12. The class of all standard mechanisms is given by

Mstd = {(x, p) : (IR), (IC), (AC), (STD)} . (2.7)

It is clear that any second-price auction (SPA) with random reserve is standard, and intuitively,

SPAs seem like “natural” and “typical” elements of this class, but as it turns out, other standard

mechanisms lead to higher performance than SPAs when relative support information is high. Let

E (1) and E (2) be the highest and second highest values in the vector v. We now introduce the

following mechanism class.

Definition 13 (Generous SPA). A generous SPA with reserve distributionΦ, denoted GenSPA(Φ),

is defined by the allocation rule G given by, for each 8 ∈ [=],

G8 (v) =


Φ(E (1)) if E8 is the highest and E (2) > 0 ,

1 if E8 is the highest and E (2) = 0 ,

and zero otherwise, breaking ties uniformly at random. The payment rule ? : [0, 1]= → R=+ is

determined uniquely from Myerson’s formula such that the resulting mechanism (G, ?) is dominant

strategy incentive compatible.

We call this mechanism generous SPA because it behaves like SPA, except in the case when all
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other non-highest agents have the lowest possible value 0, then it always allocates (“generously”).

We now state the main theorem of this section.

Theorem 3 (Optimal Standard Mechanism). Fix = and _ ∈ (0, 1], and let 0̃ = 0/1 ∈ [0, 1). Define

: ; as in Theorem 2. Then, the problem admits an optimal minimax _-regret standard mechanism

<∗, depending on 0/1 as follows.

• (Low Relative Support Information) For 0/1 ≤ : ; , <∗ = SPA(Φ) is the same as in Theo-

rem 2.

• (High Relative Support Information) For 0/1 ≥ : ; , there is a probability distributionΦ such

that <∗ = GenSPA(Φ).

Note that by Theorem 2, if 0/1 ≤ : ; , then SPA with random reserve is optimal inMall, and

it is also standard, so it is immediate that it is also optimal in the class Mstd. Similar to Theo-

rem 2, Theorem 3 highlights the structural features of our optimal mechanism and is a corollary of

Theorem 13 in the Appendix which fully characterizes the saddle point in closed form.

The proof of Theorem 3 follows a similar outline to that of Theorem 2, although the calculations

are nontrivial. In particular, we need to derive the expressions of conditional distributions of order

statistics for arbitrary �, taking into account potential ties, which complicate the calculations.5 In

contrast, the regret of any (6D, 63) mechanism (whose class contains all other mechanisms in this

chapter) depends only on the marginal distributions of the first- and second-order statistics, which

are simpler (cf. Proposition 7). However, the hardest part is coming up with the right structural

class GenSPA that contains the optimal mechanism (within the subclass of standard mechanisms)

and is tractable, because our techniques based on solving differential equations can pin down

the candidate mechanism only once we fix the mechanism up to a one-dimensional functional

parameter. We discuss key technical challenges and give the full proof in Appendix B.3.1.

5The existing results on conditional distributions of order statistics assume that � has a density, see e.g. [49]. These
results do not apply because we do not make any assumptions on �. In fact, the worst case � has point masses.
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2.4.2 Minimax _-Regret over SPA with random and deterministic reserve

We can characterize the minimax _-regret mechanism and its corresponding worst-case distri-

bution and performance in the following theorem.

Theorem 4 (Optimal SPA with Random Reserve). Fix = and _ ∈ (0, 1]. Define : ; as in Theorem 2

and :′
ℎ
= _=/((1 + _)= − 1). Then, the problem admits a minimax _-regret <∗ = SPA(Φ∗),

depending on 0/1, as follows.

• (Low Relative Support Information) For 0/1 ≤ : ; , <∗ = SPA(Φ∗) is the same as in Theo-

rem 2.

• (High Relative Support Information) For 0/1 ≥ :′
ℎ
, Φ∗ is a point mass only at 0, i.e.,

<∗ = SPA(0) is a SPA with no reserve.

• (Moderate Relative Support Information) For : ; ≤ 0/1 ≤ :′ℎ, there is A∗ ∈ [0, 1] such that

Φ∗ has a point mass at 0 and a density on [A∗, 1].

The second bullet point of Theorem 4 formalizes the intuition highlighted in the introduction

that in the high scale information regime (0/1 is close enough to 1), the optimal SPA with random

reserve sets no reserve at all. Similar to Theorem 2, Theorem 4 highlights the structural features of

our optimal mechanism and is a corollary of Theorem 14 in Appendix B.3.2 which fully character-

izes the saddle point in closed form. The proof of the moderate information regime of Theorem 4

is the most challenging. It is different from previous saddle problems because in this case, the

increasing condition on the reserve price distribution Φ is binding; if we optimize pointwise, the

resulting distribution is not increasing, which is infeasible. We characterize an optimal distribution

of reserves using a Lagrangian approach that involves introducing a Lagrange multiplier for the

monotonicity constraint and then designing a primal-dual pair that satisfies complementary slack-

ness and Lagrangian optimality. We discuss key technical challenges and give the full proof in

Appendix B.3.2.
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Lastly, we characterize the optimal SPA with deterministic reserve MSPA-det and SPA with

no reserve MSPA-a. Proposition 21 in the Appendix gives the the minimax _-regret for SPA(A)

with a fixed deterministic reserve A. In particular, it subsumes the problem of choosing the regret-

minimizing reserve A as well as computing worst-case regret of SPA without reserve (A = 0).

2.4.3 Performance Separation Between Mechanism Classes

Figure 2.7 shows the maximin ratio as a function of 0/1 of all mechanism classes for = ∈ {2, 4}.

This metric captures the performance of the optimal mechanism. We can see that whileMSPA-det

andMSPA-a have the same maximin ratios (so a fixed reserve does not improve over no reserve),

there are strict separations betweenMall,Mstd,MSPA-rand, andMSPA-a.
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Figure 2.7: Maximin ratio as a function of 0/1 for = ∈ {2, 4}.

The gap betweenMstd andMSPA-rand shows that no SPA is optimal within the class of standard

mechanisms, even though the gap is quantitatively small. In contrast, the gap betweenMall and

Mstd is significant. This means that in robust settings, it is important to sometimes allocate to

non-highest bidders. We can see from the plots with = = 2 and = = 4 that the non-standard gap

becomes bigger and dominates all other gaps as = gets large, so this becomes more important with

more bidders.

These structural results shows that there are interesting mechanism classes in DSIC mecha-
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nisms beyond SPA in the sense that they are robustly optimal in natural settings. In particular, SPA

is not optimal even within the class of standard mechanisms; GenSPA is. It is an open question

whether GenSPA will also be useful in other settings as well.

2.5 Extensions and Conclusion

In this chapter, we give an explicit characterization of a robustly optimal mechanism to sell

an item to = buyers knowing only a lower bound and an upper bound of the support of values,

where the seller’s performance is evaluated in the worst case. Our general framework is broadly

applicable to an arbitrary number = of buyers and several mechanism classesM and captures both

regret and ratio objectives.

Furthermore, we note that it is possible to extend the framework to other classes of distribu-

tions. It is possible to show that the minimax _-regret we have obtained for the case of i.i.d. dis-

tributions (and the corresponding optimal mechanism) does not change if Nature optimizes over

broader classes of distributions capturing positive dependence: exchangeable and affiliated values,

a common class considered with knowledge of the distributions [9]; and mixtures of i.i.d. distribu-

tions, another common class. The results also do not change if Nature optimizes over the smaller

class of i.i.d. regular distributions.

There are many avenues for future work. This present chapter is a step in the more general

agenda of robust mechanism design with partial information, and it would be interesting to investi-

gate how other forms of side information (such as moments, samples, and shapes of distributions)

impact the structure and performance of optimal or near-optimal mechanisms, and the value of

such information. Another direction is to consider other benchmarks, especially the second-best

benchmark rather than the first-best benchmark considered in this chapter.
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Chapter 3: Battery Operations in Electricity Markets:

Strategic Behavior and Distortions

3.1 Introduction

Climate change is the defining issue of our time [70], and countries and regions have pledged

to reduce their carbon emissions through international agreements and carbon neutrality pledges.

For example, the United States and the European Union planned to reach net zero by 2050. The

power sector in the United States is one of the largest emitting sectors, accounting for around 30

percent of total U.S. emissions [71].

To achieve this goal, the electric power systems are currently undergoing a major transforma-

tion by incorporating renewable energy resources, such as solar and wind. However, the availabil-

ity of these renewable resources depends on exogenous factors that cannot be controlled. Because

supply of power has to equal demand at all times on the electric grid, the system operator has

to compensate for the real-time variability in one of two ways. The traditional way is to call up

fast-responding “peaker” plants, but these plants are both expensive and have high emissions. Al-

ternatively, the system can have enough energy storage resources, such as batteries, to smooth out

fluctuations and variations in energy production and consumption over the course of a day. As

costs fall and incentive schemes for renewables and batteries are enacted, battery storage capacity

has been growing rapidly since 2021. California and Texas have emerged as front runners in the

deployment of battery storage, with 8.6 GW and 4.1 GW of battery, respectively, as of April 2024,

while other states are only starting to deploy batteries at scale [72].1 In deregulated electricity mar-

1To put these numbers in context, California and Texas electricity demands on a typical day are around 20–40 GW
and 40–70 GW, respectively, so California’s batteries are already a substantial fraction of demand.
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kets such as California and Texas, these grid-scale batteries, like other generation assets, are often

privately owned by profit-driven investors. As batteries grow from their previous role as marginal

“price-takers” to significant players in the market, a natural question arises:

How do batteries operate in electricity markets, and how does the strategic behavior

of decentralized batteries distort decisions compared to centralized batteries?

System operators have already observed strategic battery behaviors leading to negative out-

comes. The Australian Energy Regulator reported strategic behavior from its (relatively small)

100MW/150MWh battery during tight market conditions on March 16-17, 2023 [73, 74]. After a

generator outage (March 16) and a change in forecast price (March 17), the battery rebid its capac-

ity from the price floor up to $10,000/MWh and $15,000/MWh, respectively, setting the price. The

report concludes, “This short-term strategic rebidding to capitalise on market conditions had the

effect of exacerbating high prices. Again, while this behaviour may not be a breach of the rules,

the ability of these participants to increase price through these rebidding strategies highlights the

market power that participants may be able to exercise at certain times.” Batteries are also strategic

in “normal” market conditions. California’s special report on battery storage [75] suggests that

batteries avoid being scheduled in day-ahead on average, preferring to participate in real-time mar-

kets. This strategic shift from day-ahead to real-time means the system operator has to commit

additional more expensive generators in day-ahead.

To understand the role of batteries, we must first understand the challenges from the mismatch

between renewable energy production and demand. As an illustrative example, in Figure 3.1, we

depict for the years 2019-2023 and for Los Angeles, the average hourly net load (or net demand),

defined as the energy demand minus renewable production, which needs to be covered by con-

ventional generators. The net demand admits a peak around 7–8PM when solar wanes and people

come back from work, while during the off-peak around noon the net load is very low and has been

getting lower every year due to increasing solar capacity. This leads to an increasingly steep ramp
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Figure 3.1: Los Angeles’ “duck curve,” hourly mean net demand by year, 2019–2023. The net
demand is the energy demand minus renewable production. (Source: CAISO)

period during which energy generation needs to be increased quickly, and only a subset of expen-

sive and emissions-heavy generators can do the task, negating part of the benefits of renewables.

Due to its shape, this curve is often referred to as the “duck curve.”

Batteries are a natural complement to renewables in the electrical grid because they can charge

during off-peak when energy is plentiful and price is low, and discharge during peak when energy

is scarce and price is high. In doing so, batteries smooth out the demand by arbitraging between

the off-peak and the peak periods during the day and make a profit from the price difference. As

a price taker, such a battery is straightforwardly beneficial, but as discussed earlier, batteries are

now a substantial fraction of demand in most regions in California and other markets are about to

follow, and strategic behavior and market power become questions of interest.

Electricity markets are especially susceptible to the exercise of market power because demand

and supply must be exactly equal at every location at any given time. Even though there are many

grid-scale batteries in California, each can resemble a local monopoly in its region, because the

transmission line infrastructure limits the amount of energy that can be transferred across regions.
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California regulators acknowledged that increasing volatility from renewables further exarcerbates

the market fragmentation problem and approved a $7.3 billion plan to build additional transmis-

sion capacity [76]. The fragmented nature of the market is evident from the fact that wholesale

electricity prices are very different across locations in California. For example, on May 27, 2024

at noon (off-peak), the real-time “base” price is $4/MWh but the congestion prices in some regions

of California were as high as $120/MWh.

Starting from the deregulation of electricity markets in the 1990s, and learning from painful

historical lessons along the way,2 a large literature on detecting and mitigating market power has

developed, and all US short-term wholesale markets have adopted various forms of market power

mitigation procedures [78]. These measures primarily target conventional generators, because un-

til recently the only feasible storage technology at scale was pumped hydro, which were relatively

small. However, grid-scale battery systems are now projected to rise rapidly, and they are cru-

cial for integrating renewables into the grid. These developments bring the questions around the

potential for battery market power back to the forefront of electricity market design.

Batteries also pose an additional challenge to regulators more used to monitoring market power

from generators. The cost bids of conventional generators are largely determined by known phys-

ical and operational constraints, which allows the system operators to ensure that generators’ bids

are “reasonable” most of the time based on such characteristics. The bids of batteries, however,

are determined by (their predictions of) opportunity costs and not just physical marginal costs like

generators. The questions of what form of strategic behavior a battery might take, and how it

impacts system performance, are therefore crucial questions.

3.1.1 Summary of Main Contributions

At a high level, this paper identifies an important question – market power of batteries – and

proposes a tractable model that is rich enough to analyze how batteries behave strategically in a
2Most notoriously, the 2000–2001 California electricity crisis caused by flawed market design and market manip-

ulation by energy companies, mainly Enron [77].
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two-settlement market, isolate the effects at play, and quantify their impact on system cost.

Modeling Contribution. We view the formulation of our model as one of our main contribu-

tions, because our model is fully microfounded and rich enough to incorporate salient institutional

features yet simple enough to solve in closed form and isolate the main forces at play. In particular,

we capture the two-settlement structure that is common in most markets, the duck curve demand

trend (peak and off-peak), demand stochasticity and autocorrelation, and heterogeneity in genera-

tor ramp speeds. We can directly see from solutions to the model how each of these factors impact

the types of strategic behaviors of batteries, and how they impact the resulting cost, under different

operating regimes.

Main Features of the Model. We model a two-settlement centralized market with two periods

in a day, a peak period and an off-peak period. The day-ahead market clears for each period

at the beginning of the day with a day-ahead demand forecast. Then for each period, the real-

time market clears after the demand for that period is realized. We assume that the demands in two

periods are random and correlated, to investigate how batteries, as fast responders, react to demand

stochasticity and temporal dependence. This form of modeling allows us to disentangle the two

different kinds of demand-smoothing done by batteries: (i) intertemporal demand smoothing, or

transferring predictable components of demand from peak to off-peak period, and (ii) smoothing

unpredictable components of demand, by being responsive in real-time, discharging more when

demand is unusually high, and vice versa, to reduce the cost impact of deviations from forecast.

We also assume that the battery’s charge and discharge behavior has price impact. In other

words, the price is endogenously determined.

Lastly, we microfound the model by assuming an exogenous set of generators. Only a subset

of generators have fast enough ramping time to participate in real-time, and other generators can

only participate in day-ahead. Given the supply curves of “slow” and “fast” generators, the prices

in both day-ahead and real-time are set at a point where the supply from the generators equals the
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exogenous consumer demand net battery charge/discharge.

Battery Behavior. We analyze the behavior of a large battery in two regimes: the centralized

regime, in which the system operator can control the battery charge/discharge to minimize system

cost, and the decentralized regime, in which the battery independently makes charge/discharge

decisions to maximize its profit. We find that in the centralized case, the battery perfectly smoothes

the predictable demand in day-ahead, and unpredictable demand in real-time. Therefore, there is

no economic withholding of any kind under this ideal baseline.

In the decentralized case, we show that the strategic battery distorts its discharge decisions

relative to the centrally optimal in three ways. First is quantity withholding: expected total battery

discharge is less than centrally optimal. Second is the shift from day-ahead to real-time: expected

real-time battery discharge is positive, whereas it is zero in the centralized case, as the centrally

optimal battery only responds to mean-zero demand fluctuations in real time. In other words,

the battery “hides” part of its capacity in day-ahead, reducing its day-ahead participation, making

the day-ahead planning more costly. Third is reduction in real-time responsiveness: the strategic

battery discharges less to smooth real-time demand fluctuation, i.e., to reduce the cost impact of

real-time deviations from forecast.

The first two types of distortion (quantity withholding and shift from day-ahead to real-time)

are about arbitrage across time from peak to off-peak, and the relative weight between them de-

pends on the generation composition. If most generators are fast (and can participate in real-time),

then the shift from day-ahead to real-time dominates. If most generators are slow, then quantity

withholding dominates. We elaborate on this in Section 3.5 (cf. Table 3.1).

Generation Cost Comparison. We compare the generation cost in the three regimes. Central-

ized cost is lower than decentralized cost, which is lower still than no-battery cost. Although there

is incentive misalignment, having an independent battery is still better than not having one. We

quantify the incentive misalignment by the ratio between the cost reduction achieved by a centrally
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controlled versus profit-maximizing battery, which we call the Price of Anarchy (PoA). We prove

that PoA is between 9/8 and 4/3, and PoA is decreasing (i.e. the incentive alignment is better) in

the share of fast generators and the steepness of the duck curve.

Numerical Illustration. We illustrate our results by calibrating our model with real data in two

regions: Los Angeles and Houston. We find that, with a single monopoly battery, market power

could lead to a nontrivial increase in generation cost, and all three types of distortion can be signif-

icant, but the effect of market power is relatively small compared to the gains from having enough

battery capacity in the system.

3.1.2 Related Work

Our paper is related to several streams of literature.

Sequential Markets and Market Power Our work is most closely related to the literature on

market power in sequential markets, starting with the seminal work of [79]. The latter considers

producers (“generators”) rather than batteries, but some of their insights transfer to our setting.

Just like in [79], producers use the forward (“day-ahead”) market even under complete certainty

and perfect foresight because the forward market changes the marginal revenue on the spot (“real-

time”) market. Under market power, the forward market improves both producer profit and social

welfare, because the producer can use the day-ahead market to reduce withholding. [80] extends

the static Cournot game of [81] to sequential markets, and quantifies market power with limits to

arbitrage in the Iberian electricity market. [82] and [83] also consider market power and arbitrage

in electricity markets in California and New York, respectively. [84] considers a fixed strategic

load that can allocate to day-ahead or real-time. While these works focus on (perfect or imperfect)

arbitrage between day-ahead and real-time by generators or purely financial “virtual” bidders and

only assume one time period, our work assumes that generators are nonstrategic and focuses also

on the arbitrage between peak and off-peak time periods by batteries.
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Renewable Energy Operations. There is a vast literature on renewable energy in operations;

for surveys, see e.g. [85, 86, 87]. Here, we highlight modeling works that are related to batteries,

sequential markets, or market power. [88] observes that price smoothing by batteries create welfare

gains but the incentives may not be properly aligned for centrally optimal storage use. [89] shows

that the introduction of storage always increases welfare when generators are nonstrategic, but

it can reduce welfare when generators are strategic. However, [89] assumes that the demand is

deterministic and clears in one stage, whereas we highlight the role that demand stochasticity and

sequential market clearing play in different forms of distortion in battery behavior. [90] uses a

game-theoretic model to analyze how intermittent renewable production affect electricity prices in

the presence of a forward market. While they do not consider batteries, the use of forward markets

to improve welfare and reduce market power as in [79] is related to our work. [91], [92] and [93]

consider the impact of ownership models (similar to our centralized versus decentralized regimes)

on competition and market power in renewables without batteries. [94] and [95] develop models

of joint investment in renewables, conventional generators, and storage. [96] and [97] consider

investment in storage in different locations, but do not consider incentives. [98] analyzes storage

operations and energy disposal in the presence of negative electricity prices.

There is also a nascent line of work on smoothing demand or shaving the peak beyond the use

of batteries. [99] analyzes the design of demand response programs, paying consumers to reduce

consumption when the grid is under stress. [100, 101] analyze the use of direct load control con-

tracts to smooth demand. [102] studies different ways of aggregating distributed energy resources.

Electric vehicles can also be used to shave the peak, although such uses are currently limited [103,

104].

Market Power in Electricity Markets. There is a large empirical literature in economics mea-

suring market power in electricity markets; see [105, Section 4.2] for a survey, and [78] for market

power mitigation mechanisms. This literature is mostly focused on market power of generators;
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the exceptions are [106] and [107]. [106] does not model sequential market clearing and focuses

more on numerically computing a dynamic equilibrium between a monopoly storage and conven-

tional generators calibrated to the South Australian electricity market. Like us, he documents the

discrepancy between private and social incentives. In contrast, [107] assumes that batteries do not

have market power and focuses more on the impact of different incentive schemes on investments.

Battery Market Power in Power Systems There is a body of work in the power systems litera-

ture that study the market power of a monopoly battery with price impact [108, 109, 110, 111, 112].

Other works design algorithms to maximize battery profit over time [113, 114, 115]. Whereas these

papers propose detailed models in the form of large-scale mathematical programs that are numer-

ically solved, our work gives a stylized model that can be directly analyzed and solved in closed

form. The two lines of work are complementary; black box models can incorporate more details,

while stylized models give sharp analytical insights and economic intuition. In particular, it is

generally understood from this literature that batteries can strategically withhold capacity, but our

work clarifies different forms of withholding and how they depend on market fundamentals.

3.2 Model

Two-Settlement Market. We consider a two-settlement centralized market clearing that is used

by all wholesale electricity markets in the United States. The day-ahead (DA) market clears before

the day begins, setting a price in each time period such that the amount of supply from all gen-

erators below the price equals the mean demand for that period. In other words, we assume that

the system operator’s day-ahead demand forecast is unbiased. Then, during the day, the real-time

(RT) market clears the incremental real-time demand (henceforth just “RT demand”), which is the

difference between the realized demand and the pre-committed DA demand. The RT demand can

either be positive (higher demand than expected) or negative (lower demand than expected). If

the RT demand is positive (resp. negative), a subset of generators that are fast enough to adjust in
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real-time are called on to increase (resp. decrease) production (cf. the generators section below).

The battery makes the charge/discharge decision and amount after that period’s actual demand is

realized, affecting the net demand for that period (cf. the battery participation section below).

Generators. We model two types of generators: generators that have a slow ramp speed can only

participate in DA (henceforth “slow generators”), whereas generators with a fast ramp speed can

participate in both DA and RT (henceforth “fast generators”). We assume that we have a continuum

of infinitesimally small generators, and each generator is specified by the cost. All conventional

generators are assumed to be non-strategic, that is generators bid their true marginal cost. Each

generator also follows the market operator’s dispatch instructions on whether they produce. This is

an intentional modeling choice to capture the shape of the supply curve and how it determines the

clearing price and generation cost, while abstracting away non-convex elements such as start-up

and no-load costs which we instead capture in a stylized way via the dichotomy between slow and

fast generators. This model of generators is adapted from [84]. (While thinking of generators as a

continuum is convenient, it is not necessary: we get the same result with a finite set of generators

with zero start-up and no-load costs whose combined cost functions correspond to the supply

curve.)

Let �B (_), respectively � 5 (_), be the mass of slow, respectively fast generators, with cost less

or equal than _. The cost distributions �B (·) and � 5 (·) of slow and fast generators are primitives

of the model, assumed to be strictly increasing.

Demand Process. There are two time periods in a day. Period 1 is the peak period, and period

2 is the off-peak period. Period 1 demand �1 and period 2 demand �2 are both random variables

with a known joint distribution (�1, �2) ∼ c.

For C ∈ {1, 2}, let `C ≡ E[�C] and f2
C ≡ E[(�C − `C)2] be the period-C marginal mean and

variance, respectively. We will now define two notions of correlation that will later be important.
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For each realization of �1, we define the conditional mean and variance of �2 as

`2|�1 ≡ E[�2 |�1] , f2
2|�1
≡ Var(�2 |�1). (3.1)

Note that when �1 is a random variable, so are `2|�1 and f2
2|�1

. By the law of total variance, we

have f2
2 = Var(�2) = E(Var(�2 |�1)) + Var(E(�2 |�1)).

We define the sequential correlation dB to be such that

Var(E(�2 |�1)) = E[(`2|�1 − `2)2] = d2
Bf

2
2 , E[f2

2|�1
] = (1 − d2

B )f2
2 (3.2)

and d2
B ∈ [0, 1]. Note that if �2 and �1 are independent, then Var(E(�2 |�1)) = Var(E(�2)) = 0,

so dB = 0, whereas if �2 is completely determined by �1, then Var(E(�2 |�1)) = Var(�2) = f2
2 ,

so dB = 1. Therefore, dB is a “reasonable” normalized measure of dependence between �2 and

�1.

Note that dB does not need to be the same as the standard Pearson correlation d defined by

d ≡ E[(�1 − `1) (�2 − `2)]
f1f2

. (3.3)

However, if (�1, �2) are jointly normally distributed, then dB = d. We will not make the nor-

mal assumption through most of our results; when we do, we will be explicit, and the normal

assumption is made only for convenience or to highlight certain insights.

Recall that this demand process describes net demand, so uncertainties in the net demand comes

from both consumer demand and renewable production, and they are both exogenous. In particu-

lar, we assume that electricity demand is perfectly inelastic. This is well-supported by empirical

evidence [116]. We model the demand process this way because we want to capture the fact that

markets with high renewable and battery penetration such as Los Angeles exhibit a duck curve

(cf. Figure 3.1): the price is highest in the evenings when solar generation wanes (the sun sets)
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and demand peaks as people come home from work, and the price is lowest in midday when solar

production peaks. Period 1 and period 2 are meant to correspond to the peak (including the steep

ramp leading to the peak) and the off-peak of the duck curve. Demands in both periods have a

significant amount of variability, and they are also highly correlated, hence our modeling choice.

Battery Participation. There is a single battery. Before the day, the battery decides on the DA

discharge amount I��1 and I��2 in period 1 and period 2 day-ahead. Then the real-time scenario

materializes: the period 1 demand �1 is realized, then depending on the demand realization, the

battery decides on the RT discharge amount I')1 (�1). After period 2 demand �2 is realized,

the battery RT discharge amount in period 2 is I')2 (�1, �2). Note that the battery charging is

represented by negative discharge I.

The battery is assumed to have no state-of-charge constraint, no operating cost, and no effi-

ciency losses. While our model features only one day (with multiple time periods in a day), we

should interpret the model as a day in steady state. Equivalently, we have the same day that hap-

pens day after day. The battery cannot produce its own energy, so the total energy charged must

equal the total energy discharged (plus the cycle inefficiency loss, which we assume to be zero for

now).

Furthermore, we impose the condition that the net discharge throughout the day is zero for

each demand realization: I��1 + I
��
2 = 0 and I')1 (�1) + I')2 (�1, �2) = 0 for every (�1, �2) in the

support. This assumption is made because (i) batteries cannot produce energy, only shift it across

time, and (ii) batteries overwhelmingly arbitrage between peak and off-peak periods within a day

rather than between days.

The fact that batteries typically have negligible net daily discharge, in agreement with (ii)

above, is evident from the data. For each year in 2021–2023, we can calculate the mean absolute

daily discharge over the year, which captures the average net daily position of batteries over the

year. This net position is 1.0%, 2.9%, and 1.1% of total battery capacity in 2021, 2022, and 2023.
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The daily charge cycle of batteries is by design: less than 7% of installed storage have duration

exceeding 4 hours [117].

Note that while we model the battery as choosing a quantity in each scenario, the quantity

discharged in practice depends on the specific market framework, which broadly falls into two

categories. First is self-scheduling: the battery can decide the quantity to discharge in each period,

which is the same as our model. Second is economic bidding, where the battery bids the charge and

discharge curves as price-quantity pairs, and the quantity charged/discharged is determined from

market clearing conditions. Given that the battery is the only strategic player in the environment,

the battery can choose the bid curves to achieve any desired quantity level.

To conclude, the battery’s decision variables are I��1 , I��2 , I')1 (�1), I')2 (�1, �2) subject to

constraints I��1 +I
��
2 = 0 and I')1 (�1)+I')2 (�1, �2) = 0 for all (�1, �2) in the support. Note that

once we decide the discharge amount I')1 (�1) during peak period 1, then the discharge amount in

off-peak period 2 is determined: during each off-peak, the battery charges back to full to be ready

for discharge during peak the next day.

Net Demand and Price Formation Process. The DA demands in period 1 and period 2 are

taken to be the mean `1 and `2 of �1 and �2, from the system operator’s unbiased demand

forecast. With the battery discharge, the DA net demand in period 1 and 2 are 3��1 = `1 − I��1 and

3��1 = `2−I��2 = `2+I��1 . The RT net demand in period 1 and 2 are 3')1 (�1) = �1−`1−I')1 (�1)

and 3')2 (�1, �2) = �2−`2−I')2 (�1, �2) = �2−`2+I')1 (�1). Note that the RT net demand is the

incremental demand, i.e., the adjustment to the quantity cleared in day-ahead. (We slightly abuse

the terminology here. The traditional definition of net demand is system demand minus renewable

production, which is covered by conventional generators and batteries; this corresponds to �1 and

�2 in the demand process section earlier. The “net demands” 3��1 , 3��2 , 3')1 , 3')2 in this section

are covered by conventional generators only.)

In each time C, the DA price _��C is set at the market clearing price, that is, the price such that
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the energy produced by generators with costs below the price exactly equals the net demand:

�B (_��C ) + � 5 (_��C ) = 3��C . (3.4)

In RT, the price _')C is set such that the total energy produced equals the net demand (DA de-

mand plus incremental RT demand). However, slow generators with total energy output �B (_��C )

can no longer be adjusted in real-time, so the system operator sets the price so that the RT genera-

tors adjust their output to match the realized net demand:

�B (_��C ) + � 5 (_')C ) = 3��C + 3')C . (3.5)

Equations (3.4) and (3.5) relate the net DA and RT demands 3��C , 3')C to the DA and RT prices

_��C , _')C . (Note that 3')C and _')C depend on � = (�1, �2) which we omit for brevity.) We can

invert these to get prices in terms of net demands.

We note that if RT demand is zero (3')C = 0, no adjustment to demand), then DA and RT prices

are equal: _��C = _')C . If RT demand is positive (resp. negative), then the RT price is higher (resp.

lower) than the DA price.

Generation Cost. As the price formation process suggests, the slow generators are cleared in

DA: they produce if and only if their costs are below _��C . The fast generators are cleared in

RT: they produce if and only if their costs are below _')C . The total generation cost follows from

integrating the mass of generators with cost less than the corresponding clearing price, _��C for

slow generators and _')C for fast generators. Therefore, the total generation cost is given by

2∑
C=1

(∫
_≤_��C

_3�B (_) + E�

[∫
_≤_')C

_3� 5 (_)
])
, (3.6)

where the expectation is taken over the random demand.
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Throughout, we consider the system cost to be generation cost from conventional generators.

Because consumers are assumed to be price inelastic, maximizing welfare is equivalent to mini-

mizing generation cost. This also matches the prevailing objective of independent system opera-

tors: the “unit commitment” and “economic dispatch” procedures in day-ahead and real-time both

minimize generation cost [118, 119].

Battery Operation Models. We will compare three operating regimes.

• A first benchmark system is one without batteries.

• Centralized participation: In this system, the battery is directly controlled by the system

operator and makes charge/discharge decisions to minimize generation cost.

• Decentralized participation: in this system, the battery is an independent entity that makes

charge/discharge decisions to maximize its own profit.

Note that the DA and RT prices are endogenously determined by the battery’s charge/discharge

decisions, as outlined earlier as part of the price formation process.

Day-Ahead and Real-Time Supply Curves We have the relationships between DA and RT

prices and demands in (3.4) and (3.5), which depend on �B and � 5 . �B and � 5 are demand func-

tions for slow and fast generators, respectively, so we have a flexible way to define the relationship

between demand and price via the specification of �B and � 5 .

We assume that at each price _, a fraction : 5 of generators are fast, and :B = 1 − : 5 are slow.

In other words, at any price point, there are fast generators that can adjust their production up and

down. This assumption reflects the operating characteristics of the generators themselves: coal and

nuclear plants are “slow,” whereas natural gas and hydro plants are “fast.” This assumption is also

an implicit model of the system operator’s reserve requirement in day-ahead scheduling, which

ensure this property by committing some fast-responding generators in day-ahead (even when they
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are relatively expensive) for reliability. Let � (_) = �B (_) + � 5 (_) be the total supply function,

then �B (_) = :B� (_) and � 5 = : 5� (_). Equations (3.4) and (3.5) imply

_��C = �−1
(
3��C

)
(3.7)

_')C = �−1
(
3��C + 1

: 5
3')C

)
. (3.8)

Note that while� (·) describes a supply curve that maps price to quantity,�−1(·) also describes

a supply curve, mapping quantity to price. We assume that the supply curve is linear:

�−1(G) = U + VG, (3.9)

where U, V ≥ 0 are known constants. The parameter U is the “intercept” (minimum marginal

cost for conventional generators), and the parameter V is the “slope.” The linear supply curve

assumption is commonly made in the literature, e.g., [88, 89, 80], and we also make this as-

sumption primarily for parsimony. We thus have price-demand relationships of the form _��C =

U + V��3��C , _')C = _��C + V')3')C with V�� = V, V') = V/: 5 . These price-demand relationships

are similar to those derived in [84, Equations (5) and (8)]. In this case, we can interpret V�� and

V') as price elasticities of day-ahead and real-time demand, respectively.3

3.3 No Battery Baseline

In the next three sections, we will characterize the optimal battery behavior and the correspond-

ing generation cost in three regimes: no battery (§3.3), centralized cost-minimizing battery (§3.4),

and decentralized profit-maximizing battery (§3.5). Our results hold for any given distribution c

over (�1, �2).
3Strictly speaking, they are not price elasticities, because price elasticities are conventionally defined as the ratio of

one percentage (relative) change against another percentage change, whereas our coefficient is the slope, or the ratio
of the absolute price change against the absolute demand change. The intuition governing both is similar.
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Before we proceed, we first derive an expression for generation cost in terms of demands,

which is used in all regimes we consider. Define the modified DA and RT demands as 3̃��C = 3��C ,

3̃')C = 3��C + 3')C /: 5 . (Both 3')C and 3̃')C can depend on � = (�1, �2), but we sometimes omit it

for brevity.) The generation cost is then given by

2∑
C=1

:B

(
U3̃��C + V

(3̃��C )2
2

)
+ : 5E�

[
U3̃')C + V

(3̃')C )2
2

]
. (3.10)

In the no-battery case, the generation cost is computed from (3.10) with 3̃��1 = `1, 3̃
��
2 =

`2, 3̃
')
1 (�1) = `1 + (�1 − `1)/: 5 and 3̃��2 (�1, �2) = `2 + (�2 − `2)/: 5 . The proof is given in

Appendix C.1.

Theorem 5 (No Battery). The generation cost under no battery Cost(NB) is given by

Cost(NB) = U(`1 + `2) + V
(
`2

1 + `
2
2

2
+
f2

1 + f
2
2

2: 5

)
.

This no-battery generation cost is a baseline to which we compare the other two regimes,

centralized and decentralized. The generation cost depends only on the marginal mean `C and

marginal variance f2
C , and not on the actual distribution beyond these moments, or the correla-

tion of demands from the two periods. Correlation does not matter because there is no decision

making (i.e., battery) linking the two periods, and the market clears in each period independently.

The generation cost depends on the variance because the generation cost is quadratic in demand.

Variability in demand therefore leads to higher cost. The generation cost is also decreasing in : 5 ,

because a larger fraction of fast generators means that more generators can buffer the real-time

variability of demand. In other words, with more fast generators, less expensive fast generators

around the day-ahead point are enough to satisfy the real-time incremental demand, and the sys-

tem does not need to use more expensive generators further away. This is also why : 5 only appears

in conjunction with the variance terms and not the mean terms: if the demands are deterministic
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f1 = f2 = 0, then the cost no longer depends on : 5 .

3.4 Battery Operation: Centralized Solution

We now consider the case when there is a battery, and the system operator can directly control

the battery to achieve the system goal, namely, minimize generation cost. The decision variables

are the DA and RT discharges I��1 and I')1 (�1) for each realization of period-1 demand �1, and

the system operator solves

min
I��1 ,I')1 (·)

2∑
C=1

[
:B

(
U3̃��C + V

(3̃��C )2
2

)
+ : 5E�

(
U3̃')C + V

(3̃')C )2
2

)]
,

where

3̃��1 = 3��1 = `1 − I��1

3̃��2 = 3��2 = `2 + I��1

3̃')1 = 3��1 +
3')1
: 5

= `1 − I��1 +
�1 − `1 − I')1 (�1)

: 5

3̃')2 = 3��2 +
3')2
: 5

= `2 + I��1 +
�2 − `2 + I')1 (�1)

: 5
.

The following theorem gives the optimal battery decisions and the corresponding generation cost.

Theorem 6 (Centralized Battery). The centralized battery discharge decisions are given by

I��1 =
1
2
(`1 − `2),

I')1 (�1) =
1
2
(�1 − `1) −

1
2
(`2|�1 − `2).

87



The corresponding system generation cost Cost(CN) is

Cost(CN) = U(`1 + `2) +
V

4
(`1 + `2)2 +

V

4: 5
[
f2

1 + (2 − d
2
B )f2

2 + 2df1f2
]
.

We can show that the centralized cost minimization problem is a convex quadratic optimization

problem, whose unique optimal solution can be found from first-order conditions. The proof is

given in Appendix C.1.

The DA demands in the two periods are `1 and `2 respectively, and the DA discharge is I��1 =

(`1 − `2)/2, so the net demands of the two periods are equalized: `1 − I��1 = `2 + I��2 . The

RT smoothing is more subtle, as we have to make the discharge decision I')1 (�1) knowing the

realization of period 1 demand �1 but not the period 2 demand �2. If we replace the unknown

period 2 demand with its conditional mean `2|�1 , then the incremental RT demands of the two

periods are �1 − `1 and `2|�1 − `2, so the RT discharge I')1 (�1) = 1
2 (�1 − `1) − 1

2 (`2|�1 − `2)

is set such that the net RT demands of the two periods are equalized: (�1 − `1) − I')1 (�1) =

(`2|�1 − `2) + I')1 (�1).

Therefore, batteries improve social welfare by “smoothing” demand, in the sense that batteries

shift demand from peak, where it is scarce and expensive, to off-peak, where it is plentiful and

cheap, making the net demand profile over the day more equalized and smooth. Theorem 6 shows

that in a centrally optimal world, the battery “perfectly” smooths demand between periods (peak

versus off-peak) in DA stage, and perfectly smooths the “residual” random demand within each

period in RT stage, in the sense that the net demands after battery between two periods are equal

in both day-ahead and real-time: the battery does its “best” and does not withhold its capacity.

An alternative way to view I')1 (�1) is that it smooths the real-time component of demand

followed by a correlation correction. The incremental demand in period 1 is �1 − `1 so the battery

shifts half of it at 1
2 (�1 − `1) to period 2. The extra term −1

2 (`2|�1 − `2) captures the effect

of the demand dependence of period 2 that influences the decision in period 1. On one end of the
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spectrum, if �1 and �2 are independent, then `2|�1 = `2, so this term is zero, in agreement with the

intuition that if demands are independent, then the future should not influence the current period’s

decision. On the other end, if �1 = �2 always, then `2|�1 = �1, and `2|�1 − `2 = �1 − `1, so the

correlation correction term exactly cancels out the main term, and the battery discharges zero. This

is also in agreement with the intuition that if the two periods are always the same, then there is no

smoothing for the battery to do. The correlation correction intuition also shows that the real-time

battery discharge does depend on the correlation between two demand periods, albeit implicitly,

and that higher demand correlation reduces battery discharge.

The perfect smoothing of demand also implies that the prices in two periods are equal for both

day-ahead and real-time, so battery profit is zero. This is centrally optimal but clearly not aligned

with the goal of battery profit. If the battery is instead operated by an independent profit maximizer,

then the battery will notice that the social optimum discharges “too much” and withholds some of

its discharge. This is the source of incentive misalignment that we will quantify in §3.5.

Generation cost depends on the distribution c of (�1, �2) through marginal means `C , marginal

variances f2
C , the sequential correlation dB, and Pearson correlation d. The cost depends on the

variances for the same reason as the no-battery case: because the cost is convex, demand variability

increases cost. The cost is also decreasing in : 5 , and : 5 appears only in the variance terms for

the same reason: more fast generators buffer the impact of demand variability. However, whereas

the no-battery cost does not depend on the correlation, the centralized battery cost depends on the

correlation because the battery shifts demand across different periods.
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3.5 Battery Operation: Decentralized Solution

We now consider the regime when there is an independently operated battery that chooses its

discharge/charge decisions I��1 , I')1 (�1) to maximize its profit. The battery solves

max
I��1 ,I')1 (·)

_��1 I��1 + _��2 I��2 + E�
[
_')1 I')1 + _

')
2 I')2

]
,

where the DA and RT prices are given by (3.7), (3.8), and the supply curve is given by (3.9). We

derive the optimal battery behavior and the corresponding cost in the following theorem.

Theorem 7 (Decentralized Battery). The decentralized battery discharge decisions are given by

I��1 =
(2 − : 5 )

2(4 − : 5 )
(`1 − `2),

I')1 (�1) =
: 5

2(4 − : 5 )
(`1 − `2) +

1
4
(�1 − `1) −

1
4
(`2|�1 − `2).

The corresponding generation cost Cost(DCN) is

Cost(DCN) =U(`1 + `2)

+ V
{
(20 − 11: 5 + :2

5
)

4(4 − : 5 )2
(`2

1 + `
2
2) +
(12 − 5: 5 + :2

5
)

2(4 − : 5 )2
`1`2 +

5f2
1 + (8 − 3d2

B )f2
2 + 6df1f2

16: 5

}
.

We can show that the profit maximization problem is also a convex quadratic optimization

problem, whose unique solution can be found from first-order conditions. The proof is given in

Appendix C.1. As in the centralized case, the discharge has a “non-random” component smoothing

predictable demand fluctuations between time periods, and a “random” component (a factor of

�1 − `1 and `2|�1 − `2) smoothing demand fluctuation within each period. We discuss each of

these components in turn.
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Non-random component of discharge. Let Δ` ≡ `1−`2 be the difference in mean net demands

of the two periods, i.e., the steepness of the duck curve. The total expected discharge in period 1,

I��1 + E� [I')1 ] =
1

(4−: 5 )Δ` is strictly less than the centrally optimal discharge 1
2Δ`. We call this

distortion quantity withholding. This form of distortion is familiar from the standard account of

market power. As we observed in §3.4, centrally optimal battery discharges “too much,” perfectly

smoothing demand resulting in zero profit. The independent battery exercises market power by

withholding capacity, resulting in less total discharge. Quantity withholding increases generation

cost because it makes peak demand higher and off-peak demand lower, which nets out to higher

cost because cost is quadratic in demand. Note that quantity withholding occurs even without

demand randomness. We quantify the extent of quantity withholding by computing one minus the

ratio between the decentralized and centralized expected battery discharge, which we define as

quantity withholding ≡ 1 −
(I��1 )��# + (E� [I

')
1 ])��#

(I��1 )�# + (E� [I
')
1 ])�#

=
2 − : 5
4 − : 5

. (3.11)

Note that quantity withholding is defined such that if the decentralized battery (DCN) dis-

charges as much as the centralized battery (CN), then withholding will be zero, whereas if the

decentralized battery has zero discharge, then withholding will be one. Therefore, our definition

captures the percentage of quantity withholding. Our computation shows that quantity withhold-

ing (2 − : 5 )/(4 − : 5 ) is decreasing in : 5 . Intuitively, this is because more fast generators mean

that the battery can discharge more with less price impact, so the battery needs to withhold less to

maximize profit. The quantity withholding percentage is 1/2 = 50% when generators are mostly

slow (: 5 ≈ 0) and is 1/3 ≈ 33.3% when generators are mostly fast (: 5 ≈ 1).

Furthermore, the battery shifts a positive amount of the expected discharge : 5
2(4−: 5 )Δ` to real

time. In contrast, the centrally optimal battery has zero real-time discharge in expectation. We call

this distortion the shift from day-ahead to real-time. Once the monopolist battery already com-

mits the cleared quantity in the first (day-ahead) market, the battery’s marginal revenue changes,
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enabling the battery to discharge more in total. In other words, the shift to real-time, while un-

desirable in itself, enables the battery to do less quantity withholding. This intuition is similar to

how a monopolist sells to a population of nonstrategic consumers over two stages: with a higher-

price in the first stage to capture higher-value consumers, and a lower price in the second stage.

The quantity sold is split over two stages, but the total quantity sold is higher than a single-stage

monopoly quantity. This effect is analogous to the forward market equilibrium in [79], but we are

the first to analyze this effect for batteries in electricity markets. A more informal way to think

about this effect is this: because the two markets clear separately each with exogenous demand, the

battery splits its quantity into two markets to reduce the quantity in each market and thus reduce

the adverse price impact, which is increasing in each market’s quantity.

Notably, This shift to real-time is a structural consequence of sequential market clearing by

itself: it still exists even without different elasticities in two markets or demand randomness. Nev-

ertheless, the relative elasticities of the two markets, as determined by the share of fast generators

: 5 , determines the extent of the shift to real-time. We quantify the extent of shift from day-ahead to

real-time by computing the share of expected discharge in real-time as a fraction of total discharge,

and compare this share between decentralized and centralized regime. In other words, we define

shift from day-ahead to real-time as

shift from day-ahead to real-time ≡
(E� [I')1 ])��#

(I��1 )��# + (E� [I
')
1 ])��#

=
: 5

2
(3.12)

Therefore, the shift from day-ahead to real-time is increasing in : 5 . The shift percentage is

0% when generators are mostly slow (: 5 ≈ 0) and 50% when generators are mostly fast (: 5 ≈ 1).

Intuitively, more fast generators mean that the real-time price impact is less so real-time participa-

tion is more attractive and the battery discharges more in real time. If (almost) all generators are

slow, then the price impact is so large that it is not worth discharging in real time at all. Instead,

the battery exercises market power by quantity withholding; we have seen earlier that quantity
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withholding is highest in this slow generator case.

The upshot of our discussion is that the battery strategically distorts the discharge via quantity

withholding and shift from day-ahead to real-time, independent of demand randomness. Both types

of distortion increase generation cost and the relative weight of each type depends on generator

composition. More fast (resp. slow) generators mean more shift from day-ahead to real-time (resp.

quantity withholding). We summarize the expected discharge in day-ahead, real-time, and total, as

well as the extent of quantity withholding and shift from day-ahead to real-time in Table 3.1.

regime generator
composition

DA
discharge

RT
discharge

total
discharge

quantity
withholding

shift from
DA to RT

decentralized

slow gen.
dominate
(: 5 ≈ 0)

Δ`/4 0 Δ`/4 50% 0%

fast gen.
dominate
(: 5 ≈ 1)

Δ`/6 Δ`/6 Δ`/3 33.3% 50%

centralized centrally
optimal Δ`/2 0 Δ`/2 0% 0%

Table 3.1: Non-random component of battery discharge as a function of generation composition.

Random component of discharge. The random component of I')1 (�1) is 1
4 (�1−`1)− 1

4 (`2|�1−

`2), which is half of the centrally optimal perfect smoothing. We define the one minus the ratio

of the random component of decentralized versus centralized discharge as reduction in real-time

responsiveness:

reduction in real-time responsiveness ≡ 1 −
1
4 (�1 − `1) − 1

4 (`2|�1 − `2)
1
2 (�1 − `1) − 1

2 (`2|�1 − `2)
=

1
2

(3.13)

Intuitively, the reduction in real-time responsiveness can also be viewed as a form of battery ex-

ercising market power via quantity withholding, but on the real-time mean-zero component of

demand. This reduction in real-time responsiveness is always exactly 50% on both the realized

demand and the correlation correction components. Just as we argued in the centralized case, the

93



term (`2|�1 − `2) can be viewed as “correlation correction” because it is zero when �1 and �2 are

independent, and it exactly cancels out the main term when �1 = �2.

3.5.1 Comparing Generation Costs Across Different Regimes

We have derived battery discharge decisions and the corresponding generation costs under

three regimes: no battery (Theorem 5), centralized battery (Theorem 6), and decentralized battery

(Theorem 7). We can now compare generation costs (which are the system operator’s objectives)

between the three regimes, which we denote by Cost(NB), Cost(CN), and Cost(DCN), respectively.

We define the price of anarchy (PoA) as the relative cost reduction from the no-battery default

of the centralized versus decentralized battery:

PoA ≡ Cost(NB) − Cost(CN)
Cost(NB) − Cost(DCN)

. (PoA)

While not obvious, having an independent battery always yields a cost reduction relative to the

no-battery default (cf. Theorem 8). Given this, (PoA) is well-defined, and PoA ≥ 1.

The PoA metric captures the fact that there is a part of the generation cost that is “unavoidable”

in the sense that even the centrally controlled battery cannot avoid it. Therefore, the PoA is defined

to compare the relative cost reduction relative to the no-battery benchmark, which is the status quo

before the introduction of battery.

Throughout this subsection, we will assume that (�1, �2) is jointly normal with correlation d;

this is to highlight the qualitative dependence of different cost metrics on market fundamentals and

to enable us to meaningfully discuss the correlation d.

Theorem 8 (Cost Comparisons). For all market parameters `1, `2, f1, f2, d, we have

(a) Cost(NB) ≥ Cost(DCN) and Cost(DCN) ≥ Cost(CN). Both inequalities become equalities

if and only if `1 = `2 and f1 = df2.
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(b) 9/8 ≤ PoA ≤ 4/3. The lower bound is achieved when : 5 = 1 and f1 = df2. The upper

bound is achieved when : 5 = 0. PoA is decreasing in |`1 − `2 |, increasing in |f1 − df2 |,

and decreasing in : 5 .

The result that Cost(NB) ≥ Cost(DCN) is in the spirit of [89], while Cost(DCN) ≥ Cost(CN)

is necessarily true by definition. Taken together, these cost comparisons show that the three costs

are ranked, so the PoA metric is well-defined and meaningful. We also derive a lower bound of

9/8 and an upper bound of 4/3 on PoA, and both bounds are the best possible. In other words,

the incentive misalignment can increase the generation cost from 12.5% to 33.3% relative to the

no-battery benchmark. Both bounds are attainable and are independent of the market parameters.

On the one hand, the existence of an absolute lower bound strictly away from 1 means that in any

market, there is always incentive misalignment (increasing cost by at least 12.5%). On the other

hand, the existence of an absolute upper bound of 4/3 also shows that in any market, the incentive

misalignment can be at most 33.3%, and this is even we assume the starkest conditions to make

battery market power starkest: there is a single monopoly battery that is perfectly efficient. In §3.8,

we show that PoA remains bounded even after relaxing assumptions.

The bounds and comparative statics of PoA follow from the following argument. The cost

reductions of both centralized and decentralized regimes have two components: the contribution

from the differences in means, and from the differences in variance, as shown by

Cost(NB) − Cost(CN) = V
1
4
(`1 − `2)2 +

V

4: 5
(f1 − df2)2

Cost(NB) − Cost(DCN) = V
(12 − 5: 5 + :2

5
)

4(4 − : 5 )2
(`1 − `2)2 +

3V
16: 5

(f1 − df2)2

The variance component of the two cost gaps are always a factor of 4/3 from each other,

whereas the mean component of the two cost gaps are a factor of
12−5: 5 +:2

5

(4−: 5 )2
from each other. This

factor reaches a minimum of 9/8 at : 5 = 1 and a maximum of 4/3 at : 5 = 0. Therefore, the ratio
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PoA is between 9/8 and 4/3. Because the mean factor component is less than the variance factor

component of 4/3, if |`1 − `2 | increases, the mean component becomes more important and the

PoA decreases, whereas if |f1 − df2 | increases, the variance component becomes more important

and PoA decreases. Lastly, because the mean factor is decreasing in : 5 , the ratio PoA is also

decreasing in : 5 .

Because PoA is decreasing in |`1−`2 |, as renewable energy (especially solar) increases, widen-

ing the gap between peak mean net demand `1 and off-peak mean net demand `2, incentive align-

ment improves! A more severe duck curve increases the cost gaps of both centralized and decen-

tralized regimes, but the decentralized cost reduction grows at a faster rate. Moreover, the fact that

PoA is decreasing in : 5 means that more fast generators improve incentive alignment. Intuitively,

this is because non-strategic fast generators are ready to “step in” and cushion the price impact of

real-time battery withholding. Lastly, because PoA is increasing in |f1 − df2 |, it is not necessarily

monotonic in the correlation d. On the one hand, if f1 ≤ f2 then PoA is always increasing in d.

On the other hand, if f1 ≥ f2 then PoA is decreasing in d when d ≤ f1/f2 and increasing in d

when d ≥ f1/f2.

3.6 Numerical Illustrations

In this section, we illustrate the battery behavior and incentive misalignment numerically. To

anchor ideas, and for illustration purposes, we use data from Los Angeles and Houston. We choose

these regions as examples of markets that are well on the way in terms of renewable and battery

adoption, and markets that are in transition, respectively. We also observe local monopoly effects

in these regions. For example, in Los Angeles, as of April 2024, AES is the biggest player with

4 batteries with total capacity of 355 MW, the second biggest is VESI with two batteries, 20 MW

each, and the rest are very small batteries with total capacity 27.2 MW [120].

We emphasize that the results we present here are illustrative of the forces at play, but also do

not account for how submarkets are connected in the electricity market. A full network analysis is
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beyond the scope of the current work.
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Figure 3.2: Mean net demand for each hour of the day in 2023 in Los Angeles and Houston, and
the corresponding peak and off-peak hours.

We calibrate the supply curve parameters U, V from public market data. We estimate : 5 from

the share of energy produced from “fast” sources. If we assume that natural gas and hydro are

fast, while nuclear and coal are slow, then we have : 5 = 0.93 for Los Angeles and : 5 = 0.66 for

Houston.

In contrast to the generator parameters U, V, : 5 which can be assumed to be constant throughout

the year, the net demand has a significant seasonality component. We assume that the peak and off-

peak net demands are jointly normal, and calibrate the marginal means `1, `2, marginal variances

f2
1 , f

2
2 , and the correlation d for each quarter of 2023. For Los Angeles, we take the peak hour to

be 19:00-20:00 and the off-peak hour to be 12:00-13:00. For Houston, we take the peak hour to be

19:00-20:00 and the off-peak hour to be 09:00-10:00 (cf. Figure 3.2).

For each quarter, we calculate the price of anarchy. In Los Angeles, we have 1.15 for all four

quarters. In Houston, we have Q1: 1.26, Q2: 1.24, Q3: 1.22, Q4: 1.26 with an average of 1.25.

Therefore, even though the demand has high seasonality, the price of anarchy is fairly stable across

seasons.
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We can see that, if the battery achieves local monopoly in a region, the price of anarchy as

well as all three types of distortion are practically significant. Nevertheless, the low values of

the PoA shows that the impact on cost reduction is limited. The Los Angeles PoA of 1.15 (resp.

Houston PoA of 1.25) means that the cost reduction from having decentralized batteries is already

87% (resp. 80%) of the best possible cost reduction. We should think of the best possible cost

reduction not necessarily as the benchmark that could be achieved if only the central planner takes

total control because in practice, the central planner also do not have perfect information and is

not necessarily as nimble as private actors. Rather than viewing this result as saying that we could

do even better with a benevolent monopoly in charge, we should view this result instead as saying

that the liberalized electricity market status quo can give reasonable performance.

3.7 Competition and Market Power Mitigation Mechanisms

So far, we have assumed that there is a single battery monopoly which operates without re-

strictions to highlight the fundamental features of battery market power. In this section, we will

analyze the equilibrium of a game with = competing batteries and shows that competition is quite

effective at reducing strategic distortions. However, we will show that a few reasonable-sounding

market mitigation measures that the system operator might deploy can backfire.

3.7.1 Competition

Theorem 9. Consider = batteries deciding discharge quantities in each period in a Cournot equi-

librium. Then, there is a unique equilibrium given by

I��1 =
(= + 1 − : 5 )

2((= + 1)2 − =: 5 )
(`1 − `2)

I')1 (�1) =
: 5

2((= + 1)2 − =: 5 )
(`1 − `2) +

(�1 − `1) −
(
`2|�1 − `2

)
2(= + 1)
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For every market, we have the PoA bounds

1 + 1
=(= + 1) (=2 + = + 2)

≤ PoA ≤ 1 + 1
=(= + 2) .

Note that Theorem 9 reduces to the decentralized monopoly case (Theorem 7) with = = 1.

We can quantify the three types of distortions by comparing the total discharge in equilibrium

=(I1)��# with the socially optimal discharge (I1)�# which is the same as the one-battery case (be-

cause the battery has no capacity constraint). They are: quantity withholding = (=+1−=: 5 )/((=+

1)2 − =: 5 ), shift from day-ahead to real-time = : 5 /(= + 1), reduction in real-time responsiveness

= 1/(= + 1).

In particular, the three types of distortions all go to zero at a rate of 1/= as = increases. Mean-

while, the PoA bounds show that PoA decreases to 1 at a rate of 1/=2 in the worst case. So just a

moderate amount of competition can substantially reduce distortions and incentive misalignment.

The caveat that competition also substantially reduces battery profit, which might deter battery

market entry.

3.7.2 Market Power Mitigation Mechanisms

Regulating Day-Ahead versus Real-Time Discrepancy

Out of the three types of distortions that we have identified in our model, the shift from day-

ahead to real-time is easiest to observe in the data. California’s special report on battery storage

[75] shows the hourly average battery bids and market prices in day-ahead and real-time (Fig-

ure C.1 and Figure C.2 in Appendix C.4). In day-ahead, battery bids are significantly higher than

market clearing prices, whereas in real-time, battery bids are comparable to market clearing prices.

This means that batteries avoid being scheduled in day-ahead, preferring to be scheduled in real-

time instead. This corresponds to the shift from day-ahead to real-time that we have identified.

We consider two market policies that the regulator could enact to mitigate the day-ahead versus
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real-time discrepancy:

(P1) The regulator can require that the battery discharges zero in expectation in real-time. This

policy basically “bans” the shift from DA to RT, which is observable. Equivalently, this

policy imitates the socially optimal (centralized) behavior.

(P2) The regulator can introduce virtual bidders, which are purely financial bidders that arbitrage

between day-ahead and real-time prices in each period, using market dynamics.

Unfortunately, both of these policies will backfire.

Theorem 10. Both (P1) and (P2) lead to more quantity withholding, lower battery profit, and

higher system cost.

Intuitively, the monopoly battery splits the exercise of market power “optimally” between quan-

tity withholding and shift from DA to RT. If the regulator bans shift from DA to RT, the battery will

have to do more quantity withholding to compensate. Whereas the shift from DA to RT will still

make the battery capacity available (only later than optimal), quantity withholding will make the

battery capacity not available at all, which further increases system cost. This also lowers battery

profit because the profit-maximizing battery would not choose this quantity withholding allocation

without the external constraint.

Battery Discharge Subsidy

If we think the charge and discharge behavior of batteries gives positive externalities to the

system, we can subsidize battery discharge, analogous to renewable production tax credits for

renewables but for batteries. The regulator selects a subsidy price B such that the regulator pays BI

if the battery discharges I during peak period.

Theorem 11. For any subsidy level B > 0, total financial cost, defined as a sum of subsidy cost

and system generation cost, increases compared to no subsidy.
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We note that even though subsidy increases total financial cost, it might still be a good policy

if having lower carbon emissions is desirable in its own right, e.g., via the social cost of carbon.

3.8 Extensions

So far, we have made assumptions to get the most parsimonious model that shows the main

economic and operational drivers of strategic battery behavior. In this section, we will show that

the main insights continue to hold in more complex settings.

3.8.1 Multiple Time Periods

In this subsection, we extend our results to ) ≥ 2 periods, indexed by C ∈ {1, . . . , )} ≡ [)].

The demands of all periods are random variables drawn from a known joint distribution � ≡

(�1, . . . , �) ) ∼ c. As before, we consider the centralized case where the battery minimizes

generation cost, and the decentralized case where the battery maximizes its profit. The battery

decides the discharge quantities I��C for each period C in day-ahead, and I')C (�1:C) for each period

C in real-time as a function of the realized history �1:C subject to
∑
C I
��
C = 0 and

∑
C I
')
C (�1:C) = 0

for all �. The market prices are determined by (3.4) and (3.5), and the generation cost is also given

by (3.6) (but summing over all C ∈ [)]), and the price of anarchy is defined by (PoA) as before.

Theorem 16 in Appendix C.5 gives explicit formulas for the centralized and decentralized

battery decisions I��C and I')C (�1:C). This theorem reduces to previous results with ) = 2. We

can see from the explicit formulas that the three types of distortions (quantity withholding, shift

from day-ahead to real-time, reduction in real-time responsiveness) continue to hold with the same

amount as in (3.11), (3.12), (3.13). We can prove that the bounds 9/8 ≤ PoA ≤ 4/3 on the Price

of Anarchy also continue to hold for independent normal demand for every ) , and we believe that

the bounds will hold more broadly under reasonable assumptions on the correlation matrix.
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3.8.2 Battery Inefficiency

In this subsection, we are back to the two-period model, but we now assume that the battery

is not perfectly efficient. Rather, it has a round trip efficiency of [ ∈ (0, 1]. That is, the energy

the battery discharges is [ times the amount it charges. In practice, [ is typically between 0.85

and 0.98 for lithium-ion batteries [121]. If we assume that period 1 is a peak period and the

battery charges, while period 2 is an off-peak period and the battery discharges, then we have

I��1 +[I
��
2 = I')1 +[I

')
2 = 0. Theorem 17 in Appendix C.5 gives explicit formulas for centralized

and decentralized battery decisions. We also have the bounds 9/8 ≤ PoA ≤ 4/3 as before.

3.8.3 Non-Parallel Supply Curves

We have assumed that the same fraction : 5 of generators are fast at every price _, that is

�B (_) = :B� (_) and � 5 (_) = : 5� (_) and the supply curve is linear: �−1(G) = U + VG. We

now relax the former assumption and assume that the fast and slow supply curves are linear but not

necessarily a multiple of each other: �−1
B (G) = UB+VBG and�−1

5
(G) = U 5 +V 5 G. Theorem 18 shows

that we can still characterize the battery strategies in closed form, and the bounds 9/8 ≤ PoA ≤ 4/3

still hold.

3.8.4 Convex Supply Curves

We have assumed that the total supply curve is linear: �−1(G) = U + VG. This is a good first-

order approximation for most hours in the market, but we might want to also take into account that

prices might increase super-linearly when the demand is unusually high. Here, we assume that

�−1(G) = U + VG + WG2 for W ≥ 0. Theorem 19 derives the centralized and decentralized battery

strategies as linearized convexity corrections in W.
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3.8.5 Battery Capacity

We have assumed that the battery has unlimited capacity, so the only constraints are that the

total net discharge is zero. Now we assume that the monopoly battery has a given capacity �. We

do not have closed form solutions, but they can be numerically approximated. Figure C.3 shows

the Price of Anarchy values, calibrated with Los Angeles and Houston data, are comparable to

before.

3.8.6 Battery Investments and Operations

Given our model’s focus on daily cycles of the market, taking market participants as fixed, it

naturally fits with the system operator’s goal of ensuring proper market functioning. However, it

can also be used to understand higher-level decisions such as investment in battery capacity. Here,

we assume that the battery capacity is endogenous. There is an investment cost 2inv per unit of

battery capacity. The decision maker first decides the battery capacity � to invest in, then decides

I��1 , I')1 (�1) to operate the battery with this capacity. The centralized case minimizes total cost,

which is a sum of investment cost 2inv� and generation cost. The decentralized case maximizes

net profit, which is the arbitrage profit minus investment cost. Figure C.4 shows that the Price of

Anarchy values, calibrated with Los Angeles and Houston data, are comparable to before.

3.9 Conclusion

We formulate and solve an analytical model of market power of batteries in electricity markets.

We find that profit-maximizing batteries strategically distort their decisions by quantity withhold-

ing, shifting participation from day-ahead to real-time, and reducing real-time responsiveness, and

quantify the extent of each form of distortion. The larger the share of fast generators, the more

batteries do shift to real-time rather than quantity withholding, and vice versa. Battery distortion

due to incentive misalignment leads to an increase in generation cost between 12.5% and 33.3%,
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and the misalignment is largest in relative terms when generators are slow, and and the duck curve

is shallow. Numerical illustrations with Los Angeles and Houston data suggest that, if a battery

achieves local monopoly, these effects could be practically significant, but the loss from market

power is bounded even in the worst case. A moderate amount of competition is very effective at

reducing distortions, with the caveat that it also substantially reduces battery profits, which might

deter battery market entry. However, market power mitigation mechanisms can backfire. While

our base model is intentionally parsimonious to most clearly highlight the main drivers of battery

incentive misalignment, the insights and quantitative bounds continue in more general settings.

There are many avenues for future work. Our model considers each region separately, which

can be a good first-order approximation for highly fragmented markets. For moderately fragmented

markets, the network structure and locational marginal pricing market clearing should be modeled

explicitly, and the question of market power over a network is worth investigating. Our model also

assumes that the environment is probabilistically known. Arguably, however, battery behavior is

also partly shaped by uncertainty and robustness considerations. For example, if the market price

occasionally spikes, then part of battery withholding behavior might simply be contingency prepa-

ration rather than market power. Understanding the role of price and system forecast, Bayesian

and non-Bayesian uncertainty, and distinguishing between strategic behavior and standard operat-

ing procedures is an important future direction.
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[55] c. Koçyiğit, G. Iyengar, D. Kuhn, and W. Wiesemann, “Distributionally robust mechanism
design,” Management Science, vol. 66, no. 1, pp. 159–189, 2020.

[56] W. Zhang, “Auctioning Multiple Goods without Priors,” arXiv.org, Papers 2204.13726,
Apr. 2022.

[57] ——, “Correlation-robust optimal auctions,” Tech. Rep., 2022.

[58] D. Bergemann and S. Morris, “An introduction to robust mechanism design,” Foundations
and Trends® in Microeconomics, vol. 8, no. 3, pp. 169–230, 2013.

[59] Y.-K. Che and J. Kim, “Robustly collusion-proof implementation,” Econometrica, vol. 74,
no. 4, pp. 1063–1107, 2006. eprint: https://onlinelibrary.wiley.com/doi/
pdf/10.1111/j.1468-0262.2006.00694.x.

[60] ——, “Optimal collusion-proof auctions,” Journal of Economic Theory, vol. 144, no. 2,
pp. 565–603, 2009.

[61] G. Carroll and I. Segal, “Robustly Optimal Auctions with Unknown Resale Opportunities,”
The Review of Economic Studies, vol. 86, no. 4, pp. 1527–1555, Jul. 2018.

[62] M. Babaioff, R. Lavi, and E. Pavlov, “Single-value combinatorial auctions and algorithmic
implementation in undominated strategies,” Journal of the ACM, vol. 56, no. 1, 2009.

[63] D. Bertsimas, D. B. Brown, and C. Caramanis, “Theory and applications of robust opti-
mization,” SIAM Review, vol. 53, no. 3, pp. 464–501, 2011.

[64] H. Rahimian and S. Mehrotra, “Frameworks and Results in Distributionally Robust Opti-
mization,” Open Journal of Mathematical Optimization, vol. 3, 4, 2022.

109

https://onlinelibrary.wiley.com/doi/pdf/10.1111/j.1468-0262.2006.00694.x
https://onlinelibrary.wiley.com/doi/pdf/10.1111/j.1468-0262.2006.00694.x


[65] A. Allouah, A. Bahamou, and O. Besbes, “Optimal pricing with a single point,” Manage-
ment Science, 2021.

[66] D. Bergemann, T. Heumann, S. Morris, C. Sorokin, and E. Winter, “Optimal information
disclosure in classic auctions,” American Economic Review: Insights, vol. 4, no. 3, pp. 371–
88, 2022.

[67] M. Feldman, N. Gravin, Z. G. Tang, and A. Wald, “Lookahead auctions with pooling,”
in Algorithmic Game Theory, P. Kanellopoulos, M. Kyropoulou, and A. Voudouris, Eds.,
Cham: Springer International Publishing, 2022, pp. 60–77, ISBN: 978-3-031-15714-1.

[68] J.-J. Laffont and J. Robert, “Optimal auction with financially constrained buyers,” Eco-
nomics Letters, vol. 52, no. 2, pp. 181–186, 1996.

[69] M. M. Pai and R. Vohra, “Optimal auctions with financially constrained buyers,” Journal
of Economic Theory, vol. 150, pp. 383–425, 2014.

[70] IPCC, “Summary for policymakers,” in Climate Change 2023: Synthesis Report. Contribu-
tion of Working Groups I, II and III to the Sixth Assessment Report of the Intergovernmental
Panel on Climate Change, H. L. Core Writing Team and J. R. (eds.), Eds., IPCC, Geneva,
Switzerland, 2023, pp. 1–34.

[71] C. B. O. CBO, “Emissions of carbon dioxide in the electric power sector,” 2022.

[72] U. E. I. A. EIA. (2024). “U.S. battery storage capacity expected to nearly double in 2024,”
(visited on 01/09/2024).

[73] A. AER. (2023). “Electricity prices above $5,000/MWh - January to March 2023.”

[74] G. Parkinson. (2023). “The big battery being used to push electricity prices to the market
cap.” Accessed: Jan 29, 2024.

[75] CAISO, “CAISO Special Report on Battery Storage,” Tech. Rep., 2023.

[76] J. St. John, California has a new $7.3b plan to fix its transmission problems, C. Media,
Ed., Accessed May 27, 2024, 2023.

[77] C. Weare, The California Electricity Crisis: Causes and Policy Options. San Francisco:
Public Policy Institute of California, 2003, Available at: https://www.ppic.org/
publication/the-california-electricity-crisis-causes-and-
policy-options/, ISBN: 1-58213-064-7.

110

https://www.ppic.org/publication/the-california-electricity-crisis-causes-and-policy-options/
https://www.ppic.org/publication/the-california-electricity-crisis-causes-and-policy-options/
https://www.ppic.org/publication/the-california-electricity-crisis-causes-and-policy-options/


[78] C. Graf, E. L. Pera, F. Quaglia, and F. A. Wolak, “Market power mitigation mechanisms
for wholesale electricity markets: Status quo and challenges,” 2021.

[79] B. Allaz and J.-L. Vila, “Cournot competition, forward markets and efficiency,” Journal of
Economic Theory, vol. 59, no. 1, pp. 1–16, 1993.

[80] K. Ito and M. Reguant, “Sequential markets, market power, and arbitrage,” American Eco-
nomic Review, vol. 106, no. 7, pp. 1921–57, 2016.

[81] J. B. Bushnell, E. T. Mansur, and C. Saravia, “Vertical arrangements, market structure,
and competition: An analysis of restructured us electricity markets,” American Economic
Review, vol. 98, no. 1, pp. 237–266, 2008.

[82] S. Borenstein, J. Bushnell, C. R. Knittel, and C. Wolfram, “Inefficiencies and market power
in financial arbitrage: A study of california’s electricity markets,” The Journal of Industrial
Economics, vol. 56, no. 2, pp. 347–378, 2008.

[83] C. Saravia, “Speculative trading and market performance: The effect of arbitrageurs on
efficiency and market power in the new york electricity market,” University of California
Berkeley CSEM Working Paper 121, 2003.

[84] P. You, D. F. Gayme, and E. Mallada, “The role of strategic load participants in two-stage
settlement electricity markets,” in 2019 IEEE 58th Conference on Decision and Control
(CDC), 2019, pp. 8416–8422.

[85] V. Agrawal and S. Yucel, Renewable Energy Sourcing, J. M. Swaminathan and V. Desh-
pande, Eds., ser. Springer Series in Supply Chain Management. 2021.

[86] G. G. Parker, B. Tan, and O. Kazan, “Electric power industry: Operational and public
policy challenges and opportunities,” Production and Operations Management, vol. 28,
2019.

[87] N. Sunar and J. M. Swaminathan, “Socially relevant and inclusive operations manage-
ment,” Production and Operations Management, vol. 31, no. 12, pp. 4379–4392, 2022.

[88] R. Sioshansi, “Welfare impacts of electricity storage and the implications of ownership
structure,” The Energy Journal, vol. 31, no. 2, pp. 173–198, 2010.

[89] ——, “When energy storage reduces social welfare,” Energy Economics, vol. 41, pp. 106–
116, 2014.

111



[90] H. Peura and D. W. Bunn, “Renewable power and electricity prices: The impact of forward
markets,” Management Science, vol. 67, no. 8, pp. 4772–4788, 2021.

[91] D. Acemoglu, A. Kakhbod, and A. Ozdaglar, “Competition in electricity markets with
renewable energy sources,” The Energy Journal, vol. 38, no. 1, pp. 137–155, 2017.

[92] T. S. Genc and S. S. Reynolds, “Who should own a renewable technology? ownership the-
ory and an application,” International Journal of Industrial Organization, vol. 63, pp. 213–
238, 2019.

[93] O. Bahn, M. Samano, and P. Sarkis, “Market power and renewables: The effects of owner-
ship transfers,” The Energy Journal, vol. 42, no. 4, pp. 195–225, 2021.

[94] C. Kaps, S. Marinesi, and S. Netessine, “When should the off-grid sun shine at night? opti-
mum renewable generation and energy storage investments,” Management Science, vol. 69,
no. 12, pp. 7633–7650, 2023.

[95] X. Peng, O. Q. Wu, and G. Souza, “Renewable, flexible, and storage capacities: Friends or
foes?” SSRN, Working Paper, 2021.

[96] O. Q. Wu, R. Kapuscinski, and S. Suresh, “On the distributed energy storage invest-
ment and operations,” Manufacturing & Service Operations Management, vol. 25, no. 6,
pp. 2277–2297, 2023.

[97] W. Qi, Y. Liang, and Z.-J. M. Shen, “Joint planning of energy storage and transmission for
wind energy generation,” Operations Research, vol. 63, no. 6, pp. 1280–1293, 2015.

[98] Y. H. Zhou, A. Scheller-Wolf, N. Secomandi, and S. Smith, “Electricity trading and nega-
tive prices: Storage vs. disposal,” Management Science, vol. 62, no. 3, pp. 880–898, 2016.

[99] V. V. Agrawal and S. Yucel, “Design of electricity demand-response programs,” Manage-
ment Science, vol. 68, no. 10, pp. 7441–7456, 2022.

[100] A. Fattahi, S. Dasu, and R. Ahmadi, “Peak-load energy management by direct load control
contracts,” Management Science, vol. 69, no. 5, pp. 2788–2813, 2023.

[101] A. Fattahi, S. Ghodsi, S. Dasu, and R. Ahmadi, “Flattening energy-consumption curves
by monthly constrained direct load control contracts,” Operations Research, vol. 72, no. 2,
pp. 570–590, 2024.

112



[102] Z. Gao, K. Alshehri, and J. R. Birge, “Aggregating distributed energy resources: Efficiency
and market power,” Manufacturing & Service Operations Management, vol. 26, no. 3,
pp. 834–852, 2024.

[103] O. Q. Wu, S. Yucel, and Y. H. Zhou, “Smart charging of electric vehicles: An innova-
tive business model for utility firms,” Manufacturing & Service Operations Management,
vol. 24, no. 5, pp. 2481–2499, 2022.

[104] G. Perakis and L. Thayaparan, “The role of driver behavior in moving the electric grid to
zero emissions,” Tech. Rep., 2023.

[105] R. Kellogg and M. Reguant, “Energy and environmental markets, industrial organization,
and regulation,” in Handbook of Industrial Organization, 1, vol. 5, 2021, pp. 615–742.

[106] Ömer Karaduman, “Economics of grid-scale energy storage in wholesale electricity mar-
kets,” Tech. Rep., 2023.

[107] R. A. Butters, J. Dorsey, and G. Gowrisankaran, “Soaking up the sun: Battery investment,
renewable energy, and market equilibrium,” 2023.

[108] H. Mohsenian-Rad, “Coordinated price-maker operation of large energy storage units in
nodal energy markets,” IEEE Transactions on Power Systems, vol. 31, no. 1, pp. 786–797,
2016.

[109] E. Bjørndal, M. H. Bjorndal, S. Coniglio, M.-F. Korner, C. Leinauer, and M. Weibelzahl,
“Energy storage operation and electricity market design: On the market power of mo-
nopolistic storage operators,” European Journal of Operational Research, vol. 307, no. 2,
pp. 887–909, 2023.

[110] K. Hartwig and I. Kockar, “Impact of strategic behavior and ownership of energy stor-
age on provision of flexibility,” IEEE Transactions on Sustainable Energy, vol. 7, no. 2,
pp. 744–754, 2016.

[111] Q. Huang, Y. Xu, T. Wang, and C. A. Courcoubetis, “Market mechanisms for cooperative
operation of price-maker energy storage in a power network,” IEEE Transactions on Power
Systems, vol. 33, no. 3, pp. 3013–3028, 2018.

[112] W.-P. Schill and C. Kemfert, “Modeling strategic electricity storage: The case of pumped
hydro storage in germany,” The Energy Journal, vol. 32, no. 3, pp. 59–87, 2011.

113



[113] E. Tómasson, M. R. Hesamzadeh, and F. A. Wolak, “Optimal offer-bid strategy of an
energy storage portfolio: A linear quasi-relaxation approach,” Applied Energy, vol. 260,
p. 114 251, 2020.

[114] K. Ward and I. Staffell, “Simulating price-aware electricity storage without linear optimi-
sation,” Journal of Energy Storage, vol. 20, pp. 78–91, 2018.

[115] J. Cruise, L. Flatley, R. Gibbens, and S. Zachary, “Control of energy storage with market
impact: Lagrangian approach and horizons,” Operations Research, vol. 67, no. 1, pp. 1–9,
2019.

[116] P. L. Joskow, “Competitive electricity markets and investment in new generating capacity,”
Center for Energy and Environmental Policy Research, MIT, Working Paper, 2006.

[117] P. Denholm, W. Cole, and N. Blair, “Moving beyond 4-hour li-ion batteries: Challenges
and opportunities for long(er)-duration energy storage,” National Renewable Energy Lab-
oratory, Tech. Rep., 2023.

[118] D. S. Kirschen and G. Strbac, Fundamentals of Power System Economics, 2nd. Wiley,
2018.

[119] A. Creti and F. Fontini, Economics of Electricity: Markets, Competition and Rules. Cam-
bridge University Press, 2019.

[120] U. EIA, Form EIA-860M, Monthly Update to the Annual Electric Generator Report, Ac-
cessed: 2024-05-27, 2024.

[121] S. Koohi-Fayegh and M. Rosen, “A review of energy storage types, applications and recent
developments,” Journal of Energy Storage, vol. 27, p. 101 047, 2020.

[122] P. K. Monteiro and B. F. Svaiter, “Optimal auction with a general distribution: Virtual
valuation without densities,” Journal of Mathematical Economics, vol. 46, no. 1, pp. 21–
31, 2010.

114



Appendix A: On the Robustness of Second-Price Auctions in

Prior-Independent Mechanism Design

A.1 Deriving Candidate Mechanisms and Distributions

In this section, we derive candidate mechanisms and distributions. To do so, we will make

additional assumptions. We highlight here that this section does not directly imply that we have

a saddle point, but provides a “guided search" for a saddle point. In Section 1.3.3, we provide

a formal verification that the candidates obtained here are indeed a saddle point for the original

problem.

A.1.1 Deriving Candidate Saddle Points

In the next result, we establish that under some conditions, the worst-case distribution in a

saddle point has to satisfy a particular ordinary differential equation (ODE).

Proposition 10. Suppose that the problem infΦ
[
supL '= (Φ, L)

]
has an interior solutionΦ∗ which

has a density and is supported on [A∗, 1], and is such that the problem supL '= (Φ∗, L) over i.i.d. L

has a unique solution L∗ with marginal �∗. Then �∗ satisfies the following ODE for E ∈ (A∗, 1):

1 − �∗(E) − E(�∗)′(E) = 0.

Proposition 10 suggests that if a SPA is minimax optimal, then the worst-case L∗ in the saddle

should satisfy 1− �∗(E) − E(�∗)′(E) = 0 for E ∈ (A∗, 1). Together with the initial condition �∗(A∗)
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= 0, the solution to this ODE is

�∗(E) =



0 if E ∈ [0, A∗]

1 − A∗/E if E ∈ [A∗, 1)

1 if E = 1

(�-IsoRevenue)

Note that �∗(1−) = limE↑1 �
∗(E) = 1 − A∗, so there is a point mass of size A∗ at E = 1. This

distribution corresponds to an isorevenue distribution because if the willingness to pay distribution

follows this distribution �∗, then under any posted price ? ∈ [A∗, 1), the revenue is the same and is

given by ?(1 − �∗(?)) = A∗.

Next, we fix the distribution to be of the form above, and ask what candidate mechanisms could

lead to a saddle point in the class of SPA with random reserve. In other words, is there a SPA with

random reserve such that L∗ maximizes its regret? We establish that if there is such a reserve price

distribution, then it must satisfy a particular ODE.

Proposition 11. Fix A∗ ∈ [0, 1]. Let �∗ be given by (�-IsoRevenue) and Φ∗ be a CDF of a

distribution that has a density and is supported on [A∗, 1]. Suppose that L∗ is the unique solution

to supL '= (Φ∗, L). Then Φ∗ satisfies the following ODE for E ∈ (A∗, 1):

(Φ∗)′(E) + (= − 1)A∗
E(E − A∗)Φ

∗(E) = 1
E
. (ODE-Φ)

This ODE uniquely describes Φ∗ as a function of A∗. The final question left is the candidate

value of A∗. The initial condition Φ∗(A∗) = 0 uniquely determines the only possible value of A∗.

The next result characterizes, in quasi-closed form, a solution to the ODE to determine the

functional form of Φ∗, the value of A∗, as well as the value of the regret under the candidate saddle

point.
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Proposition 12. Let A∗= ∈ (0, 1/=) be the unique solution to

(1 − A∗)=−1 + log(A∗) +
=−1∑
:=1

(1 − A∗):
:

= 0.

Then the function Φ∗= (E) given by

Φ∗= (E) =
(

E

E − A∗=

)=−1
log

(
E

A∗=

)
−
=−1∑
:=1

1
:

(
E

E − A∗=

)=−1−:
=

∞∑
:==

1
:

(
E − A∗=
E

) :−(=−1)

satisfies the ODE (ODE-Φ) as well as Φ∗= (A∗=) = 0 and Φ∗= (1) = 1.

Furthermore, under the isorevenue L∗= given by �∗= (E) = 1−A∗=/E for E ∈ [A∗=, 1) and �∗= (1) = 1,

the regret is given by

'= (Φ∗=, L∗=) = (1 − A∗=)=−1 −
∫ E=1

E=A∗=

(
1 −

A∗=
E

)=−1
3E.

The above yields a candidate saddle point for the original problem. We next provide a formal

verification that the mechanism obtained minimizes the worst case regret among all mechanisms

(and not only SPA mechanisms), and that the candidate distribution is indeed the worst-case distri-

bution against this candidate mechanism.

A.2 Proofs and Discussions from Section 1.3 and Appendix A.1

Proof of Step 2 (Seller’s Optimality) from Section 1.3.3. Because (x, p) is dominant strategy in-

centive compatible, [4] gives the following payment characterization

?8 (E8, v−8) = ?8 (0, v−8) + E8G8 (E8, v−8) −
∫ Ẽ8=E8

Ẽ8=0
G8 (Ẽ8, v−8)3Ẽ8

Individual rationality requires that ?8 (0, v−8) ≤ 0. Because the seller aims to maximize revenue,
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it is optimal to set ?8 (0, v−8) = 0. We can then write, for fixed v−8,

EE8∼�∗= [?8 (v)] =
∫ E8=1

E8=A
∗
=

A∗

E2
8

?8 (E8, v−8)3E8 + A∗=?8 (E8 = 1, v−8)

=

∫ E8=1

E8=A
∗
=

A∗=
E2
8

(
E8G8 (E8, v−8) −

∫ Ẽ8=E8

Ẽ8=0
G8 (Ẽ8, v−8)3Ẽ8

)
3E8

+ A∗=
(
G8 (E8 = 1, v−8) −

∫ E8=A
∗
=

E8=0
G8 (E8, v−8)3E8 −

∫ E8=1

E8=A
∗
=

G8 (E8, v−8)3E8
)

We can compute the double integral as follows

∫ E8=1

E8=A
∗
=

∫ Ẽ8=E8

Ẽ8=0

A∗=
E2
8

G8 (Ẽ8, v−8)3Ẽ83E8

=

∫ Ẽ8=A
∗
=

Ẽ8=0

∫ E8=1

E8=A
∗
=

A∗=
E2
8

G8 (Ẽ8, v−8)3E83Ẽ8 +
∫ Ẽ8=1

Ẽ8=A
∗
=

∫ Ẽ8=1

E8=Ẽ8

A∗=
E2
8

G8 (Ẽ8, v−8)3E83Ẽ8

=

∫ E8=A
∗
=

E8=0

(
1 − A∗=

)
G8 (E8, v−8)3E8 +

∫ E8=1

E8=A
∗
=

(
A∗=
E8
− A∗=

)
G8 (E8, v−8)3E8

Substituting this expression gives

EE8∼�∗= [?8 (v)] = A
∗
=G8 (E8 = 1, E−8) −

∫ E8=A
∗
=

E8=0
G8 (E8, E−8)3E8

Taking the expectation of the above over v−8 ∼ (�∗= )=−1 gives agent 8’s revenue Ev∼(�∗=)= [?8 (v)].

Therefore, the objective is

=∑
8=1
Ev∼(�∗=)= [?8 (v)] = A

∗
=∑
8=1
Ev−8∼(�∗=)=−1 [G8 (E8 = 1, v−8)] −

=∑
8=1

∫ E8=A
∗
=

E8=0
Ev−8∼(�∗=)=−1 [G8 (E8, v−8)]3E8 .

Given that G8 has to satisfy the constraints G8 (v) ≥ 0, ∀8,∀v ∈ [0, 1]= and
∑=
8=1 G8 (v) ≤ 1∀v ∈

[0, 1]=, the objective is maximized if and only if for any nonempty set ( ⊆ {1, 2, . . . , =} the

following holds:

(i) if E8 = 1 for 8 ∈ ( and E8 ∈ (A∗=, 1) for 8 ∉ ( then
∑
8∈( G8 (v) = 1 and G8 (v) = 0 for 8 ∉ (, and
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(ii) for every 8 if E8 < A∗= and E 9 > A∗= for all 9 ≠ 8 then G8 (v) = 0.

In words, (i) if there is at least one buyer with valuation 1 and every buyer’s valuation is above A∗=,

then the mechanism allocates with probability one and can only allocate to agent(s) with valuation

1; (ii) if a buyer’s valuation is below A∗= and all other buyers’ valuations are above A∗=, then that

buyer is never allocated. It is clear that a second-price auction with random reserve drawn from a

CDF Φ∗= with a density and supported on [A∗=, 1] corresponds to an allocation rule that satisfies the

above condition, so the mechanism is optimal, and the saddle inequality is proved.

Proof of Proposition 1. Because Φ has a density q, the regret of SPA(Φ) at the valuation vector v

is given by

E (1) − E?∼Φ
[
max(E (2) , ?)1(E (1) ≥ ?)

]
= E (1) −

(∫ ?=E (2)

?=0
E (2)q(?)3? +

∫ ?=E (1)

?=E (2)
?q(?)3?

)
= E (1) −

[
E (2)Φ(E (2)) + [?Φ(?)] ?=E

(1)

?=E (2)
−

∫ ?=E (1)

?=E (2)
Φ(?)3?

]
= E (1) − E (1)Φ(E (1)) +

∫ ?=E (1)

?=E (2)
Φ(?)3?

Therefore,

'= (Φ, L) = Ev∼L
[
E (1) − E (1)Φ(E (1))

]
+ Ev∼L

[∫ ?=E (1)

?=E (2)
Φ(?)3?

]
We will compute the two terms separately. We capture the calculation of the first term in the

following lemma.

Lemma 3. Let ℎ(E) be a continuous function that is differentiable everywhere except perhaps at
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E = A∗, and � be a distribution on [0, 1], then we have

∫
E∈[0,1]

ℎ(E)3� (E) = ℎ(0)� (A∗) +
∫ E=A∗

E=0
ℎ′(E) (� (A∗) − � (E))3E

+ ℎ(A∗) (� (1) − � (A∗)) +
∫ E=1

E=A∗
ℎ′(E) (� (1) − � (E))3E

Proof of Lemma 3. We have

∫
E∈[0,A∗]

ℎ(E)3� (E) =
∫
E∈[0,A∗]

(
ℎ(0) +

∫ Ẽ=E

Ẽ=0
ℎ′(Ẽ)3Ẽ

)
3� (E)

= ℎ(0)� ( [0, A∗]) +
∫ Ẽ=A∗

Ẽ=0

∫ E=A∗

E=Ẽ

ℎ′(Ẽ)3� (E)3Ẽ

= ℎ(0)� (A∗) +
∫ Ẽ=A∗

Ẽ=0
ℎ′(Ẽ) (� (A∗) − � (Ẽ))3Ẽ

where the first line holds by the fundamental theorem of calculus, and the second line holds by

Fubini. Therefore,
∫
E∈[0,A∗] ℎ(E)3� (E) is equal to the expression in the first line of the lemma.

Similarly,
∫
E∈(A∗,1] ℎ(E)3� (E) is equal to the expression in the second line of the lemma. Finally,∫

E∈[0,1] ℎ(E)3� (E) is the sum of those two terms.

We let ℎ(E) = E − EΦ(E) and � (E) = L(1)= (E) in Lemma 3 to get that the first term of the regret

is

Ev∼L
[
E (1) − E (1)Φ(E (1))

]
= A∗ −

∫ E=A∗

E=0
L(1)= (E)3E +

∫ E=1

E=A∗
(1 −Φ(E) − EΦ′(E)) (1 − L(1)= (E))3?

Now we compute the second term.

Ev∼L

[∫ ?=E (1)

?=E (2)
Φ(?)3?

]
=

∫
v∈[0,1]=

∫
?∈[0,1]

Φ(?)1(E (2) ≤ ? < E (1))3?3L(v)

=

∫
?∈[0,1]

∫
v∈[0,1]=

Φ(?)1(E (2) ≤ ? < E (1))3L(v)3? =
∫ E=1

E=A∗
Φ(E) (L(2)= (E) − L(1)= (E))3E
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where the last equality holds because Φ has support on [A∗, 1]. Adding up the two terms, we

get the (Regret-L) expression.

Now we assume that L is i.i.d., then L(1)= (E) = � (E)= and PrL (E (2) ≤ E < E (1)) = =� (E)=−1(1−

� (E)), so we get the (Regret-�) expression.

To derive the (Regret-Φ) expression that is linear in Φ, we can use integration by part to trans-

form the term involving Φ′(E) into an expression linear in Φ as follows.

∫ E=1

E=A∗
E(1 − � (E)=)Φ′(E)3E

= [E(1 − � (E)=)Φ(E)]E=1
E=0 −

∫ E=1

E=A∗

3

3E
(E(1 − � (E)=))Φ(E)3E

= −
∫ E=1

E=A∗
(1 − � (E)= − =E� (E)=−1�′(E))Φ(E)3E

Plugging this into the (Regret-�) expression, we get the (Regret-Φ) expression as desired.

Proof of Proposition 10. Define ℎ(Φ) = supL '= (Φ, L) to be the worst-case regret for a distribu-

tion of reserves Φ and /0(Φ) = {L̃ : '= (Φ, L̃) = supL '= (Φ, L)} the set of optimal worst-case

distributions for Φ. From the (Regret-Φ) expression given in Proposition 1, '= (Φ, L) is linear.

Because the pointwise supremum of linear functions is convex, we have that ℎ(Φ) is convex in Φ.

Since we assumed that /0(Φ∗) = {L∗}, Danskin’s theorem then implies that ℎ is differentiable at

Φ∗, and the derivative of ℎ at Φ∗ is given by mℎ
mΦ
(Φ∗) = m'=

mΦ
(Φ∗, L∗). Therefore, we must have

mℎ
mΦ
(Φ∗) = 0 since ℎ is convex and has a minimum at Φ∗, which implies that m'=

mΦ
(Φ∗, L∗) = 0.

Because '= (Φ, �∗) is linear in Φ, this means the coefficient of Φ(E) in '= (Φ, L∗) should be zero

for E ∈ (A∗, 1), which implies 1 − �∗(E) − E(�∗)′(E) = 0 as desired.

Proof of Proposition 11. We note that the (Regret-�) expression for '= (Φ∗, L)

A∗ −
∫ E=A∗

E=0
� (E)=3E +

∫ E=1

E=A∗
(_ − E(Φ∗)′(E) −Φ(E)) (1 − � (E)=) +Φ∗(E)=� (E)=−1(1 − � (E))3E
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involves � (E) only. To maximize this expression we can set � (E) = 0 for E ∈ [0, A∗]. We can

further maximize the integrand for E ∈ [A∗, 1] pointwise. We have the constraint that � (E) must

be nondecreasing, but because the unique optimal solution is �∗ which is strictly increasing, this

monotonicity constraint must not bind, and the pointwise optimization procedure must give �∗ as

a solution. Taking the derivative of the expression under the integral with respect to � (E) gives

(1 −Φ∗(E) − E(Φ∗)′(E)) (−=� (E)=−1) + =Φ∗(E) ((= − 1)� (E)=−2 − =� (E)=−1) = 0

(1 + (= − 1)Φ∗(E) − E(Φ∗)′(E)) (1 − � (E)) − 1 + E(Φ∗)′(E) = 0

From the previous subsection, we want Φ∗ to be such that the optimal � from this is �∗(E) =

1 − A∗

E
for E ≥ A∗. Substituting this gives

(Φ∗)′(E) + (= − 1)A∗
E(E − A∗)Φ

∗(E) = _
E

(ODE-Φ)

as desired.

Proof of Proposition 12. We will sometimes omit the star and the subscripts for simplicity. We

solve the ODE with the integrating factor method. With the ODE of the form Φ′ + 6Φ = ℎ where

6 and ℎ do not depend on Φ, we multiply both sides by the integrating factor � := exp
(∫
63E

)
which has the property �′ = 6�, so (�Φ)′ = �Φ′ + 6�Φ = �ℎ. In our case, the integrating factor is

exp
(∫ (= − 1)A∗

E(E − A∗) 3E
)
= exp

(∫ (= − 1)
E − A∗ −

(= − 1)
E

3E

)
=

(
E − A∗
E

)=−1

If we multiply by
(
E−A∗
E

)=−1
on both sides we get

3

3E

[(
E − A∗
E

)=−1
Φ(E)

]
=

1
E

(
E − A∗
E

)=−1
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Now we integrate on both sides. Using the change of variable F = (E − A∗)/E we can integrate

the right hand side as follows

∫
1
E

(
E − A∗
E

)=−1
3E =

∫
F=−1

1 − F3F = const − log(1 − F) −
=−1∑
:=1

F:

:

Therefore, there is a constant 2 such that

(
E − A∗
E

)=−1
Φ(E) = 2 + log

( E
A∗

)
−
=−1∑
:=1

1
:

(
E − A∗
E

) :
We will now determine the constant 2. Using Φ(A∗) = 0, letting E ↓ A∗ we get that the left hand

side goes to 0 and the right hand side goes to 2, so 2 = 0, and we have

Φ(E) =
( E

E − A∗
)=−1

log
( E
A∗

)
−
=−1∑
:=1

1
:

( E

E − A∗
)=−1−:

We use the Taylor series for log(1 + G) with G = (E − A∗)/A∗ to get the other expression for

Φ(E):

Φ(E) =
∞∑
:==

1
:

(
E − A∗
E

) :−(=−1)

We pin down the value of A∗ by requiring that Φ(1) = 1 which means that A∗ must solve the

equation

(1 − A∗)=−1 + log (A∗) +
=−1∑
:=1

(1 − A∗):
:

= 0

We can check that the left hand side as a function of A∗ is increasing on A∗ < 1/=, is decreasing

on A∗ > 1/=, goes to −∞ as A∗ ↓ 0, and goes to 0+ as A∗ ↑ 1. So this equation has a unique solution

in (0, 1/=).
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Lastly, we can derive the regret expression by direct calculation.

A.3 Proofs and Discussions from Section 1.4

Proof of Proposition 3. If L is i.i.d. with marginal �, then we will write '= (<, L) = '̃(<, �).

Then, if L is a mixture of i.i.d. distributions � ∼ `, we have '= (<, L) = E�∼` ['(<,�)]. What

we want to prove R= (Fmix) = R= (Fiid) is equivalent to

inf
<

sup
`

E�∼` '̃(<,�) = inf
<

sup
�

'̃(<, �).

For each �, '̃(<,�) ≤ sup� '̃(<, �), so E�∼` '̃(<,�) ≤ sup� '̃(<, �) for every `. There-

fore, inf< sup` E�∼` '̃(<,�) ≤ inf< sup� '̃(<, �).

Conversely, take any n > 0. By the definition of sup, for any < there exists a �̂< such

that sup� '̃(<, �) ≤ '̃(<, �̂<) + n . Therefore, inf< sup� '̃(<, �) ≤ inf< '̃(<, �̂<) + n ≤

inf< sup` E�∼` '̃(<,�) + n , where the last inequality holds because we can take ` to be the distri-

bution that puts all the weight on �̂<. Since n > 0 is arbitrary, our desired equality is proved.

Proof of Proposition 4. We will first show that '= (<∗, L) ≤ '= (<∗, L∗). By symmetry, '= (<∗, L∗,: ) =

'= (<∗, L∗,1), so '= (<∗, L∗) = Ev∼L∗'= (<∗, v) = 1
=

∑=
:=1 '= (<∗, L∗,: ) = '= (<∗, L∗,1). There-

fore, equivalently we need to show that '= (Φ∗, v) ≤ 1/4 and that equality holds when v is on the

support of L∗,1. We have already derived the pointwise regret expression:

'= (Φ∗, v) = E (1) − E (1)Φ∗(E (1)) +
∫ ?=E (1)

?=E (2)
Φ∗(?)3?

We consider 3 cases.
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Case 1. E (1) ≥ 1/4 ≥ E (2) , then

'= (Φ∗, v) = E (1) − E (1) (log(E (1)) + 1) +
∫ ?=E (1)

?=4−1/_
(log(?) + 1)3?

= E (1) − E (1) (1 + log(E (1))) + [(? log(?) − ?) + ?] ?=E
(1)

?=1/4 = 1/4

Case 2. E (1) ≥ E (2) > 1/4, then

'= (Φ∗, v) = E (1) − E (1) (log(E (1)) + 1) + [(? log(?) − ?) + ?] ?=E
(1)

?=E (2)
= −E (2) log(E (2)) < 1/4

because the derivative of the last expression is − log(E (2)) − 1 < 0.

Case 3. E (1) < 1/4, then

'= (Φ∗, v) = E (1) < 1/4

Next, we show that '= (<∗, L∗) ≤ '= (<, L∗). We argue analogously to the proof of Theorem 1

that this is the same as showing that <∗ maximizes the expected revenue among all mechanisms.

We also use the Myerson’s payment characterization and do a similar calculation to get

Ev∼L∗

[
=∑
8=1

?8 (v)
]
=

1
=

=∑
:=1
EE:∼�∗: [?: (E: , v−: = 0)]

=
1
=

=∑
:=1

(
A∗G: (E: = 1, v−: = 0) −

∫ Ẽ:=A
∗

Ẽ:=0
G: (E: = Ẽ: , v−: = 0)3E:

)
Therefore, the expected revenue is maximized if and only if for every : , G: (E: = 1, v−: = 0) = 1

and G: (E: = Ẽ: , v−: = 0) = 0 for Ẽ: < A∗, and <∗ = SPA(Φ∗) satisfies this condition.

Proof of Proposition 2. To prove the result, we construct explicit distributions that fall in one class
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but not the other.

We will denote a distribution that takes one of the < values {1, . . . , <} with an <-tuple, say,

p = (?1, . . . , ?<) is a distribution that takes value : with probability ?: for 1 ≤ : ≤ <. We

represent the joint distribution of two agents’ values as a matrix, say (?8, 9 )1≤8, 9≤< takes the value

(8, 9) with probability ?8, 9 for each 8, 9 . Then, the joint distribution for two agents when each agent

has i.i.d. values following ? is the outer product p p> whose (8, 9) element is ?8? 9 .

Example A.3.1 (mixture of i.i.d. but not affiliated). Let \ = 1/2, p = (3/4, 1/8, 1/8), q = (1/4, 1/2, 1/4).

The distribution

\ p p> + (1 − \)qq> =

©­­­­­«
5/16 7/64 5/64

7/64 17/128 9/128

5/64 9/128 5/128

ª®®®®®¬
is a mixture of i.i.d. but is not affiliated because (7/64) (9/128) < (5/64) (17/128).

Example A.3.2 (affiliated but not mixture of i.i.d.). Consider an exchangeable distribution over 3

values and = = 2 agents given by

©­­­­­«
?11 ?12 ?13

?12 ?22 ?23

?13 ?23 ?33

ª®®®®®¬
.

The matrix is symmetric because the distribution is exchangeable. We can check that the distribu-
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tion is affiliated if and only if

?11?22 ≥ ?2
12

?11?23 ≥ ?13?12

?11?33 ≥ ?2
13

?12?23 ≥ ?13?22

?12?33 ≥ ?13?23

Moreover, if this distribution is a mixture of i.i.d., then it can be written as E[ f f>] for a

random f ∈ Δ({1, 2, 3}). We will then have E[ 5 2
3 ] = ?33 and E[ 53] = E[ 53( 51 + 52 + 53)] =

E[ 51 53] + E[ 52 53] + E[ 5 2
3 ] = ?13 + ?23 + ?33. Jensen’s inequality implies that E[ 5 2

3 ] ≥ E[ 53]
2.

Therefore, if this distribution could be written as a mixture of i.i.d., then ?33 ≥ (?13 + ?23 + ?33)2

must hold.

Consider (?11, ?12, ?13, ?22, ?23, ?33) = (112/503, 64/503, 32/503, 38/503, 64/503, 33/503).

We can check that this distribution satisfies all of the affiliation inequalities but ?33 < (?13 + ?23 +

?33)2. Therefore, this distribution is affiliated but not a mixture of i.i.d.

A.4 Proofs and Discussions from Section 1.5

Proof of Proposition 5. We will first prove the result for Fiid and will later show how to modify the

proof for Fmix and Faff. We define � (E) = Pr(E8 ≤ E) and �−(?) = Pr(E8 < E). We have

'= (SPA(A), �) = E[E (1)] − E[max(E (2) , A)1(E (1) ≥ A)]

= E[E (1)] − E[E (2)1(E (2) > A)] − E[A1(E (2) ≤ A ≤ E (1))] .
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The first term is

E[E (1)] =
∫
E∈[0,1]

Pr(E (1) > E)3E = 1 −
∫
E∈[0,1]

� (E)=3E.

The second term’s calculation is analogous to that of Lemma 3. We have

E[E (2)1(E (2) > A)] =
∫
E′∈(A,1]

E′3� (2) (E′) =
∫
E′∈(A,1]

∫
E∈[0,E′)

3E3� (2) (E′)

=

∫
E∈[0,A]

∫
E′∈(A,1]

3� (2) (E′)3E +
∫
E∈(A,1]

∫
E′∈(E,1]

3� (2) (E′)3E

=

∫
E∈[0,A]

(1 − � (2) (A))3E +
∫
E∈(A,1]

(1 − � (2) (E))3E

= 1 − A� (2) (A) −
∫
E∈(A,1]

� (2) (E)3E.

The third term is

E[A1(E (2) ≤ A ≤ E (1))] = A Pr(E (2) ≤ A ≤ E (1)) = A (Pr(E (2) ≤ A) − Pr(E (1) < A)) = A (� (2) (A) − �−(A)=)

Together, we have

sup
�∈Fiid ( [0,1])

'= (SPA(A), �) = A�−(A)= −
∫
E∈[0,A]

� (E)=3E +
∫
E∈(A,1]

=� (E)=−1 − =� (E)=3E.

We first assume that = ≥ 2. Note that the integrand =� (E)=−1−=� (E)= is increasing for � (E) ≤
=−1
=

and is decreasing for � (E) ≥ =−1
=

. To minimize
∫
E∈[0,?]= � (E)

=3E we must have � (E) = 0

for E ∈ [0, A − n] for arbitrarily small n > 0, and to maximize
∫
E∈(?,1] =� (E)

=−1 − =� (E)=3E,

the only constraint we have is � (E) ≥ 2 so for E ∈ (A, 1] we set � (E) = =−1
=

if 2 ≤ =−1
=

and

� (E) = 2 otherwise. Note that the sup over first case of 2 ≤ =−1
=

is simply the second case

with 2 = =−1
=

. Because we take the sup over �, we can let n ↓ 0 and get that the worst-case

regret is sup2∈[ =−1
=
,1] A2

= + (1 − A) (=2=−1 − =2=). Now, the derivative of this expression of 2 is
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=2=−2 [(1 − A) (= − 1) − ((1 − A)= − A)2]. The expression in [· · · ] is linear in 2. At 2 = =−1
=

, the

expression is A =−1
=
≥ 0. At 2 = 1, the expression is 2A − 1. So if A ≥ 1

2 , the first derivative is always

≥ 0, so the maximum is achieved at 2 = 1 and the value is A. If A ≤ 1
2 , the maximum is achieved at

2∗ = (1−A) (=−1)
(1−A)=−A ∈

[
=−1
=
, 1

]
and the value is (1−A)

= (=−1)=−1

((1−A)=−A)=−1 .

Now we deal with the case = = 1. This expression reduces to A�−(A) −
∫
E∈[0,A] � (E)3E +∫

E∈(A,1] 1− � (E)3E which has a sup of sup2∈[0,1] _− 1+ A2 + (1− A) (1− 2) = max(1− A, A) because

it is linear in 2, so it achieves the extrema at the endpoints.

Now we want to choose the optimal A to minimize the worst-case regret. For = ≥ 2, the worst-

case regret A is increasing on [ 12 , 1], so it is sufficient to consider A in [0, 1
2 ] with regret

exp (= log(1 − A) + (= − 1) log(= − 1) − (= − 1) log(= − (= + 1)A)). The first derivative of the ex-

pression within exp is − =
1−A +

(=−1) (=+1)
=−(=+1)A =

(=+1)A−1
(1−A) (=−(=+1)A) . So it is maximized at A∗ = 1

=+1 and

substituting this in gives the optimal regret
(
=
=+1

)=. For = = 1, max(1− A, A) is minimized at A∗ = 1
2

with regret 1
2 so it has the same expression.

Note also that the proof implies that the worst case distribution (more precisely a sequence of

distributions that achieves the minimax as n ↓ 0) is a two-point distribution with weights 2∗ and

1− 2∗ at A − n and 1, respectively, with 2∗ = (1−A) (=−1)
(1−A)=−A . (If A = 0, then we put weights 2∗ and 1− 2∗

at 0 and 1.) If we choose the optimal A∗ = 1
=+1 , then 2∗ = =

=+1 .

Therefore, the results for Fiid is proved. With exactly the same argument as that used for the

proof of Proposition 3 (namely, because Fmix is the convex hull of Fiid, there is an optimal pure

strategy for Nature), we get that the minimax values for Fmix and Fiid are equal. For Faff, the proof
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is similar to that of Proposition 2. We note that the same calculation gives the regret

AL(1)= (A−) −
∫
E∈[0,A]

L(1)= (E)3E +
∫
E∈(A,1]

(L(2)= (E) − L(1)= (E))3E

≤ AL(1)= (A) +
∫
E∈(A,1]

(L(2)= (E) − L(1)= (E))3E

= AL(1)= (A) +
∫
E∈(A,1]

(=L(1)
=−1(E) − =L

(1)
= (E))3E

≤ AL(1)= (A) +
∫
E∈(A,1]

(=L(1)= (E) (=−1)/= − =L(1)= (E))3E

≤ sup
2∈[0,1]

[
A2= + sup

I∈[2,1]

{
=I=−1 − =I=

}]

The third line uses the equation L(2)= (E) = =L(1)=−1(E) − (= − 1)L(1)= (E) that we already used in the

proof of Proposition 2. The fourth line uses the inequality L(1)
=−1(E) ≤ L(1)= (E) (=−1)/= that we proved

as Lemma 1 in the same proof. The fifth line is a pointwise maximization over 2 = L(1)= (A)1/= and

I denoting L(1)= (E)1/= for E > A which is ≥ 2. The last expression is the same expression that we

got for Fiid, so it has the same minimax regret.

A.5 Discussion on Upper Bound Information

We would first like to clarify that we do not assume that we know the actual upper bound

of the support of the true underlying distribution � (for one buyer, that would be Ē� = inf{G :∫
[G,∞) 3� (G) = 0}, but simply that we know an upper bound 1 of that value, i.e., the decision-maker

only knows that Ē� ≤ 1. This allows for example for the actual distribution to have Ē� = 0.11,

Ē� = 0.51 or Ē� = 0.991 and the decision-maker needs to design a mechanism that is oblivious to

Ē� and more generally to �.

Throughout the paper, we assume that the known upper bound on the distribution is 1, that is,

the support is [0, 1]. This is purely a normalization for expositional convenience. If the support
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is [0, 1] for some known upper bound 1, then the resulting minimax optimal regret is 1 times the

original minimax regret, and the optimal mechanism and the corresponding worst-case distribution

are multiplicatively scaled by 1. We formally record this observation in the following proposition.

Proposition 13. Let the support of the buyers’ valuations be [0, 1]= for a known 1 > 0, and A∗=,Φ
∗
=

be defined as in Theorem 1. Let <̃∗= be a second-price auction with reserve 1A, with random A ∼ Φ∗=.

Equivalently, <̃∗= = SPA(Φ̃∗=) with

Φ̃∗= (E) =
(

E/1
E/1 − A∗=

)=−1
log

(
E/1
A∗=

)
−
=−1∑
:=1

1
:

(
E/1

E/1 − A∗=

)=−1−:
for E ∈ [1A∗=, 1] .

Let �̃∗= be an isorevenue starting at 1A∗= given by �̃∗= (E) = 1 − A∗=/(E/1) for E ∈ [1A∗=, 1) and

�̃∗= (1) = 1. Then, (<̃∗=, �̃∗= ) is a saddle point of the regret '= (<, �), and the minimax regret is 1

times the original minimax regret, namely,

1

[
(1 − A∗=)=−1 −

∫ E=1

E=A∗=

(
1 −

A∗=
E

)=−1
3E

]
.

Note also that (<̃∗=, �̃∗= ) is still a saddle point if we instead assume that the support is [0, 1]

with 0 ≤ A∗=1.

The motivation of the known support information assumption is that we operate in a world

with minimal or no data, and significant “Knightian” uncertainty. The bounds need not be learned

from data but rather are derived from asking experts, using domain knowledge, or common sense.

Some examples might be launching a new product, or auctioning rarely traded goods (fine art, col-

lectibles, jewelry). In these contexts, it is easier and more intuitive to come up with a reasonable

range of values than to guess something like the shape of the valuation distribution (either para-

metric or nonparametric like regular or monotone hazard rate) or distributional parameters like the

mean or the optimal monopoly price.

We will now show that even if the upper bound is misspecified, the performance loss (increase

131



in minimax regret) is small and degrades gracefully with the error. In particular, we will compute

the minimax regret when the upper bound assumed for the computation of the mechanism (as given

in Proposition 13) is 1mech, but the worst case distribution class L is over distributions with support

[0, 1actual]. Note that if 1mech = 1, then the mechanism is SPA(Φ∗=).

Proposition 14. Suppose that we use the mechanism SPA(Φ∗=), but the worst-case distribution

class F is over support [0, 1]. For A∗= ≤ 1 ≤ 1, the worst case � is

�∗(E) =



0 if E ∈ [0, A∗=]

1 − A∗=
E

if E ∈ [A∗=, 1)

1 if E = 1.

For 1 ≥ 1, the worst case � is

�∗(E) =



0 if E ∈ [0, A∗=]

1 − A∗=
E

if E ∈ [A∗=, B∗]

1 − A∗=
B∗ if E ∈ [B∗, 1)

1 if E = 1

where B∗ ∈ [=A∗=, 1] is a solution to

(1 − 1)
(
1 −

=A∗=
B∗

)
=

∫ E=1

E=B∗
(`∗)′(E)3E =

∫ E=1

E=B∗
Φ∗= (E)

[(
1 −

A∗=
B∗

) (
E − =A∗=
E − A∗=

)
− 1 +

=A∗=
B∗

]
3E.

The worst-case regret calculation in Proposition 14 assumes 1mech = 1 for convenience, but by

the same scaling argument used in Proposition 13 earlier, we can compute the worst-case regret

for any (1mech, 1actual).

Corollary 4. If the worst-case regret under the mechanism SPA(Φ∗=) and support [0, 1] (that
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is, 1mech = 1, 1actual = 1) as computed in Proposition 14 is given by a function 6(1), then

the worst-case regret if the 1 assumed by the seller is 1mech but the true 1 is 1actual is given by

1mech6(1actual/1mech).

We can now perform sensitivity analysis on 1mech by computing the performance loss when

the upper bound is misspecified. We fix Nature’s distribution class to have support [0, 1], but we

assume that the mechanism is computed assuming the potentially misspecified 1mech and evaluate

the minimax regret of that mechanism as a function of 1mech. The results are shown in Figure A.1.

We can see that the minimax regret is Lipschitz in 1mech and that the performance guarantee is not

very sensitive to 1mech, especially for = ≥ 2. For example, when = = 2, if the seller underestimates

(resp. overestimates) the true upper bound by 20%, the increase in regret is only 7.3% (resp.

16.3%).
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Figure A.1: Minimax regret for each = as a function of 1mech when Nature’s worst-case distribution
class has support [0, 1actual] with 1actual = 1, while the mechanism is computed assuming 1mech.
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A.5.1 Proofs for Appendix A.5

Proof of Proposition 14. The regret under SPA(Φ∗=) and arbitrary � supported on [0, 1] is given

by

A∗= −
∫ E=A∗=

E=0
� (E)=3E +

∫ E=1

E=A∗=

(1 − EΦ∗=
′(E) −Φ∗= (E)) (1 − � (E)=) +Φ∗= (E)=� (E)=−1(1 − � (E))3E

This is simply a modification of the (Regret-�) expression. Note also that Φ∗= (E) = 1 for

E ∈ [1, 1], so we can also write the above regret as

A∗= −
∫ E=A∗=

E=0
� (E)=3E +

∫ E=1

E=A∗=

(1 − EΦ∗=
′(E) −Φ∗= (E)) (1 − � (E)=) +Φ∗= (E)=� (E)=−1(1 − � (E))3E

+
∫ E=1

E=1
=� (E)=−1(1 − � (E))3E

for 1 ≥ 1.

We first consider the case = ≥ 2. If we maximize this regret expression pointwise, then we

want �∗(E) = 0 for E ∈ (0, A∗=) to make the second term
∫ A∗=

0 � (E)=3E zero. For the term that is the

integral from A∗= to min(1, 1), the first-order condition gives

(1 − EΦ∗=
′(E) −Φ∗= (E)) (−=�∗(E)=−1) +Φ∗= (E)=((= − 1)�∗(E)=−2 − =�∗(E)=−1) = 0

� (E) =
(= − 1)Φ∗= (E)

1 − EΦ∗=′(E) + (= − 1)Φ∗= (E)

Using the expression for Φ∗=
′(E) from (ODE-Φ) reduces the above expression to

�∗(E) = 1 −
A∗=
E

This is not surprising, because the argument in the main proof shows that this isorevenue �∗(E)

maximizes the regret pointwise, and we simply change the range.
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For 1 ≥ 1 there is also the term that is the integral from 1 to 1, which is =� (E)=−1(1 − � (E)),

which is pointwise-optimized at �∗(E) = =−1
=

.

This pointwise maximization gives a valid �∗ (and hence, the true worst-case �) if and only

if the resulting �∗ is weakly increasing (that is, non-decreasing). If 1 ≤ 1, then this gives a

valid � as shown in the proposition, and we are done. If 1 > 1, then the pointwise optimization

gives limE↑1 �
∗(E) = 1 − A∗= > =−1

=
= limE↓1 �

∗(E), so the resulting � is decreasing at 1, which

is not feasible. Rather, we solve for the optimal � by dualizing the monotonicity constraint and

characterizing optimal Lagrangian multipliers. We still set �∗(E) = 0 for E ∈ [0, A∗=], but now we

let `(E) be the value of the dual function corresponding to the increasing constraint of � at E, for

E ∈ [A∗=, 1]. It is sufficient to give a specific �∗ and `∗ such that all duality-based constraints hold,

namely, (i) `∗(E) ≥ 0 for all E ∈ [A∗=, 1], (ii) Lagrangian optimality:

�∗ ∈ arg max
�
L(�, `∗) := A∗= +

∫ E=1

E=A∗=

(1 − EΦ∗=
′(E) −Φ∗= (E)) (1 − � (E)=) +Φ∗= (E)=� (E)=−1(1 − � (E))3E

+
∫ E=1

E=1
=� (E)=−1(1 − � (E))3E +

∫ E=1

E=A∗=

`∗(E)3� (E),

where the maximization is now over arbitrary � in [0, 1] because the increasing constraint has

been dualized away, and (iii) complementary slackness: `∗(E) = 0 if �∗ is strictly increasing at

E for every E. We will consider �∗ that is of the form given in the proposition, that is, �∗(E) =

1 − A∗=/E isorevenue from E ∈ [A∗=, B∗], and �∗(E) = 1 − A∗=/B∗ constant from E ∈ [B∗, 1]. Note that

because �∗(E) is strictly increasing on [A∗=, B∗], we must have `∗(E) = 0 for E ∈ [A∗=, B∗]. Because

limE↑1 �
∗(E) = 1 − A∗=/B < 1 = �∗(1), we also set `∗(1) = 0. We will now use the Lagrangian

optimality condition to pin down `∗ and show that it is indeed nonnegative. Using integration by
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parts,

∫ E=1

E=A∗=

`∗(E)3� (E) =
∫ E=1

E=B

`∗(E)3� (E) = `(1)� (1) − `(B)� (B) −
∫ E=1

E=B

� (E) (`∗)′(E)3E

= −
∫ E=1

E=B

� (E) (`∗)′(E)3E,

because `∗(B) = `∗(1) = 0.

Because the Lagrangian optimality condition is now optimizing over arbitrary � in [0, 1], it is

equivalent to a pointwise maximization condition. For E ∈ [A∗=, B∗], �∗(E) = 1 − A∗=/E satisfies the

pointwise maximization with `∗(E) = 0 as we have shown. For E ∈ (B∗, 1) and E ∈ (1, 1) we have

�∗(E) ∈ arg max
� (E)∈[0,1]

(1 − EΦ∗=
′(E) −Φ∗= (E)) (1 − � (E)=) +Φ∗= (E)=� (E)=−1(1 − � (E)) − � (E) (`∗)′(E)

for E ∈ (B∗, 1)

�∗(E) ∈ arg max
� (E)∈[0,1]

=� (E)=−1(1 − � (E)) − � (E) (`∗)′(E) for E ∈ (1, 1)

First-order conditions give

(1 − EΦ∗=
′(E) −Φ∗= (E)) (1 − � (E)=) +Φ∗= (E)=� (E)=−1(1 − � (E)) − (`∗)′(E) = 0 for E ∈ (B∗, 1)

=((= − 1)�∗(E)=−2 − =�∗(E)=−1) − (`∗)′(E) = 0 for E ∈ (1, 1)

We note that �∗(E) = �∗(B) = 1 − A∗=/B for all E ∈ (B∗, 1) and E ∈ (1, 1). We also have an

expression for Φ∗=
′(E) in terms of Φ∗= (E) from (ODE-Φ). We then have, for E ∈ (B∗, 1),

(`∗)′(E) = =�∗(B)=−2Φ∗= (E)
[
�∗(B)

(
E − =A∗=
E − A∗=

)
+ = − 1 − =�∗(B)

]
≥ =�∗(B)=−2Φ∗= (E)

[
�∗(B)

(
B∗ − =A∗=
B∗ − A∗=

)
+ = − 1 − =�∗(B)

]
= 0

where the inequality is true because E ≥ B∗ ≥ A∗= and the function E−=A∗=
E−A∗= is increasing in E, and we
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can directly check the last equality by substituting �∗(B) = 1 − A∗=/B.

For E ∈ (1, 1), we have

(`∗)′(E) = =�∗(B∗)=−2(= − 1 − =�∗(B∗)) = =�∗(B∗)=−2
(
=A∗=
B∗
− 1

)
If we can prove that B∗ ≥ =A∗=, then we will have (`∗)′(E) ≤ 0 for E ∈ (1, 1). Combining this with

(`∗)′(E) ≥ 0 for E ∈ (B∗, 1) and `∗(B) = `∗(1) = 0 gives us that `∗ is increasing from B∗ to 1

and decreasing from 1 to 1, being nonnegative the entire time, which verifies (i). These constraints

also pin down B∗ from

0 = `∗(B∗) − `∗(1) =
∫ E=1

E=B∗
(`∗)′(E)3E +

∫ E=1

E=1
(`∗)′(E)3E

which is equivalent to

(1 − 1)
(
1 −

=A∗=
B∗

)
=

∫ E=1

E=B∗
(`∗)′(E)3E =

∫ E=1

E=B∗
Φ∗= (E)

[(
1 −

A∗=
B∗

) (
E − =A∗=
E − A∗=

)
− 1 +

=A∗=
B∗

]
3E.

It remains to show that the above equation has a solution in B∗ ∈ [=A∗=, 1]. We consider the

difference between the left hand side and the right hand side as a function in B∗. For B∗ = =A∗=,

the left hand side is zero while the right hand side is nonnegative, so the difference is nonpositive.

For B∗ = 1, the left hand side is nonnegative while the right hand side is zero, so the difference is

nonpositive. By the intermediate value theorem, there exists a B∗ ∈ [=A∗=, 1] such that the difference

is zero, and we are done.

Lastly, we consider the case = = 1. For 1/4 ≤ 1 ≤ 1, the regret is identically 1/4 under Φ∗=.

For 1 ≥ 1, the regret is 1/4 +
∫ E=1

E=1 (1 − � (E))3E, which is maximized at � (E) = 0 for E ∈ (1, 1),

giving the worst-case regret of 1/4 + 1 − 1. This is equivalent to B∗ = A∗= = 1/4, which is indeed a

solution to the equation in the proposition.
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A.6 Further Discussions About The Model

A.6.1 Discussions on the Benchmark

In the main text, we consider the benchmark to be the maximum revenue achievable when

the valuations v of the buyers are known, namely, max(v). This is also known as the first-best

benchmark. There is another benchmark that we consider, the second-best benchmark, defined as

the maximum revenue achievable when the distribution L of the buyers are known. We denote

this benchmark by OPT(L). When L = �= is i.i.d., we abuse the notation and write OPT(L) as

OPT(�).

Both the first-best benchmark and the second-best benchmark are extensively used in the liter-

ature, and there is not necessarily a single universal benchmark. The first-best benchmark has been

used in the economics, operations, and computer science literatures such as [6, 44, 11, 45, 46].

The first-best benchmark is also reminiscent of the offline optimum benchmark, which is ex-

tensively used in the analysis of algorithms [47]. An advantage of the first-best benchmark is that

it is easily computable and can be evaluated counterfactually (using the reported values when the

mechanism is DSIC).

The main technical result of this section is that when the distribution class consists of all distri-

butions (F = Fall), minimax regret against the first-best benchmark and the second-best benchmark

are equal, so the choice of the benchmark is immaterial in that case.

Proposition 15. If F = Fall, then

inf
<∈M

sup
L∈F
Ev∼L

[
OPT(L) −

=∑
8=1

?8 (v)
]
= inf
<∈M

sup
L∈F
Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]

Proof of Proposition 15. It is clear that OPT(L) ≤ Ev∼L [max(v)], so

inf
<∈M

sup
L∈F
Ev∼L

[
OPT(L) −

=∑
8=1

?8 (v)
]
≤ inf
<∈M

sup
L∈F
Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]
.
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It remains to prove the opposite inequality.

For each v ∈ [0, 1]=, let Xv be a (joint) distribution that puts all weight on v. Note that v ∈ Fall.

Therefore, for any fixed < and v, the sup over all L must be at least the value evaluated at L = Xv,

namely,

sup
L∈F
Ev∼L

[
OPT(L) −

=∑
8=1

?8 (v)
]
≥

[
OPT(Xv) −

=∑
8=1

?8 (v)
]
=

[
max(v) −

=∑
8=1

?8 (v)
]

Since this is true for every v, we have

sup
L∈F
Ev∼L

[
OPT(L) −

=∑
8=1

?8 (v)
]
≥ sup

v∈[0,1]=

[
max(v) −

=∑
8=1

?8 (v)
]
= sup

L∈F
Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]
.

Since this is true for every < ∈ M, we have

inf
<∈M

sup
L∈F
Ev∼L

[
OPT(L) −

=∑
8=1

?8 (v)
]
≥ inf
<∈M

sup
L∈F
Ev∼L

[
max(v) −

=∑
8=1

?8 (v)
]
,

which concludes the proof.

Extending our work to the characterization of the minimax regret against the second-best

benchmark when F = Fiid is an important direction for future work. In general, it is not clear

a priori if it is possible to solve for the optimal minimax mechanism. In this paper, we were

able to show that it is possible to do so against the first-best benchmark through a pure saddle

point approach. We just want to highlight that characterizing a minimax mechanism against the

second-best benchmark would require a different approach and is a priori substantially more diffi-

cult. In particular, a pure saddle point (<∗, �∗) cannot exist. Indeed, if it did, letting OPT(�) be

the second-best benchmark and Rev(<, �) the revenue of mechanism < under distribution �, one
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could swap the min and the max in the zero-sum game, giving minimax regret

min
<

max
�
[OPT(�) − Rev(<, �)] = max

�
min
<
[OPT(�) − Rev(<, �)] = 0,

where the last equality follows from max< Rev(<, �) = OPT(�) for any �. This leads to a

contradiction. Instead, we would need to identify a mixed saddle point (<∗, �∗) where �∗ is a

distribution over distributions, which is, at least at this stage, a much harder object to deal with.

Viewed through this lens, our proof of Proposition 15 amounts to showing that if (<∗, L∗) is a

saddle point of the first-best minimax regret problem, then (<∗, �∗) is a saddle point of the second-

best problem, where �∗ is a distribution over all point distributions Xv such that the mixture of �∗

is L∗ (i.e., the weight on Xv is the measure of L∗ at v). This is true because for any distribution

Xv on the support of �∗, the first-best and the second-best benchmark are the same, so the saddle

inequalities for the first-best problem immediately transfer to the second-best problem.

A.6.2 Discussion on Minimax Regret as Value of Competition and Limiting Minimax Regret

Lastly, we note that interpreting the minimax regret against the first-best benchmark as quan-

tifying the value of competition is subtle. We note for example, that in previous works by [11,

12], while nominally about multiple bidders, the worst-case ended up reducing back the problem

of one-bidder performance. Given the power of nature, the decision-maker could never leverage

additional competition to improve performance. In our work, we limit the power of nature (e.g., to

i.i.d values) and this allows to capture the improved worst-case performance as a function of the

number of bidders =.

The fact that the limiting regret as =→∞ is strictly positive is surprising at first glance (we do

not think it is ex ante obvious), but it does make some sense once we realize that having infinitely

many bidders is not the same as perfect knowledge because the seller has to commit to a selling

mechanism beforehand and is restricted in how the mechanism can use that information to extract
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revenue. This apparently counterintuitive result is driven by the fact that Nature can choose a

distribution that depends on =. The result is robust to the choice of the benchmark and is not

simply an artifact of our modeling assumptions. The following proposition shows that for any =,

the minimax regret against the second-best benchmark is at least 4−2 > 0.

Proposition 16. For F ∈ {Fiid, Faff, Fmix, Fexc, Fall}, we have for all = ≥ 1,

inf
<∈M

sup
L∈F

{
OPT(L) − Ev∼L

[
=∑
8=1

?8 (v)
]}
≥ 4−2.

Proof of Proposition 16. As before, it is sufficient to show the result for the smallest class Fiid.

Fix @ = 1/=, and consider the two-point distribution �A that takes values A with probability @

and zero otherwise. If the distribution �A is known to the seller, the optimal mechanism against

any such a distribution is a SPA with reserve price A:

OPT(�A) = AVv∼�=A (E (1) = A).

Also, by the IR constraint, under �A , the payment is always bounded above by A, the maximum

possible valuation, and if v = 0, the payment is bounded above by 0. Therefore,

Ev∼�=A

[
=∑
8=1

?8 (E)
]
≤ AVv∼�=A (E (1) = A, E (2) = A) + ?1(A, 0−1)Vv∼�=A (E (1) = A, E (2) = 0).

Now consider a distribution-over-distributions � in which we randomize over the values of A ac-

cording to the isorevenue distribution on [1/4, 1], that is

� (A) =



0 if A ∈ [0, 1/4]

1 − 1
4A

if A ∈ [1/4, 1)

1 if A = 1.
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By Yao’s Lemma we obtain

inf
<∈M

sup
L∈F

{
OPT(L) − Ev∼L

[
=∑
8=1

?8 (v)
]}

≥ inf
<∈M
EA∼�

[
OPT(�A) − Ev∼�=A

[
=∑
8=1

?8 (v)
] ]

≥ inf
<∈M
EA∼�

[
AVv∼�=A (E (1) = A) − AVv∼�=A (E (1) = A, E (2) = A) − ?1(A, 0−1)Vv∼�=A (E (1) = A, E (2) = 0)

]
= =@(1 − @)=−1 inf

<∈M
EA∼� [A − ?1(A, 0−1)]

= =@(1 − @)=−1
(
EA∼� [A] − sup

<∈M
EA∼� [?1(A, 0−1)]

)
,

where the second inequality follows from the expresion for OPT(�A) and the upper bound on the

expected payment that we have previously derived, the first equality because Vv∼�=A (E (1) = A) =

Vv∼�=A (E (1) = A, E (2) = A) + Vv∼�=A (E (1) = A, E (2) = 0) and Vv∼�=A (E (1) = A, E (2) = 0) = =@(1− @)=−1,

and the last from extracting constant terms.

Using the IC and IR constraints, we obtain that

sup
<∈M
EA∼� [?1(A, 0−1)] ≤ sup

<∈M
EA∼�

[
AG1(A, 0−1) −

∫ Ẽ1=A

Ẽ1=0
G1(Ẽ1, 0−1)3Ẽ1

]
= sup
<∈M

1
4
G1(1, 0−1) +

∫ 1

1/4
AG1(A, 0−1)

1
4A2 3A −

∫ 1

0
G1(A, 0−1) (1 − � (A))3A

= sup
<∈M

1
4
G1(1, 0−1) −

∫ 1/4

0
G1(A, 0−1)3A

≤ 1
4
,

where the first equation follows by integration by parts, and the last inequality because the alloca-

tion satisfies 0 ≤ G1(v) ≤ 1.

The result follows because EA∼� [A] = 2/4 and using that =@(1 − @)=−1 ≥ 1/4 for @ = 1/=.

The result that the limiting regret against the second-best benchmark is strictly positive does not
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contradict the well-known result of [21]. They show that the revenue of SPA with no reserve is at

least (=−1)/= of the second-best benchmark (optimal revenue with knowledge of the distribution),

assuming that the distribution is regular.1 Their result does not apply in our setting when one does

not assume regularity.

Even though the limiting regret is strictly positive, we think it is possible to meaningfully the

minimax regret value as a function of = against the first-best benchmark as measuring some notion

of value of competition. We could view the = = 1 value as the “ceiling” and the = = ∞ value

as the “floor,” where the competition is maximized and what remains is purely the effect of the

benchmark itself. In a sense, we calculate the limiting minimax regret not for its own sake, but to

establish a reference point. The value of competition for each = is how much the regret has gone

down from the ceiling compared to the floor, and the benchmark effect is implicitly subtracted

away. This is how we interpret our result that the value of competition is significant for low = (say

from = = 1 to = = 2) but has diminishing returns.

1More precisely, their Assumption A.1 assumes that the marginal revenue curve is downward-sloping. In the
central case of i.i.d. bidders, this assumption is equivalent to regularity.
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Appendix B: Robust Auction Design with Support Information

B.1 Proofs for Section 2.2

Proof of Proposition 6. The definition of MaximinRatio(M, F ) says that it is a solution to

sup
(G,?)∈M

_ s.t.
Ev∼L

[∑=
8=1 ?8 (v)

]
Ev∼L [max(v)] ≤ _ ∀L ∈ F ,

or

sup
(G,?)∈M

_ s.t. Ev∼L

[
_max(v) −

=∑
8=1

?8 (v)
]
≤ 0 ∀L ∈ F ,

or

sup
(G,?)∈M

_ s.t. sup
L∈F
Ev∼L

[
_max(v) −

=∑
8=1

?8 (v)
]
≤ 0 .

That is, the maximin ratio is the highest value of _ such that there exists (G, ?) ∈ M such that

supL∈F Ev∼L
[
_max(v) −∑=

8=1 ?8 (v)
]
≤ 0. Equivalently, it is the highest value of _ such that

'_ (M, F ) = inf
(G,?)∈M

sup
L∈F
Ev∼L

[
_max(v) −

=∑
8=1

?8 (v)
]
≤ 0 .
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B.2 Proofs for Section 2.3

B.2.1 Proofs for Section 2.3.1

This subsection contains the technical details deferred from §2.3.1, the proof of the main theo-

rem.

We first state and derive technical lemmas in §B.2.1. We then give a reformulation of our main

theorem in terms of the (6D, 63) mechanism and the distribution �∗ in a saddle point in §B.2.1. We

prove key results supporting the saddle calculation in §B.2.1 and verify the saddle in §B.2.1, thus

proving the main theorem.

Technical Lemmas

Lemma 4. Let q0 be a constant, then for any positive integer = and E ≥ 0 we have the identity

∫ C=E

C=0

(C − 0)=−1

(C − q0)=
3C = log

(
E − q0
0 − q0

)
−
=−1∑
:=1

(E − 0):
: (E − q0):

=

∞∑
:==

(E − 0):
: (E − q0):

.

Proof of Lemma 4. We first check the equality of the first and the second expressions. Note that

both expressions are zero when E = 0. It is then sufficient to check that the derivatives of the two

expressions agree. The derivative of the second expression is

1
E − q0

−
=−1∑
:=1

1
:
:

(
E − 0
E − q0

) :−1 (0 − q0)
(E − q0)2

=
1

E − q0
− (0 − q0)
(E − q0)2

1 −
(
E−0
E−q0

)=−1

1 − E−0
E−q0

=
1

E − q0

(
E − 0
E − q0

)=−1
=
(E − 0)=−1

(E − q0)=
,

which is the derivative of the first expression.
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Now we check the third expression. We have the Taylor Series

− log(1 − G) =
∞∑
:=1

G:

:
.

Substituting G = E−0
E−q0

gives

log
(
E − q0
0 − q0

)
= − log

(
1 − E − 0

E − q0

)
=

∞∑
:=1

1
:

(
E − 0
E − q0

) :
.

We see that the first = − 1 terms of : cancel out, and we get the third expression.

Lemma 5. The following holds

∫ C=E

C=0

[
(C − 0)=−1

(C − q0)=
− (1 − _) (C − 0)

=

(C − q0)=+1

]
3C =

(E − 0)=
=(E − q0)=

+ _
∞∑

:==+1

(E − 0):
: (E − q0):

= _ log
(
E − q0
0 − q0

)
− _

=−1∑
:=1

(E − 0):
: (E − q0):

+ (1 − _) (E − 0)
=

=(E − q0)=
.

Proof of Lemma 5. We apply Lemma 4 to obtain

∫ C=E

C=0

(C − 0)=−1

(C − q0)=
3C = log

(
E − q0
0 − q0

)
−
=−1∑
:=1

(E − 0):
: (E − q0):

=

∞∑
:==

(E − 0):
: (E − q0):∫ C=E

C=0

(C − 0)=
(C − q0)=+1

3C = log
(
E − q0
0 − q0

)
−

=∑
:=1

(E − 0):
: (E − q0):

=

∞∑
:==+1

(E − 0):
: (E − q0):

.

Therefore,

∫ C=E

C=0

[
(C − 0)=−1

(C − q0)=
− (1 − _) (C − 0)

=

(C − q0)=+1

]
3C

= _ log
(
E − q0
0 − q0

)
− _

=−1∑
:=1

(E − 0):
: (E − q0):

+ (1 − _) (E − 0)
=

=(E − q0)=

=
(E − 0)=
=(E − q0)=

+ _
∞∑

:==+1

(E − 0):
: (E − q0):

,
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where the last equation follows from the Taylor series for the logarithm.

Lemma 6. If ℎ is a differentiable function, then

∫
F∈[0,1]

ℎ(F)3� (F) = ℎ(0) +
∫
F∈[0,1]

ℎ′(F) (1 − � (F))3F .

Proof of Lemma 6.

∫
F∈[0,1]

ℎ(F)3� (F) =
∫
F∈[0,1]

(
ℎ(0) +

∫ F̃=F

F̃=0

ℎ′(F̃)3F̃
)
3� (F)

= ℎ(0) +
∫ F̃=1

F̃=0

ℎ′(F̃)
∫
F∈(F̃,1]

3� (F)3F

= ℎ(0) +
∫ F̃=1

F̃=0

ℎ′(F̃) (� (1) − � (F̃))3F̃

= ℎ(0) +
∫ F̃=1

F̃=0

ℎ′(F̃) (1 − � (F̃))3F̃ .

Now, we give a formal proposition that (6D, 63) mechanisms and convex combinations of

{SPA(A), POOL(g)} are almost equivalent representations of the same mechanism class in the

sense that one can be converted to another.

Proposition 17. We have the following correspondence between the (6D, 63) mechanisms arising

in our main theorem (Theorem 12) and convex combinations of SPAs and POOLs.

(1) A mechanism is a (6D, 63) mechanism with 6D (E) ∈ [0, 1] increasing in E, 6D (0) = 0, and

63 (E) = 0 for all E if and only if it is SPA(Φ), Φ has measure 1, and Φ(E) = 6D (E).

(2) A mechanism is a (6D, 63) mechanism with 6D (E) ∈ [0, 1] increasing in E, 6D (0) = 63 (0) =

1/=, and 6D (E) + (=− 1)63 (E) = 1 for all E if and only if is POOL(Ψ), Ψ has measure 1, and

Ψ(E) = 1 − =63 (E).

(3) A mechanism is a (6D, 63) mechanism with 6D (E) ∈ [0, 1] increasing in E for E ∈ [0, 1],

6D (0) = 63 (0) := U, 63 (E) = U for E ∈ [0, E∗] for some constant E∗ ∈ [0, 1], 6D (E) +
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(= − 1)63 (E) = 1 for E ∈ [E∗, 1] if and only if it is a randomization over SPA(Φ), with

Φ supported on [0, E∗] and POOL(Ψ) with Ψ supported on [E∗, 1]. Furthermore, their

cumulative probabilities are given by Φ(E) = 6D (E) − U for E ∈ [0, E∗] and Ψ(E) = =(U −

63 (E)) for E ∈ [E∗, 1].

Proof of Proposition 17. Note that the (6D, 63) representation of SPA(A) is 6D (E) = 1(E ≥ A)

and 63 (E) = 0, and the (6D, 63) representation of POOL(A) is 6D (E) = 1
=
+ =−1

=
1(E ≥ A) and

63 (E) = 1
=
− 1
=
1(E ≥ A). All three cases follow from computing the convex combination of these.

(1) is straightforward. For (2), the (6D, 63) representation of POOL(Ψ) is

6D (E) =
∫ (

1
=
+ = − 1

=
1(E ≥ A)

)
3Ψ(A) = 1

=
+ = − 1

=
Ψ(E) ,

63 (E) =
∫ (

1
=
− 1
=

1(E ≥ A)
)
3Ψ(E) = 1

=
− 1
=
Ψ(E) .

We can then see that 6D (0) = 63 (0) = 1/=, Ψ(E) = 1 − =63 (E) and 6D (E) + (= − 1)63 (E) = 1.

Conversely, given this (6D, 63), we can let Ψ(E) = 1 − =63 (E) giving a valid POOL(Ψ).

For (3), the (6D, 63) mechanism is

6D (E) =
∫

1(E ≥ A)3Φ(A) +
∫ (

1
=
+ = − 1

=
1(E ≥ g)

)
3Ψ(A) = Φ(E) + 1

=
|Ψ| + = − 1

=
Ψ(E) ,

63 (E) =
∫

03Φ(A) +
∫ (

1
=
− 1
=

1(E ≥ g)
)
3Ψ(E) =

1
=
|Ψ| − 1

=
Ψ(E) .

We therefore have a formula that transforms (Φ,Ψ) to (6D, 63). From these formula, we imme-

diately see that 6D (0) = 63 (0); we let this be U. We also see that 6D (E) + (=−1)63 (E) = Φ(E) + |Ψ|

is increasing in E, while 63 (E) = 1
=
( |Ψ| −Ψ(E)) is decreasing in E, because Φ and Ψ are increasing

functions.

Conversely, assume that (6D, 63) has these properties. We will show that we can invert these

formulas and find the corresponding (Φ,Ψ). From 6D (E) = Φ(E) + 1
=
|Ψ| + =−1

=
Ψ(E), setting E = 0

gives U = 6D (0) = 1
=
|Ψ|, so |Ψ| = =U, and |Φ| = 1 − |Ψ| = 1 − =U. From 63 (E) = 1

=
( |Ψ| − Ψ(E)),
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we get Ψ(E) = |Ψ| − =63 (E) = =(U − 63 (E)), and from 6D (E) = Φ(E) + 1
=
|Ψ| + =−1

=
Ψ(E) = Φ(E) +

1
=
(=U)+ =−1

=
·=(U−63 (E)) = Φ(E)+=U−(=−1)63 (E), we getΦ(E) = 6D (E)+ (=−1)63 (E)−=U.

Reformulation of the Main Theorem

Armed with Proposition 17, we can reformulate our main theorem (Theorem 2) as follows.

Theorem 12 (Main Theorem in (6D, 63)). Fix = and _ ∈ (0, 1]. Define : ; ∈ (0, 1) as a unique

solution to

_

∫ C=1

C=:;

(C − : ;)=−1

C=
3C = (1 − : ;)=−1,

and if = = 1, define :ℎ = 1 and if = ≥ 2, define :ℎ ∈ (0, 1) to be a unique solution to

∫ C=1

C=:ℎ

[
(C − :ℎ)=−1

C=
− (1 − _) (C − :ℎ)

=

C=+1

]
3C = (1 − :ℎ)=.

Then we have '_ (<, L∗) ≤ '_ (<∗, L∗) ≤ '_ (<∗, L) for any < ∈ Mall and L ∈ Fiid, where

<∗ and L∗ (which is = i.i.d. with marginal �∗) is defined depending on the value of 0/1 as follows.

• Suppose 0/1 ≤ : ; , and let A∗ = : ;1. We define <∗ as a (6∗D, 6∗3) mechanism with 6∗D (E) =

Φ∗(E), 6∗
3
(E) = 0, where

Φ∗(E) = 6∗D (E) = _
E=−1

(E − A∗)=−1

∫ C=E

C=A∗

(C − A∗)=−1

C=
3C ,

and

�∗(E) =



0 if E ∈ [0, A∗]

1 − A∗

E
if E ∈ [A∗, 1)

1 if E = 1 .

149



• Suppose 0/1 ≥ :ℎ, and let q0 = (0 − :ℎ1)/(1 − :ℎ) ∈ [0, 0]. We define <∗ as a (6∗D, 6∗3)

mechanism with

6∗D (E) =
1
=
+ _

(
E − q0
E − 0

)= ∫ C=E

C=0

(C − 0)=
(C − q0)=+1

3C

6∗3 (E) =
1 − 6∗D (E)
= − 1

,

and

�∗(E) =


1 − 0−q0

E−q0
if E ∈ [0, 1)

1 if E = 1 .

• For : ; ≤ 0/1 ≤ :ℎ, we define <∗ as a (6∗D, 6∗3) mechanism with

6∗D (E) =


U + _

(
E
E−0

)=−1 ∫ C=E

C=0

(C−0)=−1

C=
3C for E ∈ [0, E∗]

E=

(E−0)=
[
(1−0)=
1=
−

∫ C=1

C=E

[
(C−0)=−1

C=
− (1 − _) (C−0)

=

C=+1

]
3C

]
for E ∈ [E∗, 1] ,

and

6∗3 (E) =


U if E ∈ [0, A∗]

1−6∗D (E)
=−1 if E ∈ [A∗, 1] ,

and

�∗(E) =


1 − 0

E
if E ∈ [0, 1)

1 if E = 1 ,
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where (E∗, U) is the unique solution to

(A∗ − 0)=−1

(A∗)=−1 (1 − =U) = _
∫ C=A∗

C=0

(C − 0)=−1

C=
3C

(1 − 0)=
1=

− (A
∗ − 0)=
(A∗)= (1 − (= − 1)U) =

∫ C=1

C=A∗

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C.

Key Results Supporting the Saddle Calculation

Proof of Proposition 7. We first derive the (Regret-L) expression, i.e. the expected regret of a

(6D, 63) mechanism under an arbitrary joint distribution L, assuming that 6D and 63 are continuous

everywhere and differentiable everywhere except a finite number of points. Let L(1)= and L(2)= be

the distributions of E (1) and E (2) , the highest and second-highest entry of v, respectively.

From Myerson’s lemma,

?8 (v) = E8G8 (v) −
∫ Ẽ8=E8

Ẽ8=0

G8 (Ẽ8, v−8)3Ẽ8 .

the allocation rule (6D, 63) gives

?8 (v) =



E86D (E8) − (E (2) − 0)63 (E (2)) −
∫ C=E8

C=E (2)
6D (C)3C if E8 is the highest and

E (2) is the second-highest ,

063 (E (1)) if E8 is not the highest ,

so the pointwise regret is

E (1) (_ − 6D (E (1))) − (= − 1)063 (E (1)) + (E (2) − 0)63 (E (2)) +
∫ C=E (1)

C=E (2)
6D (C)3C .
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Therefore, by Lemma 6,

E[E (1) (_ − 6D (E (1))) − (= − 1)063 (E (1))]

= 0(_ − 6D (0) − (= − 1)63 (0)) +
∫
E∈[0,1]

(_ − 6D (E) − E6′D (E) − (= − 1)06′3 (E)) (1 − L(1)= (E))3E .

Now we compute the second term.

E[(E (2) − 0)63 (E (2))] = (0 − 0)63 (0) +
∫
E∈[0,1]

(63 (E) + (E − 0)6′3 (E)) (1 − L(2)= (E))3E

=

∫
E∈[0,1]

(63 (E) + (E − 0)6′3 (E)) (1 − L(2)= (E))3E .

Lastly, we compute the third term

E

[∫ C=E (1)

C=E (2)
6D (C)3C

]
= E

[∫
E∈[0,1]

6D (E)1(E (2) < E ≤ E (1))3E
]

=

∫
E∈[0,1]

6D (E) Pr(E (2) < E ≤ E (1))3E

=

∫
E∈[0,1]

6D (E) (L(2)= (E) − L(1)= (E))3E .

Therefore, the regret is

0(_ − 6D (0) − (= − 1)63 (0)) +
∫
E∈[0,1]

(_ − 6D (E) − E6′D (E) − (= − 1)06′3 (E)) (1 − L(1)= (E))3E

+
∫
E∈[0,1]

(63 (E) + (E − 0)6′3 (E)) (1 − L(2)= (E))3E +
∫
E∈[0,1]

6D (E) (L(2)= (E) − L(1)= (E))3E .
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Rearranging this gives the (Regret-L) expression.

'(6, L) = 0(_ − 6D (0) − (= − 1)63 (0)) +
∫
E∈[0,1]

(_ − 6D (E) + 63 (E) − E6′D (E) + (E − =0)6′3 (E))

+
∫
E∈[0,1]

(
−_ − (= − 1) (6D (E) − 63 (E)) + E(6′D (E) + (= − 1)6′3 (E))

)
L(1)= (E)3E

+
∫
E∈[0,1]

=(6D (E) − 63 (E) − (E − 0)6′3 (E))L
(1)
=−1(E)3E .

To derive (Regret-�), the expected regret expression with i.i.d. �, substitute L(1)= (E) = � (E)=

and L(2)= (E) = =� (E)=−1 − (= − 1)� (E)=.

Proof of Proposition 8. We use the following (Regret-�) expression for _-regret

'(6, �) = 0(_ − 6D (0) − (= − 1)63 (0)) +
∫
E∈[0,1]

(_ − 6D (E) + 63 (E) − E6′D (E) + (E − =0)6′3 (E))

+
∫
E∈[0,1]

(
−_ − (= − 1) (6D (E) − 63 (E)) + E(6′D (E) + (= − 1)6′3 (E))

)
� (E)=3E

+
∫
E∈[0,1]

=(6D (E) − 63 (E) − (E − 0)6′3 (E))� (E)
=−13E

In Nature’s saddle, we fix the mechanism (6D, 63) and optimize over �. The integral expression

is separable over � (E) for E ∈ (0, 1). Here we will assume that the optimization is done pointwise.

The first order condition on � on the regret pointwise is

(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′∗
D (E) + (= − 1)6′∗3 (E))

)
· =� (E)=−1

+=(6D (E) − 63 (E) − (E − 0)6′3 (E)) · (= − 1)� (E)=−2 = 0

Nature’s saddle states that over all �, �∗ maximizes the _-regret. If pointwise optimization

is valid, then �∗ must satisfy the above FOC equation. Dividing both sides by =�∗(E)=−2 gives

(FOC) as required.

For �∗ to be maximizing, we also need the second-order conditions to hold, namely, that the
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second derivative with respect to � (E) evaluated at �∗(E) is negative1:

(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′∗
D (E) + (= − 1)6′∗3 (E))

)
· =(= − 1)�∗(E)=−2

+=(6D (E) − 63 (E) − (E − 0)6′3 (E)) · (= − 1) (= − 2)�∗(E)=−3 < 0

or

(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′∗
D (E) + (= − 1)6′∗3 (E))

)
�∗(E)

+ (= − 2) (6D (E) − 63 (E) − (E − 0)6′3 (E)) < 0

but from the (FOC) equality that we have just derived,

(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′∗
D (E) + (= − 1)6′∗3 (E))

)
�∗(E)

+ (= − 2) (6D (E) − 63 (E) − (E − 0)6′3 (E))

=
(
−_ − (= − 1) (6∗D (E) − 6∗3 (E)) + E(6

′∗
D (E) + (= − 1)6′∗3 (E))

)
�∗(E)

+ (= − 1) (6∗D (E) − 6∗3 (E) − (E − 0)6
′∗
3 (E)) − (6

∗
D (E) − 6∗3 (E) − (E − 0)6

′∗
3 (E))

= −(6∗D (E) − 6∗3 (E) − (E − 0)6
′∗
3 (E)) .

Therefore, our condition reduces to (SOC), as required.

Verification of the Saddle

The last step of the proof is to verify the (FOC) and (SOC) conditions for the ((6∗D, 6∗3), �
∗)

pair given in Theorem 12. To do this, we first show that the (6∗D, 6∗3) satisfies a certain ordinary

differential equation (ODE).

1Note that if = = 2 the last term disappear, so we can write �∗ (E)=−3 there with the understanding that the entire
term becomes zero for = = 2.

154



Proposition 18. Define (E∗, U) = (1, 0) in the 0/1 ≤ : ; regime, (E∗, U) = (0, 1/=) in the 0/1 ≥ :ℎ

regime, and (E∗, U) be defined as stated in Theorem 12 in the the : ; ≤ 0/1 ≤ :ℎ regime. Also

define q0 as in Theorem 12 in the 0/1 ≥ :ℎ regime, and q0 = 0 in other regimes. Let (6∗D, 6∗3)

be given as in Theorem 12. Then (6∗D, 6∗3) satisfies 6∗D (E) = 6∗(E), 6∗3 (E) = U for E ∈ [0, E∗] and

6∗
3
(E) = (1 − 6∗(E))/(= − 1) for E ∈ [E∗, 1], and 6∗ is an increasing continuous function that

satisfies the ODE

(6∗)′(E) + (= − 1)A∗
E(E − A∗) (6

∗(E) − U) = _
E

for E ∈ (A∗, E∗) (ODE-6-1)

(6∗)′(E) + =(0 − q0)
(E − q0) (E − 0)

6∗(E) = 1
E − 0 −

1 − _
E − q0

for E ∈ (E∗, 1) . (ODE-6-2)

Furthermore, in the : ; ≤ 0/1 ≤ :ℎ regime, the system of equations defining (E∗, U) actually

has a unique solution, and if we view A∗ and U as a function of 0/1, then we have A∗ ↑ 1 and U ↓ 0

as 0/1 ↓ : ; , while A∗ ↓ 0 and U ↑ 1/= as 0/1 ↑ :ℎ.

Proof of Proposition 18. We first consider the regime E ≤ E∗ where the ODE is (ODE-6-1). By

multiplying both sides of (ODE-6-1) by (E− A∗)=−1/E=−1, we observe that (ODE-6-1) is equivalent

to

3

3E

[
(E − A∗)=−1

E=−1 (6∗(E) − U)
]
= _
(E − A∗)=−1

E=
.

For the case 0/1 ≤ : ; , we set U = 0, 6∗(A∗) = 0 and integrate the above equation from E = A∗

to arbitrary E to get the 6∗D ≡ 6∗ as stated in the theorem statement.

For the case : ; ≤ 0/1 ≤ :ℎ, we set 6∗(0) = U and integrate the above equation from E = 0 to

arbitrary E to get the 6∗D ≡ 6∗ as stated in the theorem statement.

In both cases, we can use Lemma 4 to write 6∗(E) in the valid region as

6∗(E) = U + _
∞∑
:==

1
:

(
E − A∗
E

) :−(=−1)
,
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which immediately implies that 6∗ is an increasing continuous function in E.

In the 0/1 ≤ : ; case, the valid region starts at E = A∗ and the expression immediately implies

that 6∗(A∗) = 0 = U, and

6∗(1) = _
∞∑
:==

1
:

(
1 − A∗
1

) :−(=−1)
,

which equals 1 because A∗/1 satisfies the same defining equation as : ; , so we can set A∗ = : ;1, and

the expression is decreasing in A∗, so the equation setting the above to 1 has a unique solution in A∗

(equivalently, in : ;) if and only if as A∗ ↓ 0, the expression is ≥ 1, which is equivalent to 0/1 ≤ : ;

that we had just assumed.

In the : ; ≤ 0/1 ≤ :ℎ case, the valid region is from E = 0 to E = E∗. The expression implies

6∗(0) = U. The defining equation for (E∗, U) in this regime implies that

(E∗ − 0)=−1

(E∗)=−1 (6∗(E∗) − U) = _
∫ C=E∗

C=0

(C − 0)=−1

C=
3C =

(E∗ − 0)=−1

(E∗)=−1 (1 − =U) ,

so 6∗(E∗) = 1 − (= − 1)U. (We still need to prove that the two equations defining (E∗, U) has a

unique solution; we will defer this to the end of the proof.)

Now we consider the regime E ≥ E∗ where the ODE is (ODE-6-2). By multiplying both sides

by (E − 0)=/(E − q0)=, we observe that (ODE-6-2) is equivalent to

3

3E

[
(E − 0)=
(E − q0)=

6∗(E)
]
=
(E − 0)=−1

(E − q0)=
− (1 − _) (E − 0)

=

(E − q0)=+1
.

In the case 0/1 ≥ :ℎ, this equation applies for all E ∈ [0, 1], so we integrate this equation from

E = 0 to arbitrary E and note that (E−0)
=

(E−q0)= 6
∗(E) is 0 when E = 0 (because of the (E − 0) factor), so

we get

(E − 0)=
(E − q0)=

6∗(E) − 0 =
∫ C=E

C=0

[
(C − 0)=−1

(C − q0)=
− (1 − _) (C − 0)

=

(C − q0)=+1

]
3C ,
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which is equivalent to the 6∗ as stated in the theorem statement. By Lemma 5, we can write 6∗(E)

as

6∗(E) = 1
=
+ _

∞∑
:==+1

(E − 0):−=
: (E − q0):−=

.

The expression immediately implies that 6∗(E) is an increasing continuous function of E and

6∗(0) = 1/=. We also have

6∗(1) = 1
=
+ _

∞∑
:==+1

(1 − 0):−=
: (1 − q0):−=

= 1 ,

by the defining equation of q0, and by inspecting the defining equations for q0 and :ℎ we see that

q0 = (0 − :ℎ1)/(1 − :ℎ) as claimed. The defining equation of :ℎ is

1
=
+ _

∞∑
:==+1

(1 − :ℎ):−=
:

= 1 .

The expression is decreasing in :ℎ and it is 1/= < 1 as :ℎ ↑ 1, and 1
=
+ _∑∞

:==+1
1
:
= ∞ as :ℎ ↓ 0

because the harmonic series is divergent, so the equation has a unique solution :ℎ.

In the case : ; ≤ 0/1 ≤ :ℎ, this equation applies for E ∈ [E∗, 1]. By requiring that 6∗(1) = 1,

integrating the equation from arbitrary E to E = 1 gives

(1 − 0)=
1=

− (E − 0)
=

E=
6∗(E) =

∫ C=1

C=E

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C .

Just as before, Lemma 5 implies that the right hand side is decreasing and continuous in E, so 6∗(E)

is increasing and continuous in E. We also have

(1 − 0)=
1=

− (E − 0)
=

E=
6∗(E∗) =

∫ C=1

C=E∗

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C

=
(1 − 0)=
1=

− (E − 0)
=

E=
(1 − (= − 1)U) ,
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by the defining equations for (E∗, U), so 6∗(E∗) = 1 − (= − 1)U. We therefore see that the value of

6∗ at E∗ from both the E ≤ E∗ and the E ≥ E∗ regions are equal, so 6∗ is continuous at E∗ as well.

Finally, we will prove that the equations defining (E∗, U) in the : ; ≤ 0/1 ≤ :ℎ regime have a

unique solution.

Eliminating U from the two equations gives

= − =(E∗)=
(E∗ − 0)=

(
(1 − 0)=
1=

−
∫ C=1

C=E∗

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C

)
= (= − 1) − (= − 1) (E∗)=−1

(E∗ − 0)=−1 _

∫ C=E∗

C=0

(C − 0)=−1

C=
3C ,

or

=(1 − 0)=
1=

=
(A∗ − 0)=
(A∗)= + (= − 1) (A∗ − 0)

(A∗) _

∫ C=A∗

C=0

(C − 0)=−1

C=
3C

+ =
∫ C=1

C=A∗

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C .

Let fn(A∗) denote the right hand side viewed as a function of A∗, namely,

fn(E) :=
(E − 0)=
E=

+ (= − 1) (E − 0)
E

_

∫ C=E

C=0

(C − 0)=−1

C=
3C + =

∫ C=1

C=E

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C .

We claim that fn(E) is a decreasing function. That is, we want to show that 3fn(E)/3E =

fn′(E) ≤ 0. We compute

fn′(E) = =
(E − 0
E

)=−1 0

E2 + (= − 1)_ 3
3E

[
(E − 0)
E

∫ C=E

C=0

(C − 0)=−1

C=
3C

]
− =

(
(E − 0)=−1

E=
− (1 − _) (E − 0)

=

E=+1

)
.
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Note that

=

(E − 0
A

)=−1 0

E2 =
=0(E − 0)=−1

E=+1
=
=(E − (E − 0)) (E − 0)=−1

E=+1
=
=(E − 0)=−1

E=
− =(E − 0)

=

E=+1
.

We then have

fn′(E) = −=_ (E − 0)
=

E=+1
+ (= − 1)_ 3

3E

[
(E − 0)
E

∫ C=E

C=0

(C − 0)=−1

C=
3C

]
= −=_ (E − 0)

=

E=+1
+ (= − 1)_

[
(E − 0)
E

(E − 0)=−1

E=
+ 0
E2

∫ C=E

C=0

(C − 0)=−1

C=
3C

]
= _

[
− (E − 0)

=

E=+1
+ (= − 1)0

E2

∫ C=E

C=0

(C − 0)=−1

C=
3C

]
.

Therefore, we have fn′(E) ≤ 0 if and only if

∫ E

0

(C − 0)=−1

C=
3C ≤ 1

(= − 1)0
(E − 0)=
E=−1 .

We can prove this inequality as follows. Both sides are zero for E = 0, so it is sufficient to show

that the derivative of the LHS is ≤ the derivative of the RHS. This is true because the derivative of

the LHS is (E − 0)=−1/E= and the derivative of the RHS is

1
(= − 1)0

E=−1=(E − 0)=−1 − (E − 0)= (= − 1)E=−2

E2=−2 =
1

(= − 1)0
(E − 0)=−1

E=
(=E − (= − 1) (E − 0))

=
(E − 0)=−1

E=
+ (E − 0)

=−1

(= − 1)0E=−1 ≥
(E − 0)=−1

E=
.

Therefore, we have proved that fn(E) is decreasing in E.

To show that the equation fn(E∗) = =
(
1−0
1

)=
has a unique solution E∗ ∈ [0, 1], it is sufficient
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to show that fn(0) ≥ =
(
1−0
1

)=
≥ fn(1), or

=

∫ 1

0

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C ≥ =

(
1 − 0
1

)=
≥

(
1 − 0
1

)=
+ (= − 1) (1 − 0)

1
_

∫ 1

0

(C − 0)=−1

C=
3C .

The first inequality

∫ 1

0

[
(C − 0)=−1

C=
− (1 − _) (C − 0)

=

C=+1

]
3C ≥

(
1 − 0
1

)=
is true by the definition of :ℎ and 0/1 ≤ :ℎ. The second inequality is equivalent to

_

∫ C=1

C=0

(C − 0)=−1

C=
3C ≤ (1 − 0)

=−1

1=−1 ,

which is true by the definition of : ; and 0/1 ≥ : ; .

We also conclude from the above that as 0/1 ↑ :ℎ we have A∗ ↓ 0, while as 0/1 ↓ : ; , we have

A∗ ↑ 1.

Now we will show that U ∈ [0, 1/=] and as 0/1 ↑ :ℎ we have U ↑ 1/=, while as 0/1 ↓ : ; , we

have U ↓ 0.

We will first show that for any E ∈ [0, 1], we have
∫ E

0

(C−0)=−1

C=
3C ≤ 1

_

(E−0)=−1

E=−1 . Let fn(E) :=∫ E

0

(C−0)=−1

C=
3C − 1

_

(E−0)=−1

E=−1 . (We overload the fn notation here — it has nothing to do with the earlier

fn; it is just a shorthand that we discard after we finish proving the technical statement.) Note that

fn(0) = 0 and fn(1) ≤ 0 by the definition of 0/1 ≥ : ; . We have

fn′(E) = (E − 0)
=−1

E=
− 1
_
(= − 1) (E − 0)

=−2

E=−2
0

E2 =
(E − 0)=−2

E=

(
E −

(
1 + = − 1

_

)
0

)
.

So fn(E) is decreasing for E ≤
(
1 + =−1

_

)
0 and increasing for E ≥

(
1 + =−1

_

)
0. Regardless of

160



whether 1 ≤
(
1 + =−1

_

)
0 or not, we have fn(E) ≤ max(fn(0), fn(1)) ≤ 0, and we are done. Note

also that as 0/1 ↓ : ; , we have A∗ ↑ 1 so every inequality here approaches equality, and U ↓ 0.

From the defining equation we have

1 − =U = _ (A∗)=−1

(A∗ − 0)=−1

∫ A∗

0

(C − 0)=−1

C=
3C ,

but by the lemma we have just proved,

∫ A∗

0

(C − 0)=−1

C=
3C ≤ 1

_

(A∗ − 0)=−1

(A∗)=−1 ,

so 1 − =U ≤ 1, which implies U ≥ 0.

From the same equation, it is clear that (A∗)=−1

(A∗−0)=−1

∫ A∗

0

(C−0)=−1

C=
3C ≥ 0, so 1 − =U ≥ 0, so U ≤ 1/=.

Furthermore, as 0/1 ↑ :ℎ, we have A∗ ↓ 0 so

1 − =U = _ (A∗)=−1

(A∗ − 0)=−1

∫ A∗

0

(C − 0)=−1

C=
3C ≤ _ (A∗)=−1

(A∗ − 0)=−1

∫ A∗

0

(C − 0)=−1

0=
3C = _

(A∗)=−1(A∗ − 0)
=0=

↓ 0 ,

so U ↑ 1/=.

We conclude that for : ; ≤ 0/1 ≤ :ℎ, there is a unique valid solution (A∗, U). Furthermore, as

0/1 ↑ :ℎ we have A∗ ↓ 0 and U ↑ 1/=, while as 0/1 ↓ : ; , we have A∗ ↑ 1 and U ↓ 0, as desired.

Proposition 18 gives a unifying description of the mechanism across three support information

regimes and makes it clear that the intermediate regime interpolates between the SPA regime and

the POOL regime.

We will now use (ODE-6-1) and (ODE-6-2) given in Proposition 18 to check that (FOC) and

(SOC) hold.

Checking (FOC) We first consider the case E ≤ E∗, where (ODE-6-1) applies. We only need

to check this case in the low information (0/1 ≤ : ;) and moderate information (: ; ≤ 0/1 ≤ :ℎ)
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regimes, because this case becomes vacuous (E∗ = 0) in the high information (0/1 ≥ :ℎ) regime.

In both of these regimes, �∗(E) = 1 − A∗/E. Therefore, the (FOC) equation is

[−_ − (= − 1) (6∗(E) − U) + E(6∗)′(E)]
(
1 − A

∗

E

)
+ (= − 1) (6∗(E) − U)

=

(
1 − A

∗

E

) [
−_ + (= − 1)A∗

E(E − A∗) (6
∗(E) − U) + E(6∗)′(E)

]
= 0 ,

where the last equality holds by (ODE-6-1).

Now we consider the case E ≥ E∗ where (ODE-6-1) applies. We only need to check this case

in the high information (0/1 ≥ :ℎ) and moderate information (: ; ≤ 0/1 ≤ :ℎ) regimes, because

this case becomes vacuous (E∗ = 1) in the low information (0/1 ≥ :ℎ) regime. In both regimes,

�∗(E) = 1 − (0 − q0)/(E − q0) = (E − 0)/(E − q0). (q0 = 0 for the moderate information regime,

and q0 > 0 for the high information regime.) Therefore, the (FOC) is

[
−_ − (= − 1)

(
6∗(E) − 1 − 6∗(E)

= − 1

)
+ E · 0

] (
E − 0
E − q0

)
+ (= − 1)

[
6∗(E) − 1 − 6∗(E)

= − 1
− (E − 0)

(
−(6∗)′(E)
= − 1

)]
= (−_ − (= − 1)6∗(E) − 1 + 6∗(E))

(
E − 0
E − q0

)
+ (= − 1)6∗(E) − 1 + 6∗(E) + (E − 0) (6∗)′(E)

= (E − 0) (6∗)′(E) −
(
E − 0
E − q0

)
_ + (=6∗(E) − 1)

(
0 − q0
E − q0

)
= (E − 0)

(
1

E − 0 −
1 − _
E − q0

− =(0 − q0)
(E − q0) (E − 0)

6∗(E)
)
−

(
E − 0
E − q0

)
_ + (=6∗(E) − 1)

(
0 − q0
E − q0

)
= 0 ,

where the second-to-last equality holds by (ODE-6-1).

Checking (SOC). The following applies whether we are in the regime 0/1 ≤ : ; , 0/1 ≥ :ℎ, or

: ; ≤ 0/1 ≤ :ℎ.

In the case E ≤ E∗, we have 6∗D (E) = 6∗(E) and 6∗
3
(E) = U, so (SOC) reduces to 6∗(E) − U > 0,

which is true by definition of 6∗ in the interior.
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In the case E ≥ E∗, we have 6∗D (E) = 6∗(E) and 6∗
3
(E) = (1 − 6∗(E))/(= − 1), so (SOC) reduces

to =6∗(E) − 1 + (E − 0) (6∗)′(E) > 0.

Here, 6∗ satisfies (ODE-6-2) with q0 = 0 in the case : ; ≤ 0/1 ≤ :ℎ and q0 ≥ 0 in the case

0/1 ≥ :ℎ. Substituting (6∗)′(E) = 1
E−0 −

1−_
E−q0
− =(0−q0)
(E−q0) (E−0)6

∗(E), we get that (SOC) reduces to

=6∗(E)−1+(E−0) (6∗)′(E) = (E−0)
(E−q0) (=6

∗(E)−1+_) > 0, so we have to prove that =6∗(E)−1+_ > 0.

From E ≥ E∗ we have 6∗(E) ≥ 1 − (= − 1)U, we have =6∗(E) − 1 + _ ≥ =(1 − (= − 1)U) − 1 + _ =

(= − 1) (1 − U) + _ ≥ 0, because U ≤ 1, _ ≥ 0, with strict inequality everywhere but the boundary,

as desired.

B.2.2 Proofs for Section 2.3.2

Proof of Proposition 9. Suppose for the sake of contradiction that the SPA regime is possible. By

Theorem 2, the _-regret

−1 + (1 − : ;)= + _
(
1 −

∫ C=1

C=:;

(
1 − : ;

C

)=
3C

)
is zero, while the corresponding _ satisfies

_ =
(1 − : ;)=−1∫ C=1
C=:;

(C−:)=−1

C=
3C
.

Substituting the expression of _ gives

−1 + (1 − : ;)= + (1 − : ;)=−1
1 −

∫ C=1
C=:;

(
1 − :;

C

)=
3C∫ C=1

C=:;

(C−:;)=−1

C=
3C

= 0 . (B.1)
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Let 5 (: ;) be the left hand side of (B.1). We will derive a contradiction by showing that 5 (: ;) > 0

for all 0 < : ; ≤ 1. We will prove this by viewing : ; ∈ (0, 1] as a free variable. Let

� (: ;) =
∫ C=1

C=:;

(C − : ;)=−1

C=
3C =

∞∑
8==

1
8
(1 − : ;)8 .

Note that

�′(: ;) =
∞∑
8==

(1 − : ;)8−1(−1) = − (1 − : ;)
=−1

1 − (1 − : ;)
= − (1 − : ;)

=−1

: ;
.

Also, by integration by parts,

∫ C=1

C=:;

(
1 − : ;

C

)=
3C =

[(
1 − : ;

C

)=
C

] C=1

C=:;

−
∫ C=1

C=:;

C=

(
1 − : ;

C

)=−1
:

C2
3C = (1 − : ;)= − =: � (: ;) .

Therefore, both integrals in 5 (: ;) can be written in terms of � (: ;). We want to show that

−1 + (1 − : ;)= + (1 − : ;)=−1 1 − (1 − : ;)= + =: � (: ;)
� (: ;)

> 0 .

This is equivalent to

� (: ;) <
1 − (1 − : ;)=

(1 − : ;)−(=−1) − (1 + (= − 1): ;)
.

Note that (1− : ;)−(=−1) > (1+ (=− 1): ;), so the above manipulation is valid, and both sides of the

inequality are positive. Let

6(: ;) = � (: ;) −
1 − (1 − : ;)=

(1 − : ;)−(=−1) − (1 + (= − 1): ;)
.
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It is clear from the integral definition of � (: ;) that lim:;↑1 � (: ;) = 1. We now compute, by

L’Hopital’s rule,

lim
:;↑1

1 − (1 − : ;)=

(1 − : ;)−(=−1) − (1 + (= − 1): ;)
= lim
:;↑1

−=(1 − : ;)=−1(−1)
(−= + 1) (1 − : ;)−= (−1) − (= − 1) = 0 .

Therefore, lim:;↑1 6(: ;) = 0 To prove that 6(: ;) < 0 it is sufficient to prove that 6(: ;) is strictly

increasing in : ; , i.e., 6′(: ;) > 0. This is very convenient because �′(: ;) does not involve an

integral. We compute

6′(: ;) = �′(: ;) −
3

3: ;

[
1 − (1 − : ;)=

(1 − : ;)−(=−1) − (1 + (= − 1): ;)

]
= − (1 − : ;)

=−1

: ;
− 1[
(1 − : ;)−=+1 − (1 + (= − 1): ;)

]2 ×
{

[
(1 − : ;)−=+1 − (1 + (= − 1): ;)

] [
−=(1 − : ;)=−1(−1)

]
− [1 − (1 − : ;)=] [(−= + 1) (1 − : ;)−= (−1) − (= − 1)]

}
= − (1 − : ;)

=−1

: ;
+
(=−1) (1−(1−:;)=)2

(1−:;)= − =
[
1 − (1 + (= − 1): ;) (1 − : ;)=−1]

1
(1−:;)2=−2

[
1 − (1 + (= − 1): ;) (1 − : ;)=−1

]2 .

Then 6′(: ;) > 0 is equivalent to

(= − 1): ; (1 − (1 − : ;)=)2 − =(1 − : ;)=: ;
[
1 − (1 + (= − 1): ;) (1 − : ;)=−1]

−(1 − : ;)
[
1 − (1 + (= − 1): ;) (1 − : ;)=−1]2

> 0 .
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Let G = 1 − : ; ∈ [0, 1), algebraic simplification gives that the left hand side is

(= − 1) (1 − G) (1 − G=)2 − =G= (1 − G)
[
1 − (1 + (= − 1) (1 − G))G=−1]

−
[
1 − (1 + (= − 1) (1 − G))G=−1]2

= (1 − G=) (= − 1 − =G + G=) .

It is clear that 1 − G= > 0. We also have

= − 1 − =G + G= = =(1 − G) − (1 − G=) = (1 − G)
(
= −

=−1∑
8=0

G8

)
> 0 .

We conclude that the optimal maximin ratio mechanism is never in the SPA regime.

B.2.3 Proofs for Section 2.3.3

Proof of Corollary 3. We will use the equivalent formulation of Theorem 12. : ; is a solution to

_ log(1/: ;) = 1, so : ; = exp(−1/_). :ℎ is a solution to (1 − _) (1 − :ℎ) + _ log(1/:ℎ) = (1 − :ℎ)

or log(1/:ℎ) = (1 − :ℎ), so :ℎ = 1.

Therefore, we only need to consider the regime 0/1 ≤ : ; and : ; ≤ 0/1 ≤ :ℎ.

For 0/1 ≤ : ; , the regret is 1/4. For 0/1 ≥ : ; , we know that (E∗, U) is a solution to the

following system of equations

1 − U = _ log
(
E∗

0

)
1 − 0
1
− E
∗ − 0
E∗

= _ log
(
1

E∗

)
− (1 − _)0

1
+ (1 − _)0

E∗
.

The solution to this is E∗ = 1 and U = 1 − _ log(1/0).

We now substitute = = 1 to the minimax _-regret and 6∗D (E) expressions. (We have Φ(E) =
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6∗D (E), the price distribution CDF.) For 0/1 ≤ : ; , the minimax _-regret is

−(1 − _)1 +
[
(1 − : ;) − _

∫ Ã=1

Ã=:;

(
1 − : ;

Ã

)
3Ã

]
1

= −(1 − _)1 + [(1 − : ;) − _(1 − : ; + : ; log(: ;))] 1

= (−1 + _ + 1 − 4−1/_ − _ + _4−1/_ + 4−1/_)1

= _4−1/_1 ,

and the price CDF is

6∗D (E) = _
E=−1

(E − A∗)=−1

∫ C=E

C=A∗

(C − A∗)=−1

C=
3C = _

∫ C=E

C=A∗

1
C
3C = _ log

( E
A∗

)
= _ log

(
E

4−1/_1

)
= 1 + _ log

( E
1

)
for E ∈ [A∗, 1] .

For 0/1 ≥ : ; , the minimax _-regret is

−(1 − _)1 + 1
(
1 − 0

1

)
+ (1 − 0)U(1 − 1) − _

∫ E=1

E=0

(
1 − 0

E

)
3E

= −(1 − _)1 + (1 − 0) − _(1 − 0 − 0 log(1/0)) = −0 + _0 + _ log(1/0) ,

and the price CDF is

6∗D (E) = U + _
( E

E − 0

)=−1 ∫ C=E

C=0

(C − 0)=−1

C=
3C = 1 − _ log

(
1

0

)
+ _

∫ C=E

C=0

1
C
3C

= 1 − _ log
(
1

0

)
+ _ log

( E
0

)
= 1 + _ log

( E
1

)
for E ∈ [0, 1] .

We get the minimax regret by substituting _ = 1, which is 1/4 for 0/1 ≤ 1/4 and 0 log(1/0)

for 0/1 ≥ 1/4. The maximin ratio is _ such that the minimax _-regret is zero. Because _4−1/_1 > 0

always, minimax _-regret cannot be zero in this regime. In the other regime, : ; ≤ 0/1 ≤ :ℎ, The

_ such that −0 + _0 + _ log(1/0) = 0 is _∗ = 1/(1 + log(1/0)), so this is the maximin ratio value,
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and the corresponding price CDF is

Φ∗(E) = 1 + _∗ log
( E
1

)
= 1 + log(E/1)

1 + log(1/0) for E ∈ [0, 1] .

B.3 Proofs and Discussions from Section 2.4

B.3.1 Proofs and Discussions from Section 2.4.1

Before we prove the main theorem characterizing the minimax _-regret standard mechanism

(Theorem 3), we first derive the regret expression of generous SPA GenSPA(Φ).

Proposition 19. The regret of the mechanism GenSPA(Φ) under distribution L that is = i.i.d. with

marginal � is

0(_ −Φ(0)) +
∫ E=1

E=0

(_ −Φ(E) − EΦ′(E)) (1 − � (E)=) +Φ(E) (=� (E)=−1 − =� (E)=)3E

+ � (0)=−1(1 − 0) (= − (= − 1)� (0))

− � (0)=−1
∫ E=1

E=0

((= − (= − 1)� (0))Φ(E) + E(=� (E) − (= − 1)� (0))Φ′(E)) 3E .

Proof of Proposition 19. The _-regret expression, pointwise at v, is

_E (1) −
(
E (1)Φ(E (1)) −

∫ C=E (1)

C=E (2)
Φ(C)3C

)
1(E (2) > 0) −

(
E (1) · 1 −

∫ C=E (1)

C=E (2)
13C

)
1(E (2) = 0)

= _E (1) −
(
E (1)Φ(E (1)) −

∫ C=E (1)

C=E (2)
Φ(C)3C

)
1(E (2) > 0) −

(
E (2)

)
1(E (2) = 0) .
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Writing 1(E (2) > 0) = 1 − 1(E (2) = 0), the regret expression becomes(
_E (1) − E (1)Φ(E (1)) +

∫ C=E (1)

C=E (2)
Φ(C)3C

)
+

(
E (1)Φ(E (1)) −

∫ C=E (1)

C=E (2)
Φ(C)3C − E (2)

)
1(E (2) = 0)

=

(
_E (1) − E (1)Φ(E (1)) +

∫ C=E (1)

C=E (2)
Φ(C)3C

)
+

(
E (1)Φ(E (1)) −

∫ C=E (1)

C=0

Φ(C)3C − 0
)

1(E (2) = 0) .

We will now calculate the distribution of E (1) |E (2) = 0.

We note that, for any G ∈ [0, 1],

Pr(E (1) > G, E (2) = 0) = Pr( = − 1 E’s are 0, one is > G) = =� (0)=−1� ((G, 1])) = =� (0)=−1(1 − � (G)) ,

and

Pr(E (2) = 0) = Pr( exactly = − 1 are 0 ) + Pr( exactly = are 0 )

= =� (0)=−1(1 − � (0)) + � (0)= = � (0)=−1(= − (= − 1)� (0)) .

If Pr(E (2) = 0) > 0 (that is, if � has an atom at 0), then dividing the two equations gives

Pr(E (1) > G |E (2) = 0) = =(1 − � (G))
= − (= − 1)� (0) for G ∈ [0, 1] .

This gives us the CDF of E (1) |E (2) = 0 as

�̃ (G) := Pr(E (1) ≤ G |E (2) = 0) = 1 − =(1 − � (G))
= − (= − 1)� (0) =

=� (G) − (= − 1)� (0)
= − (= − 1)� (0) for G ∈ [0, 1] .

(If Pr(E (2) = 0) = 0, then the expression we want to evaluate is zero and we won’t need this

conditional distribution anyway.)

We can now calculate the expected regret. The first term is exactly the expected regret expres-
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sion from SPA:

Ev∼�

[
_E (1) −

(
E (1)Φ(E (1)) −

∫ C=E (1)

C=E (2)
Φ(C)3C

)]
= 0(_ −Φ(0)) +

∫ E=1

E=0

(_ −Φ(E) − EΦ′(E)) (1 − � (E)=) +Φ(E) (=� (E)=−1 − =� (E)=)3E .

The second term can be written as

Ev∼�

[(
E (1)Φ(E (1)) −

∫ C=E (1)

C=E (2)
Φ(C)3C − 0

)
1(E (2) = 0)

]
= Pr(E (2) = 0)E

[(
E (1)Φ(E (1)) −

∫ C=E (1)

C=0

Φ(C)3C − 0
) �����E (2) = 0

]
= � (0)=−1(= − (= − 1)� (0))

[
−0 +

∫
E∈[0,1]

(
EΦ(E) −

∫ C=E

C=0

Φ(C)3C
)
3�̃ (E)

]
.

We now use the following integration-by-part-like statements.

∫
F∈[0,1]

ℎ(F)3� (F) = ℎ(1) −
∫ E=1

E=0

ℎ′(E)� (E)3E .

Therefore,

∫
E∈[0,1]

EΦ(E)3�̃ (E)

= 1Φ(1) −
∫ E=1

E=0

(Φ(E) + EΦ′(E))�̃ (E)3E

= 1 −
∫ E=1

E=0

(Φ(E) + EΦ′(E)) =� (E) − (= − 1)� (0)
= − (= − 1)� (0) 3E .
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We also have

∫
E∈[0,1]

∫ C=E

C=0

Φ(C)3C3�̃ (E)

=

∫ C=1

C=0

∫
E∈(C,1]

Φ(C)3�̃ (E)3C

=

∫ C=1

C=0

Φ(C) (1 − �̃ (C))3C

=

∫ E=1

E=0

Φ(E) =(1 − � (E))
= − (= − 1)� (0) 3E .

Therefore, the second term is

� (0)=−1(= − (= − 1)� (0))
[
− 0 + 1 −

∫ E=1

E=0

(Φ(E) + EΦ′(E)) =� (E) − (= − 1)� (0)
= − (= − 1)� (0)

−
∫ E=1

E=0

Φ(E) =(1 − � (E))
= − (= − 1)� (0) 3E

]
= � (0)=−1(= − (= − 1)� (0))

[
1 − 0 −

∫ E=1

E=0

(
Φ(E) + EΦ′(E) =� (E) − (= − 1)� (0)

= − (= − 1)� (0)

)
3E

]
= � (0)=−1

[
(1 − 0) (= − (= − 1)� (0))

−
∫ E=1

E=0

((= − (= − 1)� (0))Φ(E) + E(=� (E) − (= − 1)� (0))Φ′(E)) 3E
]
.

We therefore have the regret expression

= 0(_ −Φ(0)) +
∫ E=1

E=0

(_ −Φ(E) − EΦ′(E)) (1 − � (E)=) +Φ(E) (=� (E)=−1 − =� (E)=)3E

+ � (0)=−1(1 − 0) (= − (= − 1)� (0))

− � (0)=−1
∫ E=1

E=0

((= − (= − 1)� (0))Φ(E) + E(=� (E) − (= − 1)� (0))Φ′(E)) 3E .

Note that the extra term (in the second line) is linear in �.
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We are now ready to state and prove the main theorem.

Theorem 13. Fix = and _ ∈ (0, 1] and let : = 0/1 ∈ [0, 1). Define : ; as in Theorem 3. The

minimax _-regret problem '_ (Mstd, Fiid) admits the following saddle point (<∗, �∗), depending

on 0/1, as follows.

• For 0/1 ≤ : ; , the optimal mechanism <∗ and worst-case distribution �∗ are the same as

those of Theorem 2.

• For 0/1 ≥ : ; , the optimal mechanism <∗ is GenSPA(Φ∗) with

Φ∗(E) =
∫ C=E

C=0

_(1−2/C)=−1

C
3C

(1 − 2/E)=−1 − (1 − 2/0)=−1 for E ∈ [0, 1] ,

where 2 ∈ [0, 0] is a unique constant such that Φ∗(2) = 1. The worst case distribution �∗ is

an isorevenue distribution defined by �∗(E) = 1 − 2/E for E ∈ [0, 1) and �∗(1) = 1.

Remark. Note that the worst case distribution has two point masses at E = 0 and E = 1 (of size

1−2/0 and 2/1 respectively), whereas the worst case distributions ofMall in Theorem 2 each only

has one point mass at E = 1. Also, the distributions Φ and Ψ of the reserve of SPA and threshold

of POOL in Theorem 2 do not have any point masses, whereas the distribution Φ of GenSPA in

Theorem 13 has a point mass at E = 0 of size Φ∗(0) = limE↓0 Φ
∗(E) = _(0/2 − 1)/(= − 1).

Proof of Theorem 13. Seller’s saddle is that, fixing �∗, the given mechanism <∗ gives the lowest

regret over all standard mechanisms. Because �∗ is fixed, this is equivalent to that <∗ maximizes

expected revenue under �∗. This is a standard Bayesian mechanism design problem, and we check

with [122] that <∗ is indeed optimal, even over all DSIC mechanisms. Henceforth, we will focus

on Nature’s Saddle.

Note that if 0/1 ≤ : ; , then Theorem 2 immediately tells us that the same SPA(Φ∗) is optimal

overMall, and thus overMstd also. Henceforth we assume 0/1 ≥ : ; .
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We have the regret expression from Proposition 19:

0(_ −Φ(0)) +
∫ E=1

E=0

(_ −Φ(E) − EΦ′(E)) (1 − � (E)=) +Φ(E) (=� (E)=−1 − =� (E)=)3E

+ � (0)=−1(1 − 0) (= − (= − 1)� (0))

− � (0)=−1
∫ E=1

E=0

((= − (= − 1)� (0))Φ(E) + E(=� (E) − (= − 1)� (0))Φ′(E)) 3E .

The additional term is linear in �, so if pointwise optimization gives a global maximum then,

it will also give a global maximum now. The first-order condition gives

(_ −Φ(E) − EΦ′(E)) (−=� (E)=−1) +Φ(E) (=(= − 1)� (E)=−2 − =2� (E)=−1) − =E� (0)=−1Φ′(E) = 0 ,

or

E(� (E)=−1 − � (0)=−1)Φ′(E) + (= − 1)� (E)=−2(1 − � (E))Φ(E) = _� (E)=−1 .

We want Φ such that � (E) = 1 − 2/E is a solution to that equation. With � (E) = 1 − 2/E we

have �′(E) = 2

E2 =
1−� (E)
E

. So

(� (E)=−1 − � (0)=−1)Φ′(E) + (= − 1)� (E)=−2�′(E)Φ(E) = _� (E)
=−1

E
,

or

3

3E

[
(� (E)=−1 − � (0)=−1)Φ(E)

]
=
_� (E)=−1

E
.
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Because (� (E)=−1 − � (0)=−1)Φ(E) is zero when E = 0, we have

Φ(E) =
∫ C=E

C=0

_� (C)=−1

C
3C

� (E)=−1 − � (0)=−1 =

∫ C=E

C=0

_(1− 2C )=−1

C
3C(

1 − 2
E

)=−1 −
(
1 − 2

0

)=−1 .

We will now show that, for any 2 ∈ (0, 0], Φ(E) is increasing in E.

Let Ẽ = 1− 2/E, 0̃ = 1− 2/0, and use the substitution D = 1− 2/C, C = 2
1−D , 3C = 2

(1−D)2 3D to get

1
_
Φ(E) =

∫ D=Ẽ

D=0̃

D=−1

1−D 3D

Ẽ=−1 − 0̃=−1 .

Showing that Φ(E) is increasing in E is equivalent to showing that the right hand side is in-

creasing in Ẽ = 1 − 2/E. From E ≥ 0 we have Ẽ ≥ 0̃. The derivative with respect to Ẽ of the right

hand side is

(Ẽ=−1 − 0̃=−1) Ẽ=−1

1−Ẽ −
(∫ D=Ẽ

D=0̃

D=−1

1−D 3D
)
(= − 1)Ẽ=−2

(Ẽ=−1 − 0̃=−1)2
.

This expression is nonnegative if and only if

∫ D=Ẽ

D=0̃

D=−1

1 − D 3D ≤
Ẽ= − 0̃=−1Ẽ

(= − 1) (1 − Ẽ) .

It is clear that this is true if it holds for Ẽ = 0 and the derivative of LHS is ≤ the derivative of

RHS. For Ẽ = 0, both sides are zero, so the inequality holds. The condition that the derivative of

LHS is ≤ the derivative of RHS is

Ẽ=−1

1 − Ẽ ≤
1

= − 1
(1 − Ẽ) (=Ẽ=−1 − 0̃=−1) − (Ẽ= − 0̃=−1Ẽ) (−1)

(1 − Ẽ)2
.
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This is equivalent to

(= − 1)Ẽ=−1 − (= − 1)Ẽ= ≤ =Ẽ=−1 − 0̃=−1 − =Ẽ= + 0̃=−1Ẽ + Ẽ= − 0̃=−1Ẽ ,

or

0̃=−1 ≤ Ẽ=−1 ,

which is true because Ẽ ≥ 0̃.

Lastly, we will show that if 0/1 ≥ : ; , then there is a 2 ∈ (0, 0] such that Φ(1) = 1, making

this a valid solution. From

Φ(1) =
∫ C=1

C=0

_(1− 2C )=−1

C
3C(

1 − 2
1

)=−1 −
(
1 − 2

0

)=−1 ,

consider the right hand side as a function of 2. The numerator is clearly a decreasing function of 2,

because
_(1− 2C )=−1

C
, for each fixed C, is a decreasing function of 2. The denominator is an increasing

function of 2 because

(
1 − 2

1

)=−1
−

(
1 − 2

0

)=−1
= 2

(
1
0
− 1
1

) (
=−1∑
:=0

(
1 − 2

1

) : (
1 − 2

0

)=−1−:
)
,

and each of 2, 1 − 2
1
, 1 − 2

0
are positive and increasing in 2, and 1

0
− 1
1
> 0.

Therefore, the right hand side is decreasing in 2. As 2 ↓ 0, the numerator converges to∫ C=1

C=0

_
C
3C = _ log(1/0) > 0, and the denominator converges to 0, so the expression converges

to +∞. At 2 = 0, the expression is

∫ C=1

C=0

_(1− 0C )=−1

C
3C(

1 − 0
1

)=−1 ≤ 1 ,
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where the ≤ 1 holds because 0/1 ≥ : ; . Therefore, there is a 2 ∈ (0, 0] such that Φ(1) = 1.

Lastly, we note that

Φ(0) = lim
E↓0
Φ(E) = _ lim

E↓0

(1− 2E )=−1

E

(= − 1)
(
1 − 2

E

)=−2 2

E2

= _
(0 − 2)
(= − 1)2 ,

where the second equality holds by L’Hopital’s rule.

B.3.2 Proofs and Discussions from Section 2.4.2

The main theorem in the main text (Theorem 4) is an immediate corollary of the main theorem

in this Appendix (Theorem 14). We first outline key challenges of the proof before diving into the

full proof of the main theorem.

Key Challenges of the Proof of The Main Theorem. The proof of the moderate information regime

is the hardest, and we outline key technical ideas here. Our candidate Φ∗ has a point mass Φ0 at

0 and a density on [A∗, 1], while the candidate worst-case distribution �∗ has a point mass �0, an

isorevenue density on [A∗, 1), and a point mass at 1. The seller’s saddle is to find Φ that min-

imizes the regret '(Φ) := '(Φ, �∗) such that Φ(E) ∈ [0, 1] is an increasing function. This is

different from previous saddle problems because in this case, the increasing condition is binding;

if we optimize pointwise, the result is nonincreasing, which is infeasible. We write the Lagrangian

L(Φ, `) = '(Φ) −
∫ 1

0
`(E)3Φ(E). Here, ` : [0, 1] → R+ is the dual variable associated with

the increasing constraint. Complementary slackness requires that `∗ is zero whereverΦ∗ is strictly

increasing; this immediately suggests the correct form of Φ∗, and that `∗(E) = 0 on [A∗, 1]. La-

grangian optimality requires that Φ∗ also minimizes L(Φ, `∗), which is linear in Φ (as can be

made explicit by integration by parts on the 3Φ(E) term). We satisfy this by requiring that the co-

efficients of every Φ(E) term to be zero. These, together with complementary slackness, pin down

`∗. Nature’s saddle is significantly simpler because the condition that � is increasing does not bind

here, so pointwise optimization (as before) works. The full proof is given in Appendix B.3.2.
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Before we proceed to the proof, we derive the regret expression for SPA(Φ), which is just

(6D, 63) with 6D = Φ and 63 ≡ 0.

Proposition 20. Let the mechanism be a second-price auction with random reserve CDF Φ and

distribution L with regret '(Φ, L).

Suppose Φ : [0, 1] → [0, 1] is absolutely continuous, while L is arbitrary then we have the

(Regret-L) expression

'(Φ, L) = 0(_ −Φ(0)) +
∫
E∈[0,1]

(_ −Φ(E) − EΦ′(E)) (1 − � (1) (E))3E

+
∫
E∈[0,1]

Φ(E) (� (2) (E) − � (1) (E))3E .

If we further assume that L is = i.i.d. then

'(Φ, L) = 0(_ −Φ(0)) +
∫
E∈[0,1]

(_ −Φ(E) − EΦ′(E)) (1 − � (E)=)3E

+
∫
E∈[0,1]

Φ(E) (=� (E)=−1 − =� (E)=)3E .

Suppose instead that L is i.i.d. with marginal � that has a density in (0, 1), and we denote by

� ({1}) and L(1) (1) the mass at 1. Then we have the (Regret-Φ) expression

'(Φ, �) = _1 − 0Φ(0)� (0)= − (1 − (1 − 51)=)1Φ(1)+∫ E=1

E=0

−_� (E)= +Φ(E)=� (E)=−1(1 − � (E) − E�′(E))3E .

Proof of Proposition 20. These expressions follow immediately by taking 6D (E) = Φ(E) and 63 (E) =

0.

We are now ready to state and prove the main theorem.

Theorem 14 (Optimal SPA with Random Reserve). Fix = and _ ∈ (0, 1] and let : = 0/1 ∈ [0, 1).
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Define : ; and :′
ℎ

as in Theorem 4. The minimax _-regret problem '_ (MSPA-rand, Fiid) admits a

saddle point (<∗ = SPA(Φ∗), �∗) which is characterized as follows.

• For 0/1 ≤ : ; , an optimal mechanism <∗ and worst-case distribution �∗ are the same as

those identified in Theorem 2 and its proof.

• For 0/1 ≥ :′
ℎ
, an optimal mechanism is a SPA with no reserve and the worst-case distri-

bution �∗ is a two-point distribution with point masses at E = 0 and E = 1 with weights

50 := =−1
=−1+_ and 51 := _

=−1+_ .

• For : ; ≤ 0/1 ≤ :′ℎ, let �0 ∈ [0, 1) be a unique solution to

_�=0
(= − 1) (1 − �0)

−
(
1 − = − (= − 1)�0

=
0̃

)=−1

= _

[
log

(
= − (= − 1)�0
=(1 − �0)

0̃

)
−
=−1∑
:=1

1
:
�:0 +

=−1∑
:=1

1
:

(
1 − = − (= − 1)�0

=
0̃

) : ]
,

and

A∗ =
= − (= − 1)�0
=(1 − �0)

0,

Φ0 =
_�0

(= − 1) (1 − �0)
,

2 =
= − (= − 1)�0

=
0,

3 =
�=0

(= − 1) (1 − �0)
+ log(1 − �0) +

=−1∑
:=1

1
:
�:0 .

Then, an optimal mechanism (optimal reserve distribution) is

Φ∗(E) =


Φ0 for E ∈ [0, A∗]

_
(
E
E−2

)=−1
[
3 + log

(
E
2

)
−∑=−1

:=1
1
:

(
E−2
E

) : ] for E ∈ [A∗, 1] ,
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and a worst-case distribution is given by �∗(E) = �0 for E ∈ [0, A∗], �∗(E) = 1 − 2/E for

E ∈ [A∗, 1) and �∗(1) = 1.

Proof of Theorem 14. We will prove the 3 cases separately.

Low Information (0/1 ≤ : ;) Regime. We know from Theorem 2 that SPA(Φ∗) is minimax

optimal overMall and so it is also minimax optimal overMSPA-rand.

High Information (0/1 ≥ _=
(1+_)=−1 ) Regime. We claim that the minimax optimal mechanism

Φ∗ in this regime is SPA without reserve and �∗ is a two-point distribution with mass 50 := =−1
=−1+_

at 0 and 51 := _
=−1+_ at 1. Here, '(Φ∗, �∗) = −(1 − _)1 +

(
=−1
=−1+_

)=−1
(1 − 0).

We want to show that '(Φ∗, �) ≤ '(Φ∗, �∗) ≤ '(Φ, �∗).

Part 1: '(Φ, �∗) ≥ '(Φ∗, �∗)

We have the regret expression '(Φ, �) from Proposition 20:

'(Φ, �) = _1 − 0Φ(0)� (0)= − (1 − (1 − 51)=)1Φ(1)

+
∫ E=1

E=0

−_� (E)= +Φ(E)=� (E)=−1(1 − � (E) − E�′(E))3E .

Under �∗, we have �∗(E) = � (0) = 50
=−1
=−1+_ for all E ∈ (0, 1), which means every appearance

of � (E) becomes a constant:

'(Φ, �∗) = _1 − 0 5 =0Φ(0) − (1 − 5 =0 )1Φ(1) +
∫ E=1

E=0

−_ 5 =0 + = 5 =−1
0 (1 − 50)Φ(E)3E .

We have Φ(1) ≤ 1 and −_ 5 =0 + = 5 =−1
0 (1 − 50)Φ(E) ≥ −_ 5 =0 + = 5 =−1

0 (1 − 50)Φ(0), so

'(Φ, �∗) ≥ _1 − 0Φ(0) 5 =0 − (1 − 5 =0 )1 + (1 − 0) (−_ 5 =0 + = 5 =−1
0 (1 − 50)Φ(0))

= −(1 − _)1 + (= 5 =−1
0 − (= − 1 + _) 5 =0 ) (1 − 0) + (1 −Φ(0)) 5 =−1

0 (0 50 − (1 − 0) (= − = 50)) .
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The last term is ≥ 0 because we require that 0 50 − (1 − 0) (= − = 50) ≥ 0 ⇔ 0
1
≥ =−= 50

=−(=−1) 50 =

_=
(1+_)=−1 . We now see that the choice 50 =

=−1
=−1+_ is chosen so the second term is maximized, and

the bound on 0
1

that is required to make the third term work follows accordingly. Therefore,

'(Φ, �∗) ≥ −(1 − _)1 + (= 5 =−1
0 − (= − 1 + _) 5 =0 ) (1 − 0) = −(1 − _)1 +

(
= − 1

= − 1 + _

)=−1
(1 − 0) .

Part 2: '(Φ∗, �) ≤ '(Φ∗, �∗)

Because Φ∗ is an SPA without reserve, we have Φ∗(E) = 1 for every E. This gives

'(Φ∗, �) = 0(_ − 1) +
∫ E=1

E=0

(_ − 1) (1 − � (E)=) + (=� (E)=−1 − =� (E)=)3E

= −(1 − _)1 +
∫ E=1

E=0

=� (E)=−1 − (= − 1 + _)� (E)=3E

≤ −(1 − _)1 + (1 − 0) sup
I∈[0,1]

=I=−1 − (= − 1 + _)I=

= −(1 − _)1 +
(
= − 1

= − 1 + _

)=−1
(1 − 0) = '(Φ∗, �∗) .

Moderate Information (: ; ≤ 0/1 ≤ _=
(1+_)=−1 ) Regime. We will exhibit a saddle point with the

following structure: Φ∗ has a point massΦ∗(0) at 0, then it is flat on [0, A∗] (that is,Φ∗(E) = Φ∗(0)

on [0, A∗]), then it has a density on [A∗, 1], but no point mass at 1 (so Φ∗(1) = 1). �∗ has a

point mass �∗(0) at 0, then it is flat on [0, A∗], then it is �∗(E) = 1 − 2/E on [A∗, 1). That is,

�∗(E) = max(1 − 2/E, �∗(0)) on E ∈ [0, 1). Importantly, we assume that �∗ is continuous at A∗,

so 1 − 2/A∗ = �∗(0), and this A∗ is the same as A∗ of Φ∗.

We use the regret expression (Regret-Φ) under �∗:

'= (�, L) = _1 − � (0)=0Φ(0) − (1 − (1 − 51)=)1Φ(1)

+
∫ E=1

E=0

−_� (E)= +Φ(E)=� (E)=−1(1 − � (E) − E�′(E))3E .
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Note that �∗(1−) = 1 − 51 = 1 − 2/1. We will write �0 := �∗(0) for convenience.

We can then write

'= (Φ, L∗) = _1 − �=0 0Φ(0) − (1 − (1 − 2/1)
=)1Φ(1) +

∫ E=A∗

E=0

−_�=0 +Φ(E)=�
=−1
0 (1 − �0)3E

+
∫ E=1

E=A∗
−_

(
1 − 2

E

)=
3E .

Consider the problem

'∗ := min
Φ
'= (Φ, L∗) = Regret(Φ) s.t. Φ(E) ∈ [0, 1] non-decreasing .

We dualize the non-decreasing constraint.

Let

L(Φ, `) = Regret(Φ) −
∫ 1

0

`(E)3Φ(E) ,

and

@(`) = min
Φ(E)∈[0,1]

L(Φ, `) with `(E) ≥ 0 .

Weak duality says that '∗ ≥ @(`) for all ` : [0, 1] → R+.

To get to strong duality, we want to choose a specific `∗ such that:

• Complementary Slackness (CS):
∫ 1

0
`∗(E)3Φ∗(E) = 0. That is, wherever Φ∗ is strictly

increasing, `∗ is zero.

• Lagrangian Optimality (LO): Φ∗ ∈ arg minΦ∈CDF L(Φ, `∗).

Because the condition that Φ(E) is non-decreasing doesn’t bind (it is strictly increasing) on

[A∗, 1], by complementary slackness `∗(E) = 0 on [A∗, 1].
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We can then use the integration by partss to get (using `∗(A∗) = 0)

∫ E=1

E=0

`∗(E)3Φ(E) =
∫ E=A∗

E=0

`∗(E)3Φ(E) = `∗(A∗)Φ(A∗) − `∗(0)Φ(0) −
∫ E=A∗

E=0

(`∗)′(E)Φ(E)3E

= −`∗(0)Φ(0) −
∫ E=A∗

E=0

(`∗)′(E)Φ(E)3E .

We substitute this into the expression for L(Φ, `∗) to get

L(Φ, `∗) = _1 − _(A∗ − 0)�=0 + (`
∗(0) − �=0 0)Φ(0) −

(
1 −

(
1 − 2

1

)=)
1Φ(1) − _

∫ E=1

E=A∗

(
1 − 2

E

)=
3E

+
∫ E=A∗

E=0

[
(`∗)′(E) + =�=−1

0 (1 − �0)
]
Φ(E)3E .

We want to choose `∗ such that

`∗(0) − �=0 0 = 0

(`∗)′(E) + =�=−1
0 (1 − �0) = 0 ,

so that the above expression for L(Φ, `∗) becomes independent of Φ (zero out the coefficient of

Φ(0) and Φ(E) between 0 and A∗; there still is Φ(1) but we will let this be 1). From

`∗(A∗) = `∗(0) +
∫ E=A∗

E=0

(`∗)′(E)3E

0 = 0�=0 − (A
∗ − 0)=�=−1

0 (1 − �0)

0�0 = =(A∗ − 0) (1 − �0) .

With that `∗, we have

L(Φ, `∗) = _1 − _(A∗ − 0)�=0 −
(
1 −

(
1 − 2

1

)=)
1Φ(1) − _

∫ E=1

E=A∗

(
1 − 2

E

)=
3E .
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If we further assume that Φ(1) = 1, then

L(Φ, `∗) = −(1 − _)1 − _(A∗ − 0)�=0 + 1
(
1 − 2

1

)=
− _

∫ E=1

E=A∗

(
1 − 2

E

)=
3E .

Now we derive conditions from the fact that � maximizes regret given fixed Φ∗, that is, the

saddle '(Φ∗, �) ≤ '(Φ∗, �∗). We use the Regret-� equation

'(Φ, �) = 0(_ −Φ(0)) +
∫ E=1

E=0

[
(_ −Φ(E) − EΦ′(E)) (1 − � (E)=) +Φ(E)=� (E)=−1(1 − � (E))

]
3E .

We do pointwise optimization for each E. For E ∈ (0, A∗). Φ∗(E) = Φ∗(0) is a constant, so

� (E) that maximizes that is a constant, the same for every E, given by

�∗(E) ∈ arg max
I
(_ −Φ∗(0)) (1 − I=) +Φ∗(0)=I=−1(1 − I) .

Taking the derivative of I gives

−(_ −Φ∗(0))=I=−1 + =Φ∗(0) ((= − 1)I=−2 − =I=−1) = 0

−(_ −Φ∗(0))I +Φ∗(0) (= − 1 − =I) = 0 .

Write Φ∗(0) = Φ0 for convenience. By the first-order condition, I = �∗(0) = �0 satisfies this

equation, so

−(_ −Φ0)�0 +Φ0(= − 1 − =�0) = 0 .

For E ∈ (A∗, 1), Φ∗(E) is no longer a constant (but this is the regime that we have dealt with
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before). We have

�∗(E) ∈ arg max
I
(_ −Φ(E) − EΦ′(E)) (1 − I=) +Φ(E)=I=−1(1 − I) .

The first order condition gives

−(_ −Φ(E) − EΦ′(E))=I=−1 +Φ(E)=((= − 1)I=−2 − =I=−1) = 0

−(_ −Φ(E) − EΦ′(E))I +Φ(E) ((= − 1) − =I) = 0 .

By the first order condition, I = �∗(E) = 1 − 2/E satisfies this equation, so

−(_ − (Φ∗) (E) − E(Φ∗)′(E))
(
1 − 2

E

)
+Φ(E)

(
(= − 1) − =

(
1 − 2

E

))
= 0 ,

which simplifies to

(Φ∗)′(E) = _
E
− (= − 1)2
E(E − 2)Φ

∗(E) .

We have seen this ODE before. The solution is

(E − 2
E

)=−1
Φ∗(E) = _

[
3 + log

(E
2

)
−
=−1∑
:=1

1
:

(E − 2
E

) : ]
,

for some constant 3.

Φ∗(A∗) = Φ∗(0) = Φ0 is the point mass of Φ∗ at 0, which is unknown. We get

(
A∗ − 2
A∗

)=−1
Φ0 = _

[
3 + log

(
A∗

2

)
−
=−1∑
:=1

1
:

(
A∗ − 2
A∗

) : ]
.

From 1 − 2/A∗ = �0 ≥ 0 we have 2 ≤ A∗ with strict inequality if �0 > 0. So the summation

makes sense (and also tells us it doesn’t necessarily go away as zero like before). With Φ∗(1) = 1
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we get

(
1 − 2
1

)=−1
= _

[
3 + log

(
1

2

)
−
=−1∑
:=1

1
:

(
1 − 2
1

) : ]
, .

Therefore, we have 5 equations for 5 unknowns Φ0, �0, 2, 3, A
∗:

0�0 = =(A∗ − 0) (1 − �0) (B.2)

−(_ −Φ0)�0 +Φ0(= − 1 − =�0) = 0 (B.3)(
A∗ − 2
A∗

)=−1
Φ0 = _

[
3 + log

(
A∗

2

)
−
=−1∑
:=1

1
:

(
A∗ − 2
A∗

) : ]
(B.4)(

1 − 2
1

)=−1
= _

[
3 + log

(
1

2

)
−
=−1∑
:=1

1
:

(
1 − 2
1

) : ]
(B.5)

1 − 2

A∗
= �0 . (B.6)

For notational convenience, we will write �∗(0) as �0.

We will write every variable in terms of �0, so we have a single-variable equation we can solve.

From (B.2), we get

A∗ = 0

(
�0

=(1 − �0)
+ 1

)
=
= − (= − 1)�0
=(1 − �0)

0 . (B.7)

From (B.3) we get

Φ0 =
_�0

(= − 1) (1 − �0)
. (B.8)

From (B.6) we get

2 = A∗(1 − �0) =
= − (= − 1)�0

=
0 . (B.9)

185



Subtracting (B.4) and (B.5) gives

(
A∗ − 2
A∗

)=−1
Φ0 −

(
1 − 2
1

)=−1
= _

[
log

(
A∗

1

)
−
=−1∑
:=1

1
:

(
A∗ − 2
A∗

) :
+
=−1∑
:=1

1
:

(
1 − 2
1

) : ]
.

Substituting the expressions of A∗,Φ0, 2 in terms of �0 from (B.7), (B.8), (B.9) gives (writing

0̃ = 0/1)

_�=0
(= − 1) (1 − �0)

−
(
1 − = − (= − 1)�0

=
0̃

)=−1

= _

[
log

(
= − (= − 1)�0
=(1 − �0)

0̃

)
−
=−1∑
:=1

1
:
�:0 +

=−1∑
:=1

1
:

(
1 − = − (= − 1)�0

=
0̃

) : ]
.

Let fn(�0) be the left hand side minus the right hand side (taking 0̃ = 0/1 as fixed):

fn(�0) =
_�=0

(= − 1) (1 − �0)
−

(
1 − = − (= − 1)�0

=
0̃

)=−1
− _ log

(
= − (= − 1)�0
=(1 − �0)

0̃

)
+_

=−1∑
:=1

1
:
�:0 − _

=−1∑
:=1

1
:

(
1 − = − (= − 1)�0

=
0̃

) :
.

(When 0̃ is not fixed, we will write the above expression instead as ! (�0, 0̃), and we will use

this notation later in the proof.)

We first note that, because 0̃ ≥ : ; , by definition of : ; we have

fn(0) = −(1 − 0̃)=−1 − _ log(0̃) − _
=−1∑
:=1

1
:
(1 − 0̃): ≤ 0 ,

with equality only when 0̃ = : ; .

We also note that as �0 ↑ 1, LHS grows as 1
1−�0

whereas RHS grows as log
(

1
1−�0

)
, so

lim�0↑1 fn(�0) = +∞.

Lastly, we compute the derivative of fn as
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fn′(�0) =
_�=−1

0 (= − (= − 1)�0)
(= − 1) (1 − �0)2

− (= − 1)
(
1 − = − (= − 1)�0

=
0̃

)=−2
· (= − 1)

=
0̃

+ _
[
(= − 1)

= − (= − 1)�0
− 1

1 − �0
+
=−1∑
:=1

�:−1
0 −

=−1∑
:=1

(
1 − = − (= − 1)�0

=
0̃

) :−1
· (= − 1)

=
0̃

]
=
_�=−1

0 (= − (= − 1)�0)
(= − 1) (1 − �0)2

− (= − 1)
(
1 − = − (= − 1)�0

=
0̃

)=−2
· (= − 1)

=
0̃

+ _
[
(= − 1)

= − (= − 1)�0
− 1

1 − �0
+

1 − �=−1
0

1 − �0
− (= − 1)
= − (= − 1)�0

[
1 −

(
1 − = − (= − 1)�0

=
0̃

)=−1
] ]

=
_�=−1

0 (= − (= − 1)�0)
(= − 1) (1 − �0)2

− (= − 1)2
=

0̃

(
1 − = − (= − 1)�0

=
0̃

)=−2

+ _
[
−
�=−1

0
1 − �0

+ (= − 1)
= − (= − 1)�0

(
1 − = − (= − 1)�0

=
0̃

)=−1
]

= �=−1
0 _

(
= − (= − 1)�0

(= − 1) (1 − �0)2
− 1

1 − �0

)
+

(
1 − = − (= − 1)�0

=
0̃

)=−2 [
− (= − 1)2

=
0̃ + _(= − 1)

= − (= − 1)�0

(
1 − = − (= − 1)�0

=
0̃

)]
=

_�=−1
0

(= − 1) (1 − �0)2
+

(
1 − = − (= − 1)�0

=
0̃

)=−2
(= − 1)

(
_

= − (= − 1)�0
− = − 1 + _

=
0̃

)
.

We can see from the expression that fn′(�0) is increasing in �0, so either fn is increasing for

all �0 in range (if fn′(0) ≥ 0, or it is decreasing for �0 ≤ �∗0 for some constant �∗0 and increasing

for �0 ≥ �∗0 . Because, for 0/1 > : ; , fn(0) < 0 and lim�0↑1 fn(�0) = +∞, we conclude that the

equation fn(�0) = 0 has a unique solution �0 ∈ (0, 1).

We will also need to show that this unique solution �0 leads to feasible values of other param-

eters as well. The ones that concern us are Φ∗(0) and A∗.

We must have

Φ∗(0) = _�0
(= − 1) (1 − �0)

≤ 1⇔ �0 ≤
= − 1

= − 1 + _ ,
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and

A∗ =
= − (= − 1)�0
=(1 − �0)

0 ≤ 1 ⇔ �0 ≤
=(1 − 0̃)

= − (= − 1)0̃ .

We will show that �0 ≤ =−1
=

.

We note that �0(0̃ = _=
(1+_)=−1 ) =

=−1
=−1+_ because when we plug in 0̃ = _=

(1+_)=−1 , �0 =
=−1
=−1+_

in the ! (�0, 0̃) expression we get zero. We claim that ! (�0, 0̃ =
_=

(1+_)=−1 ) is increasing in �0

for =−1
=−1+_ ≤ �0 ≤ 1. If this is true then we are done, because if for some 0̃ < _=

(1+_)=−1 we

have �0(0̃) > =−1
=−1+_ , then 0 = ! (�0(0̃), 0̃) > !(�0(0̃), _=

(1+_)=−1 ) > !( =−1
=−1+_ ,

_=
(1+_)=−1 ) = 0, a

contradiction.

To show that ! (�0,
_=

(1+_)=−1 ) is increasing in �0 for 1 ≥ �0 ≥ =−1
=−1+_ , we calculate (taking the

expression from the fn′(�0) earlier)

m! (�0, 0̃ =
_=

(1+_)=−1 )
�0

=

=
_�=−1

0
(= − 1) (1 − �0)2

+
(
1 − _(= − (= − 1)�0)

(1 + _)= − 1

)=−2
· (= − 1)_

(
1

= − (= − 1)�0
− = − 1 + _
(1 + _)= − 1

)
≥ 0 .

This is true because

1
= − (= − 1)�0

≥ 1
= − (= − 1) _=

(1+_)=−1
=

= − 1 + _
(1 + _)= − 1

,

and

1 − _(= − (= − 1)�0)
(1 + _)= − 1

> 0 ,

so the derivative is positive, as desired. (Note also that the expression
m! (�0,0̃=

_=
(1+_)=−1 )

�0
is increas-

ing in �0 so we can also just plug in �0 =
=−1
=−1+_ in that expression and check that the resulting

expression is > 0.
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Lastly, we want to show that �0 ≤ =(1−0̃)
=−(=−1)0̃ . Note that 0̃ < _=

(1+_)=−1 implies that =−1
=−1+_ <

=(1−0̃)
=−(=−1)0̃ , so this inequality is immediately implied by �0 ≤ =−1

=−1+_ which we just proved.

We conclude that for : ; ≤ 0̃ ≤ _=
(1+_)=−1 , these parameters give rise to a feasible mechanism

that is minimax optimal, as desired.

Proposition 21. The worst-case _-regret of SPA(A), the second-price auction with fixed reserve A,

is

'_ (SPA(A), Fiid) =



−(1 − _)1 + (1 − 0)
(
=−1
=−1+_

)=−1
if A = 0

−(1 − _)1 + (1−A)= (=−1)=−1

((=−1+_) (1−A)−A)=−1 if 0 < A ≤ _
1+_1

_A if _
1+_1 ≤ A ≤ 1 .

Therefore,

inf
A∈[0,1]

'_ (SPA(A), Fiid) =


−(1 − _)1 +

(
=
=+_

)=
1 if 0

1
≤ 1 −

(
=
=+_

)= (
=−1+_
=−1

)=−1

−(1 − _)1 +
(
=−1
=−1+_

)=−1
(1 − 0) if 0

1
≥ 1 −

(
=
=+_

)= (
=−1+_
=−1

)=−1
.

The optimal A in the first case (“low” 0/1) is A = _
=+_1 and the optimal A in the second case

(“high” 0/1) is A = 0.

This result is valid for any = ≥ 1, if for = = 1 we interpret any term with the = − 1 exponent as

1. In agreement with results fromMSPA-rand and our intuition, when scale information is important

(0/1 is high), the regret-minimizing reserve is no reserve A = 0.

Before we prove the main result (Proposition 21) characterizing the minimax _-regret SPA with

fixed reserve (including no reserve), we first derive the regret expression of SPA(A) for a fixed A.

Proposition 22. Fix A ∈ [0, 1]. The regret of SPA(A) against a joint distribution L is

−(1 − _)1 + AL(1)= (A−) − _
∫ E=A

E=0

L(1)= (E)3E +
∫ E=1

E=A

(L(2)= (E) − _L(1)= (E))3E ,
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where L(1)= (A−) = Pr(E (1) < E). If we further assume that L is = i.i.d. with marginal �, then the

regret is

−(1 − _)1 + A� (A−)= − _
∫ E=A

E=0

� (E)=3E +
∫ E=1

E=A

(=� (E)=−1 − (= − 1 + _)� (E)=)3E .

Proof. The regret is

_E[E (1)] − E[max(E (2) , A)1(E (1) ≥ A)]

= _E[E (1)] − E[E (2)1(E (2) > A)] − E[A1(E (2) ≤ A ≤ E (1))] .

The first term is

E[E (1)] =
∫
E≥0

Pr(E (1) > E)3E = 1 −
∫ E=1

E=0

L(1)= (E)3E .

The second term’s calculation is analogous to that of Lemma 6. We have

E[E (2)1(E (2) > A)]

=

∫
E′∈(A,1]

E′3L(2)= (E′) =
∫
E′∈(A,1]

(
0 +

∫
E∈[0,E′)

3E

)
3L(2)= (E′)

= 0(L(2)= (1) − L(2)= (A)) +
∫
E∈[0,A]

∫
E′∈(A,1]

3L(2)= (E′)3E +
∫
E∈(A,1]

∫
E′∈(E,1]

3L(2)= (E′)3E

= 0(1 − L(2)= (A)) +
∫
E∈[0,A]

(1 − L(2)= (A))3E +
∫
E∈(A,1]

(1 − L(2)= (E))3E

= 1 − AL(2)= (A) −
∫ E=1

E=A

L(2)= (E)3E .
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The third term is

E[A1(E (2) ≤ A ≤ E (1))] = A Pr(E (2) ≤ A ≤ E (1)) = A (Pr(E (2) ≤ A) − Pr(E (1) < A))

= A (L(2)= (A) − L(1)= (A−)) .

Together, we have, for A ∈ [0, 1],

'= (SPA(A), L=) = −(1 − _)1 + AL(1)= (A−) − _
∫ E=A

E=0

L(1)= (E)3E +
∫ E=1

E=A

(L(2)= (E) − _L(1)= (E))3E ,

as desired.

When L is = i.i.d. �, we have L(1)= (A−) = Pr(max(v) < A) = ∏=
8=1 Pr(E8 < A) = � (A−)= where

the second-to-last equality uses the fact that the E8’s are independent. We also have L(1)= (E) =

� (E)= and L(2)= (E) = =� (E)=−1 − (= − 1)� (E)=.

Now we are ready to prove the main result.

Proof of Proposition 21. From Proposition 22, the _-regret of SPA(A) is

'= (SPA(A), �) = −(1 − _)1 + A�−(A)= − _
∫ E=A

E=0

� (E)=3E +
∫ E=1

E=A

=� (E)=−1 − (= − 1 + _)� (E)=3E .

We first assume that = ≥ 2 and A ∈ (0, 1]. Let 2 = �−(A). (Note here that we require A > 0

in order for us to have the freedom to set the value of 2 = Pr(E < A), the mass strictly below A. If

A = 0, i.e. there is no reserve, then 2 = 0 by definition. This is why we consider the case A = 0, i.e.

no reserve, separately.) Note that the integrand =� (E)=−1−(=−1+_)� (E)= is increasing for � (E) ≤
=−1
=−1+_ and is decreasing for � (E) ≥ =−1

=−1+_ . To minimize
∫
E∈[0,A]= � (E)

=3E we must have � (E) = 0

for E ∈ [0, A − n] for arbitrarily small n > 0, and to maximize
∫
E∈(A,1] =� (E)

=−1 − =� (E)=3E, the

only constraint we have is � (E) ≥ 2 so for E ∈ (A, 1] we set � (E) = =−1
=−1+_ if 2 ≤ =−1

=−1+_ and

� (E) = 2 otherwise. Note that the sup over first case of 2 ≤ =−1
=−1+_ is simply the second case with
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2 = =−1
=−1+_ . Because we take the sup over �, we can let n ↓ 0 and get that the worst-case regret is

−(1 − _)1 + sup
2∈[ =−1

=−1+_ ,1]
A2= + (1 − A) (=2=−1 − (= − 1 + _)2=) .

Now, the derivative of this expression of 2 is =2=−2 [A2 + (1 − A) (= − 1 − (= − 1 + _)2)]. The ex-

pression in [· · · ] is linear in 2. At 2 = =−1
=−1+_ , the derivative expression is =A

(
=−1
=−1+_

)=−1
≥ 0. At

2 = 1, the expression is =((1 + _)A − _1). So if A ≥ _
1+_1, the first derivative is always ≥ 0, so

the maximum is achieved at 2 = 1 and the value is _A. If A ≤ _
1+_1, the maximum is achieved at

2∗ = (=−1) (1−A)
(=−1+_) (1−A)−A ∈

[
=−1
=−1+_ , 1

]
and the value is −(1 − _)1 + (1−A)= (=−1)=−1

((=−1+_) (1−A)−A)=−1 .

Now we consider the case A = 0. In this case, by definition 2 = 0 and we have

'= (SPA(0), �) = −(1 − _)1 +
∫
E∈(0,1]

=� (E)=−1 − (= − 1 + _)� (E)=3E ,

so

'= (SPA(0), F ) = −(1 − _)1 + (1 − 0) sup
I∈[0,1]

=I=−1 − (= − 1 + _)I= .

The maximum occurs at I = =−1
=−1+_ which gives

'= (SPA(0), F ) = −(1 − _)1 + (1 − 0)
(
= − 1

= − 1 + _

)=−1
.

Now we deal with the case = = 1. The regret expression reduces to

'1(SPA(A), �) = −(1 − _)1 + A�−(A) − _
∫
E∈[0,A]

� (E)3E +
∫
E∈(A,1]

(1 − _� (E))3E .

192



For A > 0, we have

'1(SPA(A), F ) = −(1 − _)1 + sup
2∈[0,1]

A2 + (1 − A) (1 − _2)

= max(_1 − A, _A) =


_1 − A if 0 < A ≤ _

1+_1

_A if A ≥ _
1+_1 ,

because the expression under sup is linear in 2 so it achieves the extrema at one of the end points,

either at 2 = 0 or 2 = 1.

For A = 0 we have

'1(SPA(0), �) = −(1 − _)1 +
∫
E∈(0,1]

(1 − _� (E))3E .

This is maximized when � (E) = 0 for all E ∈ (0, 1] and we get

'1(SPA(0), F ) = −(1 − _)1 + (1 − 0) = _1 − 0 .

We therefore have

'1(SPA(A), F ) =



_1 − 0 if A = 0

_1 − A if 0 < A ≤ _
1+_1

_A if A ≥ _
1+_1 .

Note that the second regime and the first regime are continuous whenever the second regime

is applicable, but we will keep them separate for clarity (because the first regime A = 0 is always

applicable, whereas the second regime A ∈ (0, _
1+_1] is applicable only when 0

1
< _

1+_ .

Now we want to choose the optimal A to minimize the worst-case regret. First consider the case
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= ≥ 2. We note that

(1 − 0)
(
= − 1

= − 1 + _

)=−1
≤ (1 − 0)= (= − 1)=−1

((= − 1 + _) (1 − 0) − 0)=−1 ,

with equality if and only if 0 = 0. Therefore, if 0
1
< _

1+_ , that is, the regime A ∈ (0, _
1+_1] is

permissible, then the worst-case regret under A = 0 is lower than under A = 0+, slightly above 0. In

contrast, the worst-case regret is continuous at A = _
1+_1. Given that the regret in the third regime

_A is linear in A, the worst A (lowest regret) occurs at A = _
1+_1 with regret _2

1+_1.

First consider the case 0
1
< _

1+_ , so all 3 regimes of A are permissible.

In the A ∈ [ _1+_1, 1] regime, the regret is _A, so the lowest regret occurs at A = _
1+_1 and has

value _2

1+_1.

In the A ∈ (0, _
1+_1] regime, the regret is

−(1 − _)1 + (= − 1)=−1 exp {= log(1 − A) − (= − 1) log((= − 1 + _)1 − (= + _)A)} .

The derivative of the expression in {· · · } is

− =

1 − A +
(= − 1) (= + _)

(= − 1 + _)1 − (= + _)A =
(= + _)A − _1

(1 − A) ((= − 1 + _)1 − (= + _)A) .

Therefore, in this second regime, the worst-case regret is decreasing for 0
1
≤ _

=+_ and increasing

for 0
1
≥ _

=+_ . So if 0
1
≤ _

=+_ , the A that minimizes worst-case regret is A = _
=+_1, which gives the

regret

−(1 − _)1 +
( =

= + _

)=
1 .
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Therefore, the overall worst-case regret, including A = 0 also, has regret

min

(
−(1 − _)1 +

( =

= + _

)=
1,−(1 − _)1 +

(
= − 1

= − 1 + _

)=−1
(1 − 0)

)
,

corresponding to A = _
=+_1 and A = 0 respectively.

We can show that

(
= − 1

= − 1 + _

)=−1
≥

( =

= + _

)=
.

So, for 0
1
≤ 1 −

(
=
=+_

)= (
=−1+_
=−1

)=−1
, A = _

=+_1 gives the lowest worst-case regret, and for 0
1
≥

1 −
(
=
=+_

)= (
=−1+_
=−1

)=−1
, A = 0 gives the lowest worst-case regret. We can show that

0 ≤ 1 −
( =

= + _

)= (
= − 1 + _
= − 1

)=−1
≤ _

= + _ ,

so this threshold is always interior.

For _
=+_ ≤

0
1
≤ _

1+_ , the worst-case regret is increasing in A for the second regime, so the worst-

case in the second regime is when A = 0+, but we already know that the worst-case regret is lower

under A = 0 than under A = 0+, so the best A is A = 0 with regret

−(1 − _)1 +
(
= − 1

= − 1 + _

)=−1
(1 − 0) .

For 0
1
≥ _

1+_ , the second regime is not possible, and the third regime’s worst case is again

A = 0+ which has highest regret than A = 0, so again the best A is A = 0 with regret

−(1 − _)1 +
(
= − 1

= − 1 + _

)=−1
(1 − 0) ,
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so the A that minimizes worst-case regret is A = _
=+_1, which gives the regret

−(1 − _)1 +
( =

= + _

)=
1 .

If 0
1
< _

=+_ , then the worst-case regret is minimized at A = _
=+_1 and the worst-case regret value

is

−(1 − _)1 + ==

(= + _)= 1 .

If 0
1
≥ _

=+_ , then we always have A > 0 ≥ _
=+_1, so the worst-case regret is minimized at A = 0+,

but we have already shown that A = 0+ always has higher regret (worse) than A = 0.

Therefore, for 0
1
< _

=+_ , the worst-case regret is

min
(
−(1 − _)1 + (1 − 0) (= − 1)=−1

(= − 1 + _)=−1 ,

(
==

(= + _)= − 1 + _
)
1,

_2

1 + _1
)
.

The first, second, and third terms correspond to A = 0, A ∈ (0, _
1+_1] and A ∈ [ _1+_1, 1]

respectively.

The third one is higher than the second one because the third one, as we have already shown,

is the second one with A = _
1+_1 which by our proof has higher regret than that at A = _

1+_1. So the

worst-case regret becomes

min
(
(= − 1)=−1

(= − 1 + _)=−1 (1 − 0) − (1 − _)1,
==

(= + _)= 1 − (1 − _)1
)
.

We note that

(
= − 1

= − 1 + _

)=−1
≥

( =

= + _

)=
.

This is true because
(
G
G+_

)G
= exp {G log(G) − G log(G + _)} is a decreasing function of G: the
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derivative of the expression in the {· · · } is

(
G · 1
G
+ log(G)

)
−

(
G · 1
G + _ + log(G + _)

)
= 1 − G

G + _ + log
( G

G + _

)
≤ 0 ,

because 1 + log(D) ≤ D for all D. (Let D′ = log(D); this because the well-known 1 + D′ ≤ exp(D′).)

We however have

(
= − 1

= − 1 + _

)=−1
≤

( =

= + _

)=−1
.

Therefore, we have

(
= − 1

= − 1 + _

)=−1
(1 − 0) − (1 − _)1 ≥

( =

_ + =

)=
1 − (1 − _)1 ,

when 0 = 0 but

(
= − 1

= − 1 + _

)=−1
(1 − 0) − (1 − _)1 ≤

( =

_ + =

)=
1 − (1 − _)1 ,

when 0 = _
=+_1 . The threshold to define which one is better is therefore always in the middle, at

1 −
(
=
=+_

)= (
=−1+_
=−1

)=−1
.

We now consider _
=+_ ≤

0
1
≤ _

1+_ . We have shown that the worst-case regret in the second

regime occurs at A = 0+ which is always higher regret than A = 0, so we only need to consider the

first and third regime: the worst-case regret is

min

(
−(1 − _)1 + (1 − 0)

(
= − 1

= − 1 + _

)=−1
,
_2

1 + _1
)

= min

(
(1 − 0)

(
= − 1

= − 1 + _

)=−1
,

1
1 + _1

)
− (1 − _)1 .
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We know that
(
=−1
=−1+_

)=−1
≤ 1

1+_ because =−1 ≥ 1 and
(
G
G+_

)G is a decreasing function of G. We

also know that 1 − 0 ≤ 1. Therefore, the first expression in the min (first regime) is always lower

than the second expression (third regime). So the worst case regret in this case is just

−(1 − _)1 + (1 − 0)
(
= − 1

= − 1 + _

)=−1
,

which is achieved at A = 0.

Lastly, we consider the case 0
1
≥ _

1+_ . Then the second regime is never applicable, and the

worst-case regret is

min

(
−(1 − _)1 + (1 − 0)

(
= − 1

= − 1 + _

)=−1
,
_2

1 + _1
)
= −(1 − _)1 + (1 − 0)

(
= − 1

= − 1 + _

)=−1
,

where we know the first term in the min is less than the second term by what we just proved. This

is also achieved when A = 0.

We therefore conclude that for = ≥ 2 the worst-case regret (and the corresponding optimal

reserve A∗) as a function of 0 and 1 is as follows.

inf
A∈[0,1]

'= (SPA(A), F ) =


(
=−1
=−1+_

)=−1
(1 − 0) − (1 − _)1 if 0

1
≤ 1 −

(
=
=+_

)= (
=−1+_
=−1

)=−1
or 0

1
≥ _

=+_(
=
=+_

)=
1 − (1 − _)1 if 1 −

(
=
=+_

)= (
=−1+_
=−1

)=−1
≤ 0

1
< _

=+_ .

In the first case, A∗ = 0. In the second case, A∗ = _
=+_1.

Now we calculate the optimal A∗ and the best worst-case regret for the case = = 1. In the case

0
1
< _

1+_ , then all 3 regimes are possible. The lowest worst-case regret in the second regime is _2

1+_1

when A = _
1+_1, which is the same as the lowest worst-case regret in the third regime. Therefore,

inf
A∈[0,1]

'1(SPA(A), F ) = min
(
_1 − 0, _2

1 + _1
)
=

_2

1 + _1 ,
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where the last part is true because 0
1
< _

1+_ implies _1 − 0 > _2

1+_1. Here, A∗ = _
1+_1.

Now consider the case 0
1
≥ _

1+_ , then the second regime is inapplicable, and the third case holds

for any A ∈ (0, 1], and the lowest worst-case regret in this regime is _0 at A = 0+, so

inf
A∈[0,1]

'1(SPA(A), F ) = min (_1 − 0, _0) = _1 − 0 ,

where the last part is true because 0
1
≥ _

1+_1 implies _1 − 0 ≤ _0. Here, A∗ = 0.
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Appendix C: Battery Operations in Electricity Markets: Strategic Behavior

and Distortions

C.1 Proofs for Section 3.3

Proposition 23. We have

E[(`2|�1 − `2)2] = d2
Bf

2
2

E[f2
2|�1
] = (1 − d2

B )f2
2

E[�2 − `2|�1] = 0

E[(�2 − `2|�1) (�1 − `1)] = 0

E[(�2 − `2|�1) (�2 − `2)] = (1 − d2
B )f2

2

E[(�1 − `1) (`2|�1 − `2)] = df1f2

E[(�2 − `2) (`2|�1 − `2)] = d2
Bf

2
2

Also, for each constant 2, we have

E[(�2 − 2)2 |31] = f2
2|31
+ (`2|31 − 2)2

Proof of Proposition 23. The first two equations hold by definition of dB. For the third equation,

1� [�2 − `2|�1] = E[E[�2 − `2|�1 |�1]] = E[`2|�1 − `2|�1] = 0. For the fourth equation,

E[(�2− `2|�1) (�1− `1)] = E[E[(�2− `2|�1) (�1− `1) |�1]] = E[(�1− `1) (`2|�1 − `2|�1)] = 0.
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For the fifth equation,

E[(�2 − `2|�1) (�2 − `2)] = E[(�2 − `2|�1)2] + E[(�2 − `2|�1) (`2|�1 − `2)]

= E[E[(�2 − `2|�1)2 |�1]] + E[E[(�2 − `2|�1) (`2|�1 − `2) |�1]]

= E[f2
2|�1
] + E[(`2|�1 − `2|�1) (`2|�1 − `2)]

= (1 − d2
B )f2

2 + 0 = (1 − d2
B )f2

2

For the sixth equation, E[(�1 − `1) (`2|�1 − `2)] = E[E[(�1 − `1) (�2 − `2) |�1]] = E[(�1 −

`1) (�2 − `2)] = df1f2. For the seventh equation, E[(�2 − `2) (`2|�1 − `2)] = E[E[(�2 −

`2) (`2|�1 − `2) |�1]] = E[(`2|�1 − `2)2] = d2
Bf

2
2

Lastly, we have

E[(�2 − 2)2 |31] = E[(�2 − `2|31 + `2|31 − 2)2 |31]

= E[(�2 − `2|31)2 |31] + (`2|31 − 2)2 + 2(`2|31 − 2)E[(�2 − `2|31 |31]

= f2
2|31
+ (`2|31 − 2)2 + 2(`2|31 − 2) · 0

= f2
2|31
+ (`2|31 − 2)2

Proof of Theorem 5. For C ∈ {1, 2}, we compute

E[(3̃')C )] = E
[
`C +

�C − `C
: 5

]
= `C

E[(3̃')C )2] = E
[(
`C +

�C − `C
: 5

)2
]
= `2

C +
2`C
: 5
E[(�C − `C)] +

1
:2
5

E[(�C − `C)2] = `2
C +

f2
C

:2
5
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Therefore, the generation cost is

2∑
C=1

:B

[
U`C +

V

2
`2
C

]
+ : 5

[
U`C +

V

2

(
`2
C +

f2
C

:2
5

)]
which simplifies to the given expression.

C.2 Proofs for Section 3.4

Proof of Theorem 6. Generation cost is

U(`1 + `2)

+ :B
[
V

2
[
(`1 − I��1 )

2 + (`2 + I��1 )
2] ]

+ : 5E�1,�2

{
V

2


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+
(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)2
}

We first note that the generation cost is strictly convex (quadratic) in the decision variables. So,

the global minimum is achieved where first-order conditions hold with equality.

For each fixed �1 = 31, we take the derivative w.r.t I')1 (31). By the law of iterated expecta-

tions, the expectation E�1,�2 can be viewed as taking expectation E�1 followed by the conditional

expectation E�2 |�1 , by focusing on I')1 (31) we fix the value �1 = 31 while the inner expectation

becomes an expectation over �2 ∼ c(·|�1 = 31). We therefore get

E�2∼c(·|�1=31)

{
V

[
− 1
: 5

(
`1 − I��1 +

31 − `1 − I')1 (31)
: 5

)
+ 1
: 5

(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)] }
= 0.
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The expression is linear in �2, and the expectation is E[�2 |�1 = 31] = `2|31 . Therefore,

−: 5 (`1 − `2) + 2: 5 I��1 − (31 − `1) + (`2|31 − `2) + 2I')1 (31) = 0

This allows us to write I')1 (31) in terms of I��1 :

I')1 (31) = −: 5 I��1 +
: 5

2
(`1 − `2) +

1
2
(31 − `1) −

1
2
(`2|31 − `2)

In particular, this implies

E[I')1 (�1)] = −: 5 I��1 +
: 5

2
(`1 − `2)

Taking the derivative w.r.t. I��1 gives

:B

[
V

[
−(`1 − I��1 ) + (`2 + I��1 )

] ]
+ : 5E�1,�2

{
V

[
−

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)
+

(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)] }
= 0

or

(`2 − `1 + 2I��1 ) + E
[
2I')1 (�1)

]
= 0

Using the expression for E[I')1 (�1)] derived earlier, we get

I��1 =
`1 − `2

2

I')1 (31) =
1
2
(31 − `1) −

1
2
(`2|31 − `2).
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We now compute the generation cost. We have

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

=
1
:2
5

(
: 5 `1 + (�1 − `1) − : 5 I��1 − I')1 (�1)

)2

=
1

4:2
5

[
: 5 (`1 + `2) + (�1 − `1) + (`2|�1 − `2)

]2

Using Proposition 23, we can evaluate

E


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2 =
1

4:2
5

[
:2
5 (`1 + `2)2 + f2

1 + d
2
Bf

2
2 + 2df1f2

]
Similarly,

E


(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)2
=

1
4:2

5

E
[ (

2(�2 − `2|�1) + (`2|�1 − `2) + (�1 − `1) + : 5 (`1 + `2)
)2

]
=

1
4:2

5

E
[
4f2

2|�1
+

(
(`2|�1 − `2) + (�1 − `1) + : 5 (`1 + `2)

)2
]

=
1

4:2
5

[
4(1 − d2

B )f2
2 + d

2
Bf

2
2 + f

2
1 + :

2
5 (`1 + `2)2 + 2df1f2

]
So

E


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2 + E

(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)2
=

1
2:2

5

[
f2

1 + (2 − d
2
B )f2

2 + :
2
5 (`1 + `2)2 + 2df1f2

]
.
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We also have

(`1 − I��1 )
2 + (`2 + I��1 )

2 =
( `1 + `2

2

)2
+

( `1 + `2
2

)2
=

1
2
(`1 + `2)2

Therefore, the total generation cost is

U(`1 + `2) + :B
[
V

4
(`1 + `2)2

]
+ : 5

[
V

2
1

2:2
5

[
f2

1 + (2 − d
2
B )f2

2 + : 5 (`1 + `2)2 + 2df1f2
] ]

which simplifies to the generation cost expression in the theorem.

C.3 Proofs for Section 3.5

Proof of Theorem 7. The prices are given by

_��1 = U + V3��1

_��2 = U + V3��2

_')1 = U + V
(
3��1 +

3')1
: 5

)
_')2 = U + V

(
3��2 +

3')2
: 5

)
with

3��1 = `1 − I��1

3��2 = `2 + I��1

3')1 = �1 − `1 − I')1 (�1)

3')2 = �2 − `2 + I')1 (�1)
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The battery maximizes profit:

Π = (_��1 − _��2 )I
��
1 + E

[
(_')1 − _

')
2 )I

')
1 (�1)

]
We can write

Π = V(`1 − `2 − 2I��1 )I
��
1

+ E
[
V

(
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

]

Taking derivative w.r.t. I')1 (31) for a given fixed 31 gives, for each 31,

E�2∼c(·|31)

[
V

(
`1 − `2 − 2I��1 +

((31 − `1) − (�2 − `2) − 4I')1 (31))
: 5

) ]
= 0

This reduces to

I')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

4
(`1 − `2 − 2I��1 )

In particular,

E[I')1 (�1)] =
: 5

4
(`1 − `2 − 2Ī��1 )

Now we take derivative w.r.t I��1 :

V(`1 − `2 − 4I��1 ) + E
[
V(−2)I')1 (�1)

]
= 0
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Using the expression for E[I')1 (�1)] derived earlier gives

Ī��1 =
(2 − : 5 )

2(4 − : 5 )
(`1 − `2)

Ī')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

2(4 − : 5 )
(`1 − `2)

Now we compute the generation cost. The demands are given by

3��1 = `1 − I��1 =
(6 − : 5 )

2(4 − : 5 )
`1 +

(2 − : 5 )
2(4 − : 5 )

`2

3��2 = `2 + I��1 =
(2 − : 5 )

2(4 − : 5 )
`1 +

(6 − : 5 )
2(4 − : 5 )

`2

3')1 =
3
4
(31 − `1) +

1
4
(`2|31 − `2) −

: 5

2(4 − : 5 )
(`1 − `2)

3')2 = (32 − `2) +
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

2(4 − : 5 )
(`1 − `2)

We calculate the modified real-time demand

3̃')1 = 3��1 +
3')1
: 5

=
3

4: 5
(31 − `1) +

1
4: 5
(`2|31 − `2) +

(5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2

3̃')2 = 3��2 +
3')2
: 5

=
1
: 5
(32 − `2) +

1
4: 5
(31 − `1) −

1
4: 5
(`2|31 − `2) +

(3 − : 5 )
2(4 − : 5 )

`1 +
(5 − : 5 )

2(4 − : 5 )
`2

We calculate, using Proposition 23:

E[(3̃')1 )
2] = E

(
3

4: 5
(�1 − `1) +

1
4: 5
(`2|�1 − `2) +

(5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2

)2

=
9f2

1 + d
2
Bf

2
2 + 6df1f2

16:2
5

+
( (5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2

)2

E[(3̃')2 )
2] = E

(4(�2 − `2) + (�1 − `1) − (`2|�1 − `2)
4: 5

+
(3 − : 5 )

2(4 − : 5 )
`1 +

(5 − : 5 )
2(4 − : 5 )

`2

)2

=
f2

1 + (16 − 7d2
B )f2

2 + 6df1f2

16:2
5

+
( (3 − : 5 )
2(4 − : 5 )

`1 +
(5 − : 5 )

2(4 − : 5 )
`2

)2
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The generation cost is

U(`1 + `2) + :B

[
V

2
[
(3��1 )

2 + (3��2 )
2] ]
+ : 5E

[
V

2
[
(3̃')1 )

2 + (3̃')2 )
2] ]

Using the expressions we have previously computed, this generation cost simplifies to the one

given in the theorem.

C.4 Proofs for Section 3.7

Figure C.1: Day-Ahead discharge bid� price (avoid DA scheduling)

Proof of Theorem 9. Assume that there are = batteries indexed by 1 ∈ [=] ≡ {1, 2, . . . , =}. Assume

that battery 1 discharges I��
1,C

in day-ahead in time C ∈ {1, 2} and I')
1,1(�1) in real-time in time 1,

and I')
1,2(�1, �2) in RT in time 2, with I��

1,1 + I
��
1,2 = I

')
1,1(�1) + I')1,2(�1, �2) = 0.
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Figure C.2: Real-time discharge bid ≈ price (batteries suddenly show up in RT)

We have

3̃��1 = `1 −
∑
1

I��1,1

3̃��2 = `2 +
∑
1

I��1,1

3̃')1 (31) = `1 −
∑
1

I��1,1 +
1
: 5

(
31 − `1 −

∑
1

I')1,1(31)
)

3̃')2 (31, 32) = `2 +
∑
1

I��1,1 +
1
: 5

(
32 − `2 +

∑
1

I')1,1(31)
)
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and

_��1 = U + V3̃��1

_��2 = U + V3̃��2

_')1 = U + V3̃')1

_')2 = U + V3̃')2

Battery 1’s profit is given by

Π1 = (_��1 − _��2 )I
��
1,1 + E[(_

')
1 − _

')
2 )I

')
1,1(�1)]

We can write

Π1 = V

(
`1 − `2 − 2

∑
1

I��1,1

)
I��1,1

+ E
[
V

{
`1 − `2 − 2

∑
1

I��1,1 +
1
: 5

(
(�1 − `1) − (�2 − `2) − 2

∑
1

I')1,1(�1)
)}
I')1,1(�1)

]

Fix �1 = 31. We take derivative w.r.t. I')1 (31) to get

E

[
V

{
`1 − `2 − 2

∑
1

I��1,1 +
1
: 5

(
(31 − `1) − (�2 − `2) − 2

∑
1′≠1

I')1′,1(31) − 4I')1,1(31)
)}������1 = 31

]
= 0

or

:2
5

(
`1 − `2 − 2

∑
1

I��1,1

)
+ : 5

(
(31 − `1) − (`2|31 − `2) − 2

∑
1′≠1

I')1′,1(31) − 4I')1,1(31)
)
= 0

(C.1)
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We take derivative w.r.t I��
1,1 to get

(
`1 − `2 − 2

∑
1′≠1

I��1′,1 − 4I��1,1

)
+ E

[
{−2}I')1,1(�1)

]
= 0 (C.2)

We will assume that the equilibrium is symmetric. (We can show directly that any equilibrium

is symmetric, because the main terms are determined by linear equations with a unique solution

which we will derive below.)

The main term of (C.1) is

: 5 (`1 − `2 − 2=I��1,1 ) + (31 − `1) − (`2|31 − `2) − (2= + 2)I')1,1(31) = 0

or

I')1,1(31) =
1

2(= + 1)

(
: 5 (`1 − `2) − 2: 5 =I��1,1 + (31 − `1) − (`2|31 − `2)

)
The main term of (C.2) is

`1 − `2 − (2= + 2)I��1,1 − 2E[I')1,1(�1)] = 0

From the expression for I')
1,1(31), we have

E[I')1,1(�1)] =
1

2(= + 1)

(
: 5 (`1 − `2) − 2: 5 =I��1,1

)
Substituting this in gives

`1 − `2 − (2= + 2)I��1,1 − 2 · 1
2(= + 1)

(
: 5 (`1 − `2) − 2: 5 =I��1,1

)
= 0
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or

I��1,1 =
(= + 1 − : 5 )

2((= + 1)2 − =: 5 )
(`1 − `2)

which gives

I')1,1(31) =
: 5

2((= + 1)2 − =: 5 )
(`1 − `2) +

1
2(= + 1) (31 − `1) −

1
2(= + 1) (`2|31 − `2)

We now compute the generation cost. The generation cost is given by

U(`1 + `2) + :B
V

2
[
(3̃��1 )

2 + (3̃��2 )
2] + : 5 V2E [

(3̃')1 )
2 + (3̃')2 )

2]
which evaluates to

U(`1 + `2)

+ V
{
(2 + 6= + 7=2 + 4=3 + =4 − (4= + 5=2 + 2=3): 5 + =2:2

5
)

4((= + 1)2 − =: 5 )2
(`2

1 + `
2
2)

+
=(2 + 5= + 4=2 + =3 − (3= + 2=2): 5 + =:2

5
)

2((= + 1)2 − =: 5 )2
`1`2

+
(2 + 2= + =2)f2

1 + (2 + 4= + 2=2 − (2= + =2)d2
B )f2

2 + 2=(2 + =)df1f2

4(= + 1)2: 5

}
This gives

Cost(NB) − Cost(CN) = V
1
4
(`1 − `2)2 +

V

4: 5
(f1 − df2)2

Cost(NB) − Cost(DCN) = V
(=(2 + 5= + 4=2 + =3) − =2(3 + 2=): 5 + =2:2

5
)

4((= + 1)2 − =: 5 )2
(`1 − `2)2

+ =(= + 2)V
4(= + 1)2: 5

(f1 − df2)2
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Therefore,

1 + 1
=(= + 1) (=2 + = + 2)

=
(=2 + = + 1)2

=(= + 1) (=2 + = + 2)
≤ PoA ≤ (= + 1)2

=(= + 2) = 1 + 1
=(= + 2) .

Proof of Theorem 10. We first consider (P1). We want to maximize profit with the extra constraint

that E[I')1 ] = 0.

The profit is

Π = (_��1 − _��2 )I
��
1 + E

[
(_')1 − _

')
2 )I

')
1 (�1)

]
+ \E

[
I')1

]
= V(`1 − `2 − 2I��1 )I

��
1

+ E
[
V

(
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

]
We can ignore the factor of V in maximizing profit.

We can write the Lagrangian

L = (`1 − `2 − 2I��1 )I
��
1

+ E
[(
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

]
+ \E

[
I')1

]
Taking derivative w.r.t. I')1 (31) for a given fixed 31 gives, for each 31,

E�2∼c(·|31)

[ (
`1 − `2 − 2I��1 +

((31 − `1) − (�2 − `2) − 4I')1 (31))
: 5

) ]
+ \ = 0

This reduces to

I')1 (31) =
1
4
: 5 \ +

1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

4
(`1 − `2 − 2I��1 )
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In particular,

E[I')1 (�1)] =
1
4
: 5 \ +

: 5

4
(`1 − `2 − 2Ī��1 )

This should be zero. Therefore,

\ = −(`1 − `2 − 2I��1 )

Now we take derivative w.r.t I��1 :

(`1 − `2 − 4I��1 ) + E
[
(−2)I')1 (�1)

]
= 0

Because E[I')1 ] = 0, we have

Ī��1 =
1
4
(`1 − `2)

Ī')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2)

Now we compute the generation cost. The demands are given by

3��1 = `1 − I��1 =
3
4
`1 +

1
4
`2

3��2 = `2 + I��1 =
1
4
`1 +

3
4
`2

3')1 =
3
4
(31 − `1) +

1
4
(`2|31 − `2)

3')2 = (32 − `2) +
1
4
(31 − `1) −

1
4
(`2|31 − `2)
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We calculate the modified real-time demand

3̃')1 = 3��1 +
3')1
: 5

=
3

4: 5
(31 − `1) +

1
4: 5
(`2|31 − `2) +

3
4
`1 +

1
4
`2

3̃')2 = 3��2 +
3')2
: 5

=
1
: 5
(32 − `2) +

1
4: 5
(31 − `1) −

1
4: 5
(`2|31 − `2) +

1
4
`1 +

3
4
`2

We calculate, using Proposition 23:

E[(3̃')1 )
2] = E

(
3

4: 5
(�1 − `1) +

1
4: 5
(`2|�1 − `2) +

3
4
`1 +

1
4
`2

)2

=
9f2

1 + d
2
Bf

2
2 + 6df1f2

16:2
5

+
(
3
4
`1 +

1
4
`2

)2

E[(3̃')2 )
2] = E

(4(�2 − `2) + (�1 − `1) − (`2|�1 − `2)
4: 5

+ 1
4
`1 +

3
4
`2

)2

=
f2

1 + (16 − 7d2
B )f2

2 + 6df1f2

16:2
5

+
(
1
4
`1 +

3
4
`2

)2

The generation cost is

U(`1 + `2) + :B

[
V

2
[
(3��1 )

2 + (3��2 )
2] ]
+ : 5E

[
V

2
[
(3̃')1 )

2 + (3̃')2 )
2] ]

which simplifies to

Cost(DCN-Reg) = U(`1 + `2) + V
[
5`2

1 + 6`1`2 + 5`2
2

16
+

5f2
1 + (8 − 3d2

B )f2
2 + 6df1f2

16: 5

]
Here, DCN-Reg means decentralized but “regulated”.
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We can compute

Cost(DCN-Reg) − Cost(DCN) = V
: 5 (4 + : 5 )

16(4 − : 5 )2
(`1 − `2)2 ≥ 0

so Cost(DCN-Reg) ≥ Cost(DCN). So this regulation (requiring that the battery discharges zero

in expectation in real time) always increases cost!

Under this regulation, the three types of distortions are

quantity withholding =
1
2

shift from DA to RT = 0

reduction in RT responsiveness =
1
2

So the reduction in RT responsiveness is the same. The quantity withholding is worse, and the

shift from DA to RT is better (obviously! because it is designed specifically to combat this).

So stamping down on withholding of the second kind (shift from DA to RT) means spillover to

withholding of the first kind (quantity withholding). As we have seen above, the net effect on the

system is to increase cost. And the battery profit decreases by definition (profit under constrained

maximization is lower than profit under unconstrained maximization).

Now we consider (P2). This is a consequence of a more general theorem, Theorem 15, that

characterizes the equilibrium with any number of batteries and virtual bidders.

Theorem 15 (Battery Competition and Virtual Bidders). Let there be � batteries and + virtual
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bidders in a Cournot competition. Then each battery 1’s DA and RT discharges in period 1 are

I��1,1 =
(� ++ + 1) − (+ + 1): 5

2((� ++ + 1) (� + 1) − �: 5 )
(`1 − `2)

I')1,1(�1) =
(�1 − `1) − (`2|�1 − `2)

2(� + 1) +
(+ + 1): 5

2((� ++ + 1) (� + 1) − �: 5 )
(`1 − `2)

Each virtual bidder E’s discharges in period 1 are

HE,1 =
�: 5

2((� ++ + 1) (� + 1) − �: 5 )
(`1 − `2)

The generation cost is

(�2 + 2� + 2) (� ++ + 1)2 + �2:2
5
− �(2�2 + 5� + 4 + 2(� + 2)+): 5

4
(
(� ++ + 1) (� + 1) − �: 5

)2 `2 + 1
4: 5

(
1 + 1
(� + 1)2

)
f2

Proof of Theorem 11.

Π = V(`1 − `2 − 2I��1 )I
��
1

+ E
[
V

(
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

]
+ B

(
I��1 + E[I')1 ]

)
Taking derivative w.r.t. I')1 (31) for a given fixed 31 gives, for each 31,

VE�2∼c(·|31)

[ (
`1 − `2 − 2I��1 +

((31 − `1) − (�2 − `2) − 4I')1 (31))
: 5

) ]
+ B = 0

This reduces to

I')1 (31) =
: 5 B

4V
+ 1

4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

4
(`1 − `2 − 2I��1 )
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In particular,

E[I')1 (�1)] =
: 5 B

4V
+
: 5

4
(`1 − `2 − 2I��1 )

Now we take derivative w.r.t I��1 :

V(`1 − `2 − 4I��1 ) + VE
[
(−2)I')1 (�1)

]
+ B = 0

Substituting the expression for E[I')1 ], we have

I��1 =
(2 − : 5 )

2(4 − : 5 )
(`1 − `2) −

: 5 B

2(4 − : 5 )V

I')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

2(4 − : 5 )
(`1 − `2) +

: 5 B

(4 − : 5 )V

Note that with positive B, the battery does LESS quantity withholding and MORE shift from

day-ahead to real-time. This is a good sign.

The total discharge is

I��1 + E[I')1 ] =
1

4 − : 5
(`1 − `2) +

: 5 B

2(4 − : 5 )V

Now we compute the generation cost.
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Now we compute the generation cost. The demands are given by

3��1 = `1 − I��1 =
: 5 B

2(4 − : 5 )V
+
(6 − : 5 )

2(4 − : 5 )
`1 +

(2 − : 5 )
2(4 − : 5 )

`2

3��2 = `2 + I��1 = −
: 5 B

2(4 − : 5 )V
+
(2 − : 5 )

2(4 − : 5 )
`1 +

(6 − : 5 )
2(4 − : 5 )

`2

3')1 = −
: 5 B

(4 − : 5 )V
−

: 5

2(4 − : 5 )
(`1 − `2) +

3
4
(31 − `1) +

1
4
(`2|31 − `2)

3')2 =
: 5 B

(4 − : 5 )V
+

: 5

2(4 − : 5 )
(`1 − `2) + (32 − `2) +

1
4
(31 − `1) −

1
4
(`2|31 − `2)

We calculate the modified real-time demand

3̃')1 = 3��1 +
3')1
: 5

=
3

4: 5
(31 − `1) +

1
4: 5
(`2|31 − `2) +

(5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2 −

(2 − : 5 )
2(4 − : 5 )

B

V

3̃')2 = 3��2 +
3')2
: 5

=
1
: 5
(32 − `2) +

1
4: 5
(31 − `1) −

1
4: 5
(`2|31 − `2) +

(3 − : 5 )
2(4 − : 5 )

`1 +
(5 − : 5 )

2(4 − : 5 )
`2 +

(2 − : 5 )
2(4 − : 5 )

B

V

We calculate, using Proposition 23:

E[(3̃')1 )
2] = E

(
3

4: 5
(�1 − `1) +

1
4: 5
(`2|�1 − `2) +

(5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2 −

(2 − : 5 )
2(4 − : 5 )

B

V

)2

=
9f2

1 + d
2
Bf

2
2 + 6df1f2

16:2
5

+
( (5 − : 5 )
2(4 − : 5 )

`1 +
(3 − : 5 )

2(4 − : 5 )
`2 −

(2 − : 5 )
2(4 − : 5 )

B

V

)2

E[(3̃')2 )
2] = E

(4(�2 − `2) + (�1 − `1) − (`2|�1 − `2)
4: 5

+
(3 − : 5 )

2(4 − : 5 )
`1 +

(5 − : 5 )
2(4 − : 5 )

`2 +
(2 − : 5 )

2(4 − : 5 )
B

V

)2

=
f2

1 + (16 − 7d2
B )f2

2 + 6df1f2

16:2
5

+
( (3 − : 5 )
2(4 − : 5 )

`1 +
(5 − : 5 )

2(4 − : 5 )
`2 +

(2 − : 5 )
2(4 − : 5 )

B

V

)2

The total cost (generation cost plus subsidy cost) is

Cost(DCN-B) ≡ U(`1 + `2) + :B

[
V

2
[
(3��1 )

2 + (3��2 )
2] ]
+ : 5E

[
V

2
[
(3̃')1 )

2 + (3̃')2 )
2] ]
+ B

(
`1 − `2
4 − : 5

+
: 5

2(4 − : 5 )
B

V

)
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We can then calculate

Cost(DCN-B) − Cost(DCN-0) =
(2 − : 5 ) (4 + : 5 )

2(4 − : 5 )2
(`1 − `2)B +

(12 − 5: 5 ): 5
4(4 − : 5 )2V

B2 ≥ 0

So for B ≥ 0, Cost(DCN-B) is minimized at B = 0.

C.5 Proofs for Section 3.8

Theorem 16 (Multiple Time Periods). For each C′ < C, define �1:C ≡ (�1, �2, . . . , �C), `C ≡

E[�C], ¯̀ = (`1 + · · · + `) )/) , and `C |31:C ′ = E[�C |�1:C ′ = 31:C ′].

The centralized battery discharge decisions are given by, for each period C,

I��C = `C − ¯̀

I')C (�1:C) =
() − C)
() − C + 1) (�C − `C) −

C−1∑
C ′=1

1
() − C′ + 1) (�C ′ − `C ′)

− 1
() − C + 1)

)∑
8=C+1
(`8 |�1:C − `8) +

C−1∑
C ′=1

)∑
8=C ′+1

1
() − C′) () − C′ + 1) (`8 |�1:C ′ − `8)

The decentralized battery discharge decisions are given by, for each period C,

I��C =
(2 − : 5 )
(4 − : 5 )

(`C − ¯̀)

I')C (�1:C) =
: 5

(4 − : 5 )
(`C − ¯̀) + () − C)

2() − C + 1) (�C − `C) −
C−1∑
C ′=1

1
2() − C′ + 1) (�C ′ − `C ′)

− 1
2() − C + 1)

)∑
8=C+1
(`8 |�1:C − `8) +

C−1∑
C ′=1

)∑
8=C ′+1

1
2() − C′) () − C′ + 1) (`8 |�1:C ′ − `8)

If we further assume that each �C is normal and independent, the bounds 9/8 ≤ PoA ≤ 4/3 always

hold.
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Remark. Even though Theorem 16 proves the bounds 9/8 ≤ PoA ≤ 4/3 only in the special

case when (�1, . . . , �) ) are independent and normal, we conjecture that the same bound still

holds under a reasonable assumption on the covariance matrix, such as when each two periods are

positively correlated: Cov(�C1 , �C2) ≥ 0 for each C1, C2.

Proof of Theorem 16. We first solve the centralized case.

We want to minimize generation cost. The generation cost is

)∑
C=1

[
(1 − : 5 )

(
U(`C − I��C ) +

V

2
(`C − I��C )2

)
+: 5E

[
U

(
`C − I��C +

�C − `C − I')C
: 5

)
+ V

2

(
`C − I��C +

�C − `C − I')C
: 5

)2] ]
= U) ¯̀ + V

2

{
(1 − : 5 )

)−1∑
C=1
(`C − I��C )2 + (1 − : 5 )

(
`) +

)−1∑
C=1

I��C

)2

+: 5
)−1∑
C=1
E

(
`C − I��C +

�C − `C − I')C
: 5

)2

+ : 5E
(
`) +

)−1∑
C=1

I��C +
�) − `) +

∑)−1
C=1 I

')
C

: 5

)2 }
Therefore, we want to minimize the expression in {· · · }.

Fix 1 ≤ C ≤ ) − 1. For each 8, C ≤ 8 ≤ ) − 1, take the derivative with respect to I')
8
(31:8) and

take expectation over � (C+1):8 (so the equation depends only on 31:C gives

: 5 (`) − `8) − (`8 |31:C − `8) + (`) |31:C − `) ) + : 5 I��8 + : 5
)−1∑
C ′=1

I��C ′ +
C−1∑
C ′=1

I')C ′ +
)−1∑
C ′=C

(1 + 1(C = 8))E[I')C ′ |31:C] = 0

(C.3)

where `8 |31:C = 3C for 8 = C, and E[I')
C ′ |31:C] = I')C (31:C) for C′ = C.

We will first solve for the DA variables. So we will take expectation of (C.3) for 8 = C over �1:C
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to get

: 5

)∑
C ′=1

I��C ′ + E[I')C ] +
)−1∑
C ′=1
E[I')C ′ ] = 0

Because this holds for every C, and only E[I')C ] depends on C in the above equation, we get that

E[I')C ] must be equal for every C: E[I')C ] = E[I')1 ] and

: 5

)∑
C ′=1

I��C ′ + )E[I')1 ] = 0

We now take the derivative with respect to I��C :

−2(1 − : 5 ) (`C − I��C ) + (1 − : 5 ) (2)
(
`) +

)−1∑
C ′=1

I��C ′

)
+: 5 (2)

(
− 1
: 5

)
E

(
`C − I��C +

�C − `C − I')C
: 5

)
+ : 5

(
2
: 5

)
E

(
`) +

)−1∑
C ′=1

I��C ′ +
�) − `) +

∑)−1
C ′=1 I

')
C ′

: 5

)

Replacing E[I')C ] = E[I')1 ], we get

2(2 − : 5 )
(
`) − `C + I��C +

)−1∑
C ′=1

I��C ′

)
+ 2
: 5
)E[I')1 ] = 0

This holds for every C. So there is a constant 2 such that I��C = `C − `) + 2 This gives

2(2 − : 5 )) (2 + ¯̀ − `) ) +
2)
: 5
E[I')1 ] = 0 and 0 = : 5

)∑
C ′=1

I��C ′ + )E[I')1 ] = : 5) ( ¯̀ − `) + 2) + )E[I')1 ]

Therefore, E[I')1 ] = 0 and 2 = `) − ¯̀, so I��C = `C − ¯̀

Now we solve for I')C (31:C).
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Substituting I��C = `C − ¯̀ in (C.3) gives

−(`8 |31:C − `8) + (`) |31:C − `) ) +
C−1∑
C ′=1

I')C ′ +
)−1∑
C ′=C

(1 + 1(C = 8))E[I')C ′ |31:C] = 0 (C.4)

Summing (C.4) over all C ≤ 8 ≤ ) − 1 gives

−
)−1∑
8=C

(`8 |31:C − `8) + () − C) (`) |31:C − `) ) + () − C)
C−1∑
C ′=1

I')C ′ + () − C + 1)
)−1∑
C ′=C

E[I')C ′ |31:C] = 0

This gives
∑)−1
C ′=C E[I')C ′ |31:C] in terms of I')

C ′ , C′ ≤ C − 1. We substitute this into (C.4) with 8 = C:

−(3C − `C) + (`) |31:C − `) ) +
C−1∑
C ′=1

I')C ′ + I')C +
)−1∑
C ′=C

E[I')C ′ |31:C] = 0

() − C + 1)
(
−(3C − `C) + (`) |31:C − `) ) +

C−1∑
C ′=1

I')C ′ + I')C

)
= −

)−1∑
8=C

(`8 |31:C − `8) + () − C) (`) |31:C − `) ) + () − C)
C−1∑
C ′=1

I')C ′

−() − C) (3C − `C) +
)−1∑
8=C+1
(`8 |31:C − `8) + (`) |31:C − `) ) +

C−1∑
C ′=1

I')C ′ + () − C + 1)I')C = 0

This recursion has the form

() − C + 1)I')C +
C−1∑
C ′=1

I')C ′ = 0C
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with

0C = () − C) (3C − `C) −
)∑

8=C+1
(`8 |31:C − `8)

This gives )I')1 = 01 so I')1 = 01/) and

() − C)I')C+1 − () − C + 1)I')C + I')C = 0C+1 − 0C

I')C+1 − I
')
C =

1
() − C) (0C+1 − 0C)

I')C =
01
)
+
C−1∑
C ′=1

1
() − C′) (0C

′+1 − 0C ′) =
1

() − C + 1) 0C −
C−1∑
C ′=1

1
() − C′) () − C′ + 1) 0C

′

=
1

() − C + 1)

(
() − C) (3C − `C) −

)∑
8=C+1
(`8 |31:C − `8)

)
−
C−1∑
C ′=1

1
() − C′) () − C′ + 1)

(
() − C′) (3C ′ − `C ′) −

)∑
8=C ′+1
(`8 |31:C ′ − `8)

)
Therefore

I')C =
() − C)
() − C + 1) (3C − `C) −

C−1∑
C ′=1

1
() − C′ + 1) (3C

′ − `C ′) −
1

() − C + 1)

)∑
8=C+1
(`8 |31:C − `8)

+
C=1∑
C ′=1

)∑
8=C ′+1

1
() − C′) () − C′ + 1) (`8 |31:C ′ − `8)

We now solve the decentralized case. The battery profit is

Π =

)∑
C=1

_��C I��C + E
[
)∑
C=1

_')C I')C

]
=

)−1∑
C=1
(_��C − _��) )I��C + E

[
)−1∑
C=1
(_')C − _')) )I')C

]
= V

)−1∑
C=1

(
`C − `) − 2I��C −

∑
:≠C

I��:

)
I��C + V

)−1∑
C=1
E

[(
`C − `) − 2I��C −

∑
:≠C

I��: +
(�C − `C) − (�) − `) ) − 2I')C −

∑
:≠C I

')
:

: 5

)
I')C

]
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For a given : , consider the derivative of the profit w.r.t I')
:
(31:: ). We get

∑
C≠:

(
− 1
: 5

)
E[I')C |31:: ] +

(
`: − `) − 2I��: −

∑
C≠:

I��C

+ 1
: 5

(
(3: − `: ) − (`) |31:: − `) ) −

∑
C≠:

E[I')C |31:: ] − 4I'): (31:: )
))
= 0

where, of course, if C ≤ : , then E[I')C |31:: ] = I')C (31:C).

or

+: 5

(
`: − `) − 2I��: −

∑
C≠:

I��C

)
+ (3: − `: ) − (`) |31:: − `) ) − 2

∑
C≠:

E[I')C ] − 4I'): = 0

We will first take the expectations to eliminate all randomness (and solve for the DA variables

first):

We have

Π

V
=

∑
C

(
`C − `) − 2I��C −

∑
C ′≠C

I��C ′

)
I��C

+
∑
C

E

[(
`C − `) − 2I��C −

∑
C ′≠C

I��C ′ +
(�C − `C) − (�) − `) ) − 2I')C −

∑
C ′≠C I

')
C ′

: 5

)
I')C

]

Derivative w.r.t. I')
:
(31:: ) gives

E

[ ∑
C ′≠:

(
− 1
: 5

)
I')C ′ +

(
`: − `) − 2I��: −

∑
C ′≠:

I��C ′ +
(�: − `: ) − (�) − `) ) − 4I')

:
−∑

C ′≠: I
')
C ′

: 5

) �����31::

]
or

: 5 (`: − `) ) − : 5 I��: − : 5
∑
C

I��C − 2
∑
C

E[I')C |31:: ] − 2I'): + (3: − `: ) − (`) |31:: − `) ) = 0
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(Without further specification,
∑
C means sum over C = 1, . . . , ) − 1.) Of course, when C ≤ : , we

have E[I')C |31:: ] = I')C (31:C).

We will use this equation later to solve for individual I')
:
(31:: ). For now, we take the expecta-

tion over all randomness to get

: 5 (`: − `) ) − : 5 I��: − : 5
∑
C

I��C − 2
∑
C

E[I')C ] − 2E[I'): ] = 0

We want to calculate
∑
C E[I')C ]. Summing the above for all : ∈ [) − 1] gives

: 5

∑
C

(`C − `) ) − : 5)
∑
C

I��C − 2)
∑
C

E[I')C ] = 0

So

∑
C

E[I')C ] = −
: 5

2

∑
C

I��C +
: 5

2)

∑
C

(`C − `) )

Substituting this back in gives

E[I'): ] = −
: 5

2
I��: +

: 5

2
(`: − `) ) −

: 5

2)

∑
C

(`C − `) )

Now take the derivative w.r.t. I��
:

:

∑
C≠:

(−1)I��C +
(
`: − `) − 4I��: −

∑
C ′≠:

I��C ′

)
+

∑
C≠:

(−1)E[I')C ] + (−2)E[I'): ] = 0

or

−2I��: − 2
∑
C

I��C + (`: − `) ) − E[I'): ] −
∑
C

E[I')C ] = 0
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Substituting the value of E[I')
:
] and

∑
C E[I')C ] gives

I��: = −
∑
C

I��C +
(2 − : 5 )
(4 − : 5 )

(`: − `) )

Summing over : ∈ [) − 1] gives

∑
C

I��C =
(2 − : 5 )
(4 − : 5 )

1
)

∑
C

(`C − `) )

Therefore,

I��: =
(2 − : 5 )
(4 − : 5 )

(
(`: − `) ) −

1
)

∑
C

(`C − `) )
)
=
(2 − : 5 )
(4 − : 5 )

(`: − ¯̀)

where ¯̀ = (`1 + · · · + `)−1 + `) )/) . Substituting this into the E[I')
:
] expression gives

E[I'): ] =
: 5

(4 − : 5 )

(
(`: − `) ) −

1
)

∑
C

(`C − `) )
)
=

: 5

(4 − : 5 )
(`: − ¯̀)

Now we will solve for each I')
:

.

Recall

: 5 (`: − `) ) − : 5 I��: − : 5
∑
C

I��C − 2
∑
C

E[I')C |31:: ] − 2I'): + (3: − `: ) − (`) |31:: − `) ) = 0

Substituting the I��
:

expression gives

2: 5
(4 − : 5 )

(`: − `) ) − 2
:−1∑
C=1

I')C (31:C) − 4I'): (31:: ) − 2
)−1∑
C=:+1

E[I')C |31:: ] + (3: − `: ) − (`) |31:: − `) ) = 0

(C.5)

This equation will be used a lot: (C.5)
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Fix a C, 1 ≤ C ≤ ) − 1. We will solve for I')C (31:C) in terms of 31:C .

The equation with : = C is

2: 5
(4 − : 5 )

(`C − `) ) − 2
C−1∑
C ′=1

I')C ′ − 4I')C − 2
)−1∑
C ′=C+1

E[I')C ′ |31:C] + (3C − `C) − (`) |31:C − `) ) = 0

Now take the equation with C+1 ≤ : ≤ )−1 and take expectation over � (C+1):: (so the equation

depends only on 31:C :

2: 5
(4 − : 5 )

(`: − `) ) − 2
C−1∑
C ′=1

I')C ′ − 2I')C

−2
)−1∑
C ′=C+1
(1 + 1(C′ = :))E[I')C ′ |31:C] + (`: |31:C − `: ) − (`) |31:C − `) ) = 0

Summing these equations for all C ≤ : ≤ ) − 1 gives

2: 5
(4 − : 5 )

)−1∑
:=C

(`: − `) ) − 2() − C)
C−1∑
C ′=1

I')C ′ − 2() − C + 1)
)−1∑
C ′=C

E[I')C ′ |31:C] − () − C) (`) |31:C − `) )

+(3C − `C) +
)−1∑
:=C+1
(`: |31:C − `: ) = 0

Therefore,

)−1∑
C ′=C

E[I')C ′ |31:C] =
: 5

() − C + 1) (4 − : 5 )

)−1∑
:=C

(`: − `) ) −
() − C)
() − C + 1)

C−1∑
C ′=1

I')C ′

− () − C)
2() − C + 1) (`) |31:C − `) ) +

1
2() − C + 1) (3C − `C) +

1
2() − C + 1)

)−1∑
:=C+1
(`: |31:C − `: )

The equation with : = C says:

2: 5
(4 − : 5 )

(`C − `) ) − 2
C−1∑
C ′=1

I')C ′ − 2I')C − 2
)−1∑
C ′=C

E[I')C ′ |31:C] + (3C − `C) − (`) |31:C − `) ) = 0
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Solving for I')C gives

I')C =
: 5

(4 − : 5 )
(`C − `) ) −

C−1∑
C ′=1

I')C ′ −
)−1∑
C ′=C

E[I')C ′ |31:C] +
1
2
(3C − `C) −

1
2
(`) |31:C − `) )

Substituting the expression for
∑)−1
C ′=C E[I')C ′ |31:C] gives

I')C =
: 5

(4 − : 5 )

(
`C −

1
() − C + 1)

)∑
:=C

`:

)
− 1
) − C + 1

C−1∑
C ′=1

I')C ′ +
() − C)

2() − C + 1) (3C − `C)

− 1
2() − C + 1) (`) |31:C − `) ) −

1
2() − C + 1)

)−1∑
:=C+1
(`: |31:C − `: )

This gives a recursion that gives I')C in terms of I')
C ′ for 1 ≤ C′ ≤ C − 1. The recursion has the

form

I')C = 0C −
1

() − C + 1)

C−1∑
C ′=1

I')C ′

This gives

() − C + 1)I')C = () − C + 1)0C −
C−1∑
C ′=1

I')C ′

() − C)I')C+1 − () − C + 1)I')C = () − C)0C+1 − () − 1 + C)0C − I')C

I')C+1 − I
')
C = 0C+1 − 0C −

1
() − C) 0C

Summing these equations from 1 to C − 1 gives

I')C − I')1 = 0C − 01 −
C−1∑
C ′=1

1
() − C′) 0C

′
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We also have I')1 = 01, so

I')C = 0C −
C−1∑
C ′=1

1
() − C′) 0C

′

Note that we have

0C =
: 5

(4 − : 5 )

(
`C −

1
() − C + 1)

)∑
:=C

`:

)
+ () − C)

2() − C + 1) (3C − `C) −
1

2() − C + 1)

)∑
:=C+1
(`: |31:C − `: )

We have

I')1 = 01 =
: 5

(4 − : 5 )
(`1 − ¯̀) + () − 1)

2)
(31 − `1) −

1
2)

)∑
:=2
(`: |31 − `: )

and

I')2 = 01 −
1

() − 1) I
')
1

=
: 5

(4 − : 5 )

(
`2 −

1
() − 1)

)∑
:=2

`:

)
+ () − 2)

2() − 1) (32 − `2) −
1

2() − 1)

)∑
:=3
(`: |31:2 − `: )

− 1
() − 1)

(
: 5

(4 − : 5 )
(`1 − ¯̀) + () − 1)

2)
(31 − `1) −

1
2)

)∑
:=2
(`: |31 − `: )

)
=

: 5

(4 − : 5 )
(`2 − ¯̀) + () − 2)

2() − 1) (32 − `2) −
1

2() − 1)

)∑
:=3
(`: |31:2 − `: ) −

1
2)
(31 − `1)

+ 1
2) () − 1)

)∑
:=2
(`: |31 − `: )

We substitute the expressions of 0C and 0C ′ in the I')C expression. The “constant” term is
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: 5 /(4 − : 5 ) times

`C −
1

() − C + 1)

(
) ¯̀ −

C−1∑
:=1

`:

)
−
C−1∑
C ′=1

1
() − C′)

(
`C ′ −

1
() − C′ + 1)

(
) ¯̀ −

C ′−1∑
:=1

`:

))
= `C +

(
− )

() − C + 1) +
C−1∑
C ′=1

)

() − C′) () − C′ + 1)

)
¯̀

+ 1
() − C + 1)

C−1∑
:=1

`: −
C−1∑
C ′=1

1
() − C′) `C

′ −
C−1∑
C ′=1

C ′−1∑
:=1

1
() − C′) () − C′ + 1) `:

The coefficient of ¯̀ is

− )

() − C + 1) +
C−1∑
C ′=1

(
)

) − C′ −
)

) − C′ + 1

)
= − )

() − C + 1) +
(

)

) − C + 1
− )
)

)
= −1

We swap the order of the double summation (over C′ and : , to over : and C′) to get

C−1∑
:=1

C−1∑
C ′=:+1

(
1

() − C′) −
1

() − C′ + 1)

)
`: =

C−1∑
:=1

(
1

) − C + 1
− 1
) − :

)
`:

Therefore, all the terms cancel out to `C − ¯̀ and the constant term is

: 5

(4 − : 5 )
(`C − ¯̀)

The rest of I')C is

() − C)
2() − C + 1) (3C − `C) −

1
2() − C + 1)

)∑
:=C+1
(`: |31:C − `: )

−
C−1∑
C ′=1

1
() − C′)

(
() − C′)

2() − C′ + 1) (3C
′ − `C ′) −

1
2() − C′ + 1)

)∑
:=C ′+1

(`: |31:C ′ − `: )
)
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Therefore, we have

I')C (31:C) =
: 5

(4 − : 5 )
(`C − ¯̀) + () − C)

2() − C + 1) (3C − `C) −
C−1∑
C ′=1

1
2() − C′ + 1) (3C

′ − `C ′)

− 1
2() − C + 1)

)∑
:=C+1
(`: |31:C − `: ) +

C−1∑
C ′=1

)∑
:=C ′+1

1
2() − C′) () − C′ + 1) (`: |31:C ′ − `: )

We will now calculate Cost(CN) and Cost(DCN) when the demands in all periods are indepen-

dent.

We have

Cost = U) ¯̀ + V
2

Cost’

with

Cost’ = (1 − : 5 )
)∑
C=1
(`C − I��C )2 + : 5

)∑
C=1
E

(
`C − I��C +

�C − `C − I')C
: 5

)2

First, we have

Cost’(NB) = (1 − : 5 )
)∑
C=1
(`C − 0)2 + : 5

)∑
C=1
E

(
`C − 0 + �C − `C − 0

: 5

)2

= (1 − : 5 )
)∑
C=1

`2
C + : 5

)∑
C=1

(
`2
C +

f2
C

:2
5

)
=

)∑
C=1

`2
C +

)∑
C=1

f2
C

: 5

Now we compute Cost’(CN). We have `C − I��C = ¯̀ for every 1 ≤ C ≤ ) . For 1 ≤ C ≤ ) − 1,

we have

�C − `C − I')C =

C∑
C ′=1

1
() − C′ + 1) (�C ′ − `C ′)
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For C = ) , we have

I')) = −
)−1∑
C=1

I')C =

)−1∑
C=1

1
) − C + 1

(�C − `C)

so

�) − `) − I')) = (�) − `) ) −
)−1∑
C=1

1
) − C + 1

(�C − `C)

For both 1 ≤ C ≤ ) − 1 and C = ) , we have

E

(
`C − I��C +

�C − `C − I')C
: 5

)2

= ( ¯̀)2 +
C∑

C ′=1

1
() − C′ + 1)2

f2
C ′

:2
5

Now we note that

Therefore,

Cost’(CN) = (1 − : 5 )) ( ¯̀)2 + : 5

(
) ( ¯̀)2 +

)∑
C ′=1

1
() − C′ + 1)

f2
C ′

:2
5

)
= ) ( ¯̀)2 +

)∑
C=1

1
() − C + 1)

f2
C

: 5

Now we compute Cost’(DCN) We have

`C − I��C = `C −
(2 − : 5 )
(4 − : 5 )

(`C − ¯̀) = ¯̀ + 2
(4 − : 5 )

(`C − ¯̀)

For 1 ≤ C ≤ ) − 1, we have

�C − `C − I')C = −
: 5

(4 − : 5 )
(`C − ¯̀) + () − C + 2)

2() − C + 1) (�C − `C) +
C−1∑
C ′=1

1
2() − C′ + 1) (�C ′ − `C ′)
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so

E

(
`C − I��C +

�C − `C − I')C
: 5

)2

=

(
¯̀ + 3
(4 − : 5 )

(`C − ¯̀)
)2
+

(
() − C + 2)

2() − C + 1)

)
f2
C

:2
5

+
)−1∑
C ′=1

1
4() − C′ + 1)2

f2
C ′

:2
5

Now we compute

I')) = −
)−1∑
C=1

I')C =
: 5

(4 − : 5 )
(`) − ¯̀) −

)−1∑
C=1

1
2() − C + 1) (�C − `C)

so

�) − `) − I')) =
: 5

(4 − : 5 )
(`) − ¯̀) + (�) − `) ) +

)−1∑
C=1

1
2() − C + 1) (�C − `C)

E

(
`) − I��) +

�) − `) − I'))
: 5

)2

=

(
¯̀ + 1
(4 − : 5 )

(`) − ¯̀)
)2
+
f2
)

:2
5

+
)−1∑
C=1

1
4() − C + 1)2

f2
C

:2
5

So the equation for 1 ≤ C ≤ ) − 1 also holds for C = ) as well. Therefore,

Cost’(DCN) = (1 − : 5 )
)∑
C=1

(
¯̀ + 2
(4 − : 5 )

(`C − ¯̀)
)2

+ : 5
)∑
C=1

(
1

(4 − : 5 )2
(`C − ¯̀)2 + () − C + 2)2

4() − C + 1)2
f2
C

: 5
+
C−1∑
C ′=1

1
4() − C′ + 1)2

f2
C ′

: 5

)

Now we note that

)∑
C=1

C−1∑
C ′=1

1
4() − C′ + 1)2

f2
C ′

: 5
=

)−1∑
C ′=1

)∑
C=C ′+1

1
4() − C′ + 1)2

f2
C ′

: 5
=

)−1∑
C ′=1

() − C′)
4() − C′ + 1)2

f2
C ′

: 5
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and collecting the coefficients of f2
C /: 5 :

() − C + 2)2
4() − C + 1)2

+ () − C)
4() − C + 1)2

=
() − C + 4)

4() − C + 1)

for 1 ≤ C ≤ ) − 1 and () −) + 2)2/(4() −) + 1)2) = 1, which is also equal to the above for C = ) .

Therefore,

Cost’(DCN) = ) ¯̀2 +
4 − 3: 5
(4 − : 5 )2

)∑
C=1
(`C − ¯̀)2 +

)∑
C=1

() − C + 4)
4() − C + 1)

f2
C

: 5

Now, we note that

)∑
C=1

`2
C − ) ¯̀2 =

)∑
C=1
(`C − ¯̀)2

Therefore,

Cost’(NB) − Cost’(CN) =
)∑
C=1
(`C − ¯̀)2 +

)∑
C=1

() − C)
() − C + 1)

f2
C

: 5

Cost’(NB) − Cost’(DCN) =
12 − 5: 5 + :2

5

(4 − : 5 )2
)∑
C=1
(`C − ¯̀)2 +

)∑
C=1

3() − C)
4() − C + 1)

f2
C

: 5

Note that
12−5: 5 +:2

5

(4−: 5 )2
∈

[ 9
8 ,

4
3
]
. Therefore,

PoA =
Cost(NB) − Cost(CN)

Cost(NB) − Cost(DCN)
=

Cost’(NB) − Cost’(CN)
Cost’(NB) − Cost’(DCN)

∈
[
9
8
,

4
3

]
.

We now calculate these quantities for a general multivariate normal distribution with ) = 3

periods:
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(�1, �2, �3) ∼ #

©­­­­­«
©­­­­­«
`1

`2

`3

ª®®®®®¬
,

©­­­­­«
f2

1 d12f1f2 d13f1f3

d12f1f2 f2
2 d23f2f3

d13f1f3 d23f2f3 f2
3

ª®®®®®¬
ª®®®®®¬
.

We have

Cost’(NB) − Cost’(CN) =
3∑
C=1
(`C − ¯̀)2 +

2f2
1

3: 5
+
f2

2
2: 5
− 2d12f1f2

3: 5
− 2d13f1f3

3: 5
− d23f2f3

: 5

Cost’(NB) − Cost’(DCN) =
12 − 5: 5 + :2

5

(4 − : 5 )2
3∑
C=1
(`C − ¯̀)2 +

f2
1

2: 5
+
(27 + 2d2

12)f
2
2

72: 5
+

5d2
13f

2
3

18: 5

− d12f1f2
2: 5

− d13f1f3
2: 5

+ (22d12d13 − 36d23)f2f3
72: 5

Therefore,

4(Cost’(NB) − Cost’(DCN)) − 3(Cost’(NB) − Cost’(CN))

=
: 5 (4 + : 5 )
(4 − : 5 )2

3∑
C=1
(`C − ¯̀)2 +

d2
12f

2
2 + 10d2

13f
2
3 + (11d12d13 + 9d23)f2f3

9: 5

We can see that if all correlations are positive d12, d13, d23 ≥ 0, then the expression above

will be ≥ 0, so we still have PoA ≤ 4/3. However, the above expression is not always negative.

The constraints on the covariance matrix is that the matrix must be positive semidefinite, that is

d12, d13, d23 ∈ [−1, 1] and 1 − d2
12 − d

2
13 − d

2
23 + 2d12d13d23 ≥ 0. In fact, numerical optimization

suggests that the maximum value of PoA is around 2, achieved at, for example, f1 = f2 ↓ 0, f3 =

1, d12 = d13 = 0, d23 = −1. However, the parameter values where PoA is this high are expected to

be quite pathological, and we believe that for reasonable parameter values, PoA should be much

smaller than this, and is likely below 4/3.
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Theorem 17 (Round-trip Inefficiency). Let the battery’s round-trip efficiency be [ ∈ (0, 1] such

that the battery discharges in period 1 (peak) and charges in period 2 (off-peak).

The centralized battery discharge decisions are given by

I��1 =
[2

1 + [2 `1 −
[

1 + [2 `2

I')1 (�1) =
[2

1 + [2 (�1 − `1) −
[

1 + [2 (`2|�1 − `2)

The decentralized battery discharge decisions are given by, for each period C,

I��1 =
(2 − : 5 )
(4 − : 5 )

(
[2

1 + [2 `1 −
[

1 + [2 `2

)
I')1 (�1) =

: 5

(4 − : 5 )

(
[2

1 + [2 `1 −
[

1 + [2 `2

)
[2

2(1 + [2)
(�1 − `1) −

[

2(1 + [2)
(`2|�1 − `2)

If we further assume that (�1, �2) ∼ c is jointly multivariate normal, then the bounds 9/8 ≤

PoA ≤ 4/3 always hold.

Proof of Theorem 17. The calculations are similar to those in the proof of Theorem CN and The-

orem DCN, but with I��2 = −I��1 /[ and I')2 = −I')1 /[ instead.

We first compute the optimal strategy in the centralized case (CN).

Generation cost is

U(`1 + `2)

+ :B

V

2


(
`1 − I��1

)2
+

(
`2 +

I��1
[

)2


+ : 5E
{
V

2


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+
(
`2 +

I��1
[
+
�2 − `2 + I')1 (�1)/[

: 5

)2
}
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For each fixed �1 = 31, we take the derivative w.r.t I')1 (31):

E�2∼c(·|�1=31)

{
− 1
: 5

(
`1 − I��1 +

31 − `1 − I')1 (31)
: 5

)
+ 1
[: 5

(
`2 +

I��1
[
+
�2 − `2 + I')1 (31)/[

: 5

) }
We now evaluate the expectations over �2 ∼ c(·|31):

− 1
: 5

(
`1 − I��1 +

31 − `1 − I')1 (31)
: 5

)
+ 1
[: 5

(
`2 +

I��1
[
+
`2|31 − `2 + I')1 (31)/[

: 5

)
= 0

The above simplifies to

[(`2|31 − `2) − [2(31 − `1) − [2: 5 `1 + [: 5 `2 + (1 + [2): 5 I��1 + (1 + [2)I')1 (31) = 0

or

I')1 (31) = −: 5 I��1 +
−[(`2|31 − `2) + [2(31 − `1) + [2: 5 `1 − [: 5 `2

1 + [2

Therefore,

E[Ī')1 (�1)] = −: 5 Ī��1 +
[: 5 ([`1 − `2)

1 + [2

We take the derivative w.r.t I��1 :

(1 − : 5 )
[
−(`1 − I��1 ) +

1
[

(
`2 +

I��1
[

)]
+: 5E

[
−

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)
+ 1
[

(
`2 +

I��1
[
+
�2 − `2 + I')1 (�1)/[

: 5

)]
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or

(1 − : 5 )
[
−[([`1 − `2) + (1 + [2)I��1

]
+: 5

[
−[([`1 − `2) + (1 + [2)I��1 + 1

: 5
(1 + [2)E[I')1 (�1)]

]
or

−[([`1 − `2) + (1 + [2) Ī��1 + (1 + [2)E[Ī')1 (�1)] = 0

Substituting the expression for E[Ī')1 (�1)] gives

−[([`1 − `2) + (1 + [2) Ī��1 − : 5 (1 + [2) Ī��1 + [: 5 ([`1 − `2) = 0

or

Ī��1 =
[([`1 − `2)

1 + [2

This gives

Ī')1 (31) =
[2

1 + [2 (31 − `1) −
[

1 + [2 (`2|31 − `2)

We now compute the generation cost Cost(CN). We have

(`1 − I��1 )
2 +

(
`2 +

I��1
[

)2

=
(`1 + [`2)2

1 + [2
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and

E

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

=
1

:2
5
(1 + [2)2

E
(
: 5 (`1 + [`2) + (�1 − `1) + [(`2|�1 − `2)

)2

=
1

:2
5
(1 + [2)2

(
:2
5 (`1 + [`2)2 + f2

1 + [
2d2

Bf
2
2 + 2[df1f2

)
and

E

(
`2 +

I��1
[
+
�2 − `2 + I')1 (�1)/[

: 5

)2

=
1

:2
5
(1 + [2)2

E
(
: 5 [(`1 + [`2) + [(�1 − `1) + (1 + [2) (�2 − `2) − (`2|�1 − `2)

)2

=
1

:2
5
(1 + [2)2

(
:2
5 [

2(`1 + [`2)2 + [2f2
1 + (1 + [

2)2f2
2 + d

2
Bf

2
2 + 2[(1 + [2)df1f2

− 2[df1f2 − 2(1 + [2)d2
Bf

2
2

)
=

1
:2
5
(1 + [2)2

(
:2
5 [

2(`1 + [`2)2 + [2f2
1 + ((1 + [

2)2 − (1 + 2[2)d2
B )f2

2 + 2[3df1f2

)
Therefore,

E

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+ E
(
`2 +

I��1
[
+
�2 − `2 + I')1 (�1)/[

: 5

)2

=
1

:2
5
(1 + [2)2

(
:2
5 (1 + [

2) (`1 + [`2)2 + (1 + [2)f2
1 + (1 + [

2) (1 + [2 − d2
B )f2

2 + 2[(1 + [2)df1f2

)
=

1
:2
5
(1 + [2)

(
:2
5 (`1 + [`2)2 + f2

1 + (1 + [
2 − d2

B )f2
2 + 2[df1f2

)
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Therefore, the generation cost is

U(`1 + `2)

+ :B

V

2


(
`1 − I��1

)2
+

(
`2 +

I��1
[

)2


+ : 5E
{
V

2


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+
(
`2 +

I��1
[
+
�2 − `2 + I')1 (�1)/[

: 5

)2
}

so

Cost(CN) = U(`1 + `2) + V
(`1 + [`2)2
2(1 + [2)

+ V

2(1 + [2): 5
[
f2

1 + (1 + [
2 − d2

B )f2
2 + 2[df1f2

]
We now consider the decentralized case.

The prices are given by

_��1 = U + V(`1 − I��1 )

_��2 = U + V
(
`2 +

I��1
[

)
_')1 = U + V

(
`1 − I��1 +

31 − `1 − I')1
: 5

)
_')2 = U + V

(
`2 +

I��1
[
+
32 − `2 + I')1 /[

: 5

)
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Battery profit is

_��1 I��1 + _��2 I��2 + E[_')1 I')1 + _
')
2 I')2 ]

=

(
_��1 −

_��2
[

)
I��1 + E

[(
_')1 −

_')2
[

)
I')1

]
= V

(
`1 −

`2
[
− 1 + [2

[2 I��1

)
I��1

+ VE
[(
`1 −

`2
[
− 1 + [2

[2 I��1 + 1
: 5

(
�1 − `1 −

�2 − `2
[

− 1 + [2

[2 I')1 (�1)
))
I')1 (�1)

]
Taking the derivative with respect to I')1 (31):

`1 −
`2
[
− 1 + [2

[2 I��1 + 1
: 5

(
31 − `1 −

`2|31 − `2

[
− 1 + [2

[2 2I')1 (31)
)
= 0

or

I')1 (31) = −
: 5

2
I��1 +

[: 5

2(1 + [2)
([`1 − `2) +

[2

2(1 + [2)
(31 − `1) −

[

2(1 + [2)
(`2|31 − `2)

This gives

E[I')1 (�1)] = −
: 5

2
I��1 +

[: 5

2(1 + [2)
([`1 − `2)

Taking the derivative with respect to I��1

`1 −
`2
[
− 2(1 + [2)

[2 I��1 + E
[(
−1 + [2

[2

)
I')1 (�1)

]
= 0

Substituting the expression for E[I')1 (�1)] gives

I��1 =
(2 − : 5 )
(4 − : 5 )

[

(1 + [2)
([`1 − `2)
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This gives

I')1 (31) =
: 5

(4 − : 5 )
[

1 + [2 ([`1 − `2) +
[2

2(1 + [2)
(31 − `1) −

[

2(1 + [2)
(`2|31 − `2)

Substituting these into the generation cost expression and using Proposition 23 yields the gen-

eration cost

Cost(DCN) = U(`1 + `2)

+ V
{

16 + 4[2 − (8 + 3[2): 5 + :2
5

2(1 + [2) (4 − : 5 )2
`2

1 +
4 + 16[2 − (3 + 8[2): 5 + [2:2

5

2(1 + [2) (4 − : 5 )2
`2

2 +
[(12 − 5: 5 + :2

5
)

(1 + [2) (4 − : 5 )2
`1`2

+
(4 + [2)f2

1 + (4 + 4[2 − 3d2
B )f2

2 + 6[df1f2

8(1 + [2): 5

}
The cost under a no-battery regime is exactly the same as before in Theorem 5 (no [ is involved,

because there is no charging and discharging):

Cost(NB) = U(`1 + `2) + V
(
`2

1 + `
2
2

2
+
f2

1 + f
2
2

2: 5

)
Assuming dB = d, we therefore have

Cost(NB) − Cost(CN) = V
(
([`1 − `2)2
2(1 + [2)

+ ([f1 − df2)2
2: 5 (1 + [2)

)
Cost(NB) − Cost(DCN) = V

(
(12 − 5: 5 + :2

5
)

(4 − : 5 )2
([`1 − `2)2
2(1 + [2)

+ 3([f1 − df2)2
8: 5 (1 + [2)

)

Because
(12−5: 5 +:2

5
)

(4−: 5 )2
∈

[ 3
4 ,

8
9
]

for : 5 ∈ [0, 1], we have PoA ∈
[ 9

8 ,
4
3
]

as desired.
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Theorem 18 (Non-Parallel Supply Curves). Here, we assume

�−1
B (G) = UB + VBG

�−1
5 (G) = U 5 + V 5 G

(Note that if we want to match the previous assumption, we will have UB = U, VB = V/:B, U 5 =

U, V 5 = V/: 5 with :B = 1 − : 5 .) The centralized battery discharge decisions are given by

I��1 =
1
2
(`1 − `2)

I')1 (�1) =
1
2
(�1 − `1) −

1
2
(`2|�1 − `2)

The decentralized battery discharge decisions are given by

I��1 =
2V 5 + VB

2(4V 5 + 3VB)
(`1 − `2)

I')1 (�1) =
1
4
(�1 − `1) −

1
4
(`2|�1 − `2) +

VB

2(4V 5 + 3VB)
(`1 − `2)

The system generation costs in each regime (no battery NB, centralized CN, decentralized DCN)

are given by
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Cost(NB) = −
(U 5 − UB)2

V 5 + VB
+
(U 5 VB + UBV 5 )
(VB + V 5 )

(`1 + `2) +
V 5 VB

2(V 5 + VB)
(`2

1 + `
2
2) +

V 5

2
(f2

1 + f
2
2 )

Cost(CN) = −
(U 5 − UB)2

(VB + V 5 )
+
(U 5 VB + UBV 5 )
(VB + V 5 )

(`1 + `2) +
VBV 5

4(VB + V 5 )
(`1 + `2)2

+
V 5

4
(f2

1 + (2 − d
2
B )f2

2 + 2df1f2)

Cost(DCN) = −
(U 5 − UB)2

V 5 + VB
+
U 5 VB + UBV 5
VB + V 5

(`1 + `2)

+
V 5 VB (20V2

5
+ 29V 5 VB + 10V2

B )
4(V 5 + VB) (4V 5 + 3VB)2

(`2
1 + `

2
2) +

V 5 VB (12V2
5
+ 19V 5 VB + 8V2

B )
2(V 5 + VB) (4V 5 + 3VB)2

`1`2

+
V 5

16

(
5f2

1 + (8 − 3d2
B )f2

2 + 6df1f2

)
Assuming dB = d, we have

9
8
≤ PoA ≤ 4

3

for every parameter. The lower bound 9/8 is achieved when V 5 � VB. The upper bound 4/3 is

achieved when VB � V 5 .

Proof of Theorem 18. We then have

�B (_) =
_ − UB
VB

, � 5 (_) =
_ − U 5
V 5

From

�B (_��C ) + � 5 (_��C ) = 3��C

�B (_��C ) + � 5 (_')C ) = 3��C + 3')C
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with 3��C = `C − I��C , 3')C = �C − `C − I')C . Solving for _��C , _')C gives

_��C =
U 5 VB + UBV 5
VB + V 5

+
VBV 5

VB + V 5
3��C

_')C =
U 5 VB + UBV 5
VB + V 5

+
VBV 5

VB + V 5
3��C + V 5 3')C

The generation cost is given by

2∑
C=1

[∫
_≤_��C

_3�B (_) + E
[∫
_≤_')C

_3� 5 (_)
] ]
=

2∑
C=1

[
(_��C )2 − U2

B

2VB
+ E

[
(_')C )2 − U2

5

2V 5

] ]
We first calculate the no-battery case.

Let U = U 5 VB+UBV 5
V 5 +VB . WE have

_��1 = U +
V 5 VB

V 5 + VB
`1

_��2 = U +
V 5 VB

V 5 + VB
`2

_')1 = U +
V 5 VB

V 5 + VB
`1 + V 5 (�1 − `1)

_')2 = U +
V 5 VB

V 5 + VB
`2 + V 5 (�2 − `2)

E(_')1 )
2 =

(
U +

V 5 VB

V 5 + VB
`1

)2
+ V2

5f
2
1

E(_')2 )
2 =

(
U +

V 5 VB

V 5 + VB
`2

)2
+ V2

5f
2
2
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So

Cost(NB) =
(

1
2VB
+ 1

2V 5

)
((_��1 )

2 + (_��2 )
2) +

V2
5
f2

1 + V
2
5
f2

2

2V 5
−
U2
B

VB
−
U2
5

V 5

=

(
(V 5 + VB)
V 5 VB

U2 −
U2
B

VB
−
U2
5

V 5

)
+ U(`1 + `2) +

V 5 VB

2(V 5 + VB)
(`2

1 + `
2
2) +

V 5

2
f2

1 +
V 5

2
f2

2

= −
(U 5 − UB)2

V 5 + VB
+ U(`1 + `2) +

V 5 VB

2(V 5 + VB)
(`2

1 + `
2
2) +

V 5

2
f2

1 +
V 5

2
f2

2

Now we calculate the centralized case.

Remember that 3��1 = `1 − I��1 , 3��2 = `2 + I��1 , 3')1 = �1 − `1 − I')1 (�1), 3')2 = �2 − `2 +

I')1 (�1)

For each fixed �1 = 31, we take the derivative w.r.t. I')1 (31). We get

E
[
2_')1 (−V 5 ) + 2_')2 (V 5 ) |�1 = 31

]
= 0

or

E

[
VBV 5

VB + V 5
(`2 − `1 + 2I��1 ) + V 5 ((�2 − `2) − (�1 − `1) + 2I')1 (�1)) |�1 = 31

]
= 0

or E[_')2 − _
')
1 |�1 = 31] = 0, which becomes

VB (`2 − `1 + 2I��1 ) + (VB + V 5 ) ((`2|31 − `2) − (31 − `1) + 2I')1 (31)) = 0

this allows us to write I')1 (31) in terms of I��1 :

I')1 (31) = −
VB

VB + V 5
I��1 + VB

2(VB + V 5 )
(`1 − `2) +

1
2
(31 − `1) −

1
2
(`2|31 − `2)
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In particular, this implies

E[I')1 (�1)] = −
VB

VB + V 5
I��1 + VB

2(VB + V 5 )
(`1 − `2)

Taking the derivative w.r.t. I��1 gives

1
2VB

[
2_��1

(
−
VBV 5

VB + V 5

)
+ 2_��2

(
VBV 5

VB + V 5

)]
+ 1

2V 5
E

[
2_')1

(
−
VBV 5

VB + V 5

)
+ 2_')2

(
VBV 5

VB + V 5

)]
= 0

or

_��2 − _��1
VB

+
E[_')2 − _

')
1 ]

V 5
= 0

or

1
VB

VBV 5

VB + V 5
(`2 − `1 + 2I��1 ) +

1
V 5

(
VBV 5

VB + V 5
(`2 − `1 + 2I��1 ) + V 5E[(�2 − `2) − (�1 − `1) + 2I')1 (�1)]

)
= 0

or

(`2 − `1 + 2I��1 ) + 2E[I')1 (�1)] = 0

Using the expression for E[I')1 (�1)] derived earlier, we get

I��1 =
1
2
(`1 − `2)

I')1 (31) =
1
2
(31 − `1) −

1
2
(`2|31 − `2)
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We now compute generation cost. We have

_��1 = _��2 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2)

_')1 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2) +

V 5

2
((�1 − `1) + (`2|�1 − `2))

_')2 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2) +

V 5

2
(2(�2 − `2) + (�1 − `1) − (`2|�1 − `2))

We have

E[(_')1 )
2] =

(
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2)

)2
+
V2
5

4
(f2

1 + d
2
Bf

2
2 + 2df1f2)

and

E[(_')2 )
2] =

(
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2)

)2
+
V2
5

4
(f2

1 + (4 − 3d2
B )f2

2 + 2df1f2)

The generation cost is therefore

Cost(CN) =
2∑
C=1

[
(_��C )2 − U2

B

2VB
+ E

[
(_')C )2 − U2

5

2V 5

] ]
=
(_��1 )

2 − U2
B

VB
+ 1

2V 5

[
2(_��1 )

2 +
V2
5

4
(2f2

1 + (4 − 2d2
B )f2

2 + 4df1f2) − 2U2
5

]
=

(
1
VB
+ 1
V 5

)
(_��1 )

2 −
U2
B

VB
−
U2
5

V 5
+
V 5

4
(f2

1 + (2 − d
2
B )f2

2 + 2df1f2)

=
VB + V 5
VBV 5

(
U 5 VB + UBV 5
VB + V 5

+
VBV 5

2(VB + V 5 )
(`1 + `2)

)2
−
U2
B

VB
−
U2
5

V 5
+
V 5

4
(f2

1 + (2 − d
2
B )f2

2 + 2df1f2)

= −
(U 5 − UB)2

(VB + V 5 )
+
(U 5 VB + UBV 5 )
(VB + V 5 )

(`1 + `2) +
VBV 5

4(VB + V 5 )
(`1 + `2)2

+
V 5

4
(f2

1 + (2 − d
2
B )f2

2 + 2df1f2)

Lastly, we calculate the decentralized case.
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The battery maximizes profit

Π = (_��1 − _��2 )I
��
1 + E[(_')1 − _

')
2 )I

')
1 (�1)]

=
VBV 5

VB + V 5
(`1 − `2 − 2I��1 )I

��
1

+ E
[(

VBV 5

VB + V 5
(`1 − `2 − 2I��1 ) + V 5 ((�1 − `1) − (�2 − `2) − 2I')1 (�1))

)
I')1 (�1)

]
Taking the derivative w.r.t. I')1 (31) for a given fixed 31 gives, for each 31,

E

[
VBV 5

VB + V 5
(`1 − `2 − 2I��1 ) + V 5 (�1 − `1) − V 5 (�2 − `2) − 4V 5 I')1 (�1) |�1 = 31

]
= 0

This reduces to

I')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

VB

4(VB + V 5 )
(`1 − `2 − 2I��1 )

In particular,

E[I')1 (�1)] =
VB

4(VB + V 5 )
(`1 − `2 − 2I��1 )

Now we take derivative w.r.t I��1 :

VBV 5

VB + V 5
(`1 − `2 − 4I��1 ) + E

[
VBV 5

VB + V 5
(−2)I')1 (�1)

]
= 0

Using the expression for E[I')1 (�1)] derived earlier gives

I��1 =
(VB + 2V 5 )

2(3VB + 4V 5 )
(`1 − `2)

I')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

VB

2(3VB + 4V 5 )
(`1 − `2)
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We then have

_��1 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (5VB + 6V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (VB + 2V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

_��2 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (VB + 2V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (5VB + 6V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

_')1 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (4VB + 5V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (2VB + 3V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

+
3V 5

4
(�1 − `1) +

V 5

4
(`2|�1 − `2)

_')2 =
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (2VB + 3V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (4VB + 5V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

+
V 5

4
(�1 − `1) −

V 5

4
(`2|�1 − `2) + V 5 (�2 − `2)

We have

Cost(DCN) =
2∑
C=1

[
(_��C )2 − U2

B

2VB
+ E

[
(_')C )2 − U2

5

2V 5

] ]
Note that

E[(_')1 )
2] =

(
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (4VB + 5V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (2VB + 3V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

)2

+
V2
5

16

(
9f2

1 + d
2
Bf

2
2 + 6df1f2

)
E[(_')2 )

2] =
(
U 5 VB + UBV 5
VB + V 5

+
VBV 5 (2VB + 3V 5 )

2(VB + V 5 ) (3VB + 4V 5 )
`1 +

VBV 5 (4VB + 5V 5 )
2(VB + V 5 ) (3VB + 4V 5 )

`2

)2

+
V2
5

16

(
f2

1 + (16 − 7d2
B )f2

2 + 6df1f2

)
Let U = U 5 VB+UBV 5

VB+V 5 .
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The cost becomes

U2(V 5 + VB)
V 5 VB

+ U(`1 + `2) +
V 5 VB (20V2

5
+ 29V 5 VB + 10V2

B )
4(V 5 + VB) (4V 5 + 3VB)2

(`2
1 + `

2
2)

+
V 5 VB (12V2

5
+ 19V 5 VB + 8V2

B )
2(V 5 + VB) (4V 5 + 3VB)2

`1`2 −
2U2

B

2VB
−

2U2
5

2V 5
+
V2
5
/16

2V 5
(10f2

1 + (16 − 6d2
B )f2

2 + 12df1f2)

Now we note that

U2(V 5 + VB)
V 5 VB

−
U2
B

VB
−
U2
5

V 5
= −
(U 5 − UB)2

V 5 + VB

Therefore,

Cost(DCN) = −
(U 5 − UB)2

V 5 + VB
+
U 5 VB + UBV 5
VB + V 5

(`1 + `2)

+
V 5 VB (20V2

5
+ 29V 5 VB + 10V2

B )
4(V 5 + VB) (4V 5 + 3VB)2

(`2
1 + `

2
2) +

V 5 VB (12V2
5
+ 19V 5 VB + 8V2

B )
2(V 5 + VB) (4V 5 + 3VB)2

`1`2

+
V 5

16

(
5f2

1 + (8 − 3d2
B )f2

2 + 6df1f2

)
We can now prove the bounds on the Price of Anarchy. Assuming dB = d, we have

Cost(NB) − Cost(CN) =
V 5 VB

4(V 5 + VB)
(`1 − `2)2 +

V 5

4
(f1 − df2)2

Cost(NB) − Cost(DCN) =
V 5 VB (12V2

5
+ 19V 5 VB + 8V2

B )
4(V 5 + VB) (4V 5 + 3VB)2

(`1 − `2)2 +
3V 5
16
(f1 − df2)2

This implies 9/8 ≤ PoA ≤ 4/3 as desired.

Theorem 19 (Convex Supply Curves). Assume �−1(G) = U + VG + WG2 with U, V, W ≥ 0.
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The centralized battery discharge decisions are given by

I��1 =
1
2
(`1 − `2) +$ (W2)

I')1 (�1) =
1
2
(�1 − `1) −

1
2
(`2|�1 − `2) −

f2
2|�1

2: 5
W

V
+$ (W2),

The decentralized battery discharge decisions are given by

I��1 =
(2 − : 5 )

2(4 − : 5 )
(`1 − `2) −

(f2
1 − f

2
2 )

2: 5 (4 − : 5 )
W

V
+$ (W2)

I')1 (�1) =
: 5

2(4 − : 5 )
(`1 − `2) +

1
4
(�1 − `1) −

1
4
(`2|31 − `2) +

(
f2

1 − f
2
2

4(4 − : 5 )
−
f2

2|�1

4: 5

)
W

V
+$ (W2)

Proof of Theorem 19. We first solve the centralized case.

Generation cost is

U(`1 + `2)

+ :B
[
V

2
[
(`1 − I��1 )

2 + (`2 + I��1 )
2] + 1

3
[
(`1 − I��1 )

3 + (`2 + I��1 )
3] W]

+ : 5E�1,�2

{
V

2


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+
(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)2
+ 1

3


(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)3

+
(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)3 W
}

We first note that if W = 0, then the generation cost is strictly convex (quadratic) in the decision

variables. So, for W sufficiently close to zero, the global minimum is achieved where first-order

conditions hold with equality.

For each fixed �1 = 31, we take the derivative w.r.t I')1 (31). By the law of iterated expecta-

tions, the expectation E�1,�2 can be viewed as taking expectation E�1 followed by the conditional

expectation E�2 |�1 , by focusing on I')1 (31) we fix the value �1 = 31 while the inner expectation
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becomes an expectation over �2 ∼ c(·|�1 = 31). We therefore get

E�2∼c(·|�1=31)

{
V

[
− 1
: 5

(
`1 − I��1 +

31 − `1 − I')1 (31)
: 5

)
+ 1
: 5

(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)]
+

−
1
: 5

(
`1 − I��1 +

31 − `1 − I')1 (31)
: 5

)2

+ 1
: 5

(
`2 + I��1 +

�2 − `2 + I')1 (31)
: 5

)2 W
}
= 0

We will calculate the expectations in terms of `2|31 and f2
2|31

. First we evaluate the expectation,

using the last equation of Proposition 23 to evaluate the quadratic term in �2, then multiply across

by : 5 :

V

: 5

[
−: 5 (`1 − `2) + 2: 5 I��1 − (31 − `1) + (`2|31 − `2) + 2I')1 (31)

]
+ W

:2
5

[
−

(
: 5 (`1 − I��1 ) + 31 − `1 − I')1 (31)

)2
+ f2

2|31
+

(
`2|31 − `2 + I')1 (31) + : 5 (`2 + I��1 )

)2
]
= 0

Let W̃ = W/V. We get

: 5
[
(`2|31 − `2) − (31 − `1) − : 5 (`1 − `2) + 2: 5 I��1 + 2I')1 (31)

]
+ W̃

{
f2

2|31
+

[
(`2|31 − `2) + (31 − `1) + : 5 (`1 + `2)

]
×[

(`2|31 − `2) − (31 − `1) − : 5 (`1 − `2) + 2: 5 I��1 + 2I')1 (31)
] }
= 0 (C.6)

Taking the derivative w.r.t. I��1 gives
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:B

[
V

[
−(`1 − I��1 ) + (`2 + I��1 )

]
+ W

[
−(`1 − I��1 )

2 + (`2 + I��1 )
2] ]

+ : 5E�1,�2

{
V

[
−

(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)
+

(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)]
+ W

−
(
`1 − I��1 +

�1 − `1 − I')1 (�1)
: 5

)2

+
(
`2 + I��1 +

�2 − `2 + I')1 (�1)
: 5

)2
}
= 0

or (with W̃ = W/V):

(:B + : 5 ) (`2 − `1 + 2I��1 ) + :B (`2 + `1) (`2 − `1 + 2I��1 )W̃

+ : 5E�1,�2

{
1
: 5

[
(�2 − `2) − (�1 − `1) + 2I')1 (�1)

]
+ W̃

:2
5

[
: 5 (`2 − `1 + 2I��1 ) + (�2 − `2) − (�1 − `1) + 2I')1 (�1)

]
×

[
(�1 − `1) + (�2 − `2) + : 5 (`1 + `2)

] }
= 0

or

(`2 − `1 + 2I��1 ) + :B (`2 + `1) (`2 − `1 + 2I��1 )W̃

+ : 5E�1,�2

{
1
: 5

[
2I')1 (�1)

]
+ W̃

:2
5

[
: 5 (`2 − `1 + 2I��1 ) + (�2 − `2) − (�1 − `1) + 2I')1 (�1)

]
×

[
(�1 − `1) + (�2 − `2) + : 5 (`1 + `2)

] }
= 0 (C.7)

We now have equations (C.6) and (C.7) for I��1 and I')1 (31) from first-order conditions on

I')1 (31) and I��1 , respectively, which we want to solve.

255



We now write

I��1 := Ī��1 + Î��1 W̃ +$ (W̃2)

I')1 (30) := Ī')1 (30) + Î')1 (30)W̃ +$ (W̃2).

The main term of the I')1 (31) derivative equation is, for every 31,

(`2|31 − `2) − (31 − `1) − : 5 (`1 − `2) + 2: 5 Ī��1 + 2Ī')1 (31) = 0

or

Ī')1 (31) = −: 5 Ī��1 +
: 5

2
(`1 − `2) +

1
2
(31 − `1) −

1
2
(`2|31 − `2)

Therefore,

E[Ī')1 (�1)] = −: 5 Ī��1 +
: 5

2
(`1 − `2)

The main term of the I��1 derivative equation (C.7) gives

`2 − `1 + 2Ī��1 + 2E[Ī')1 (�1)] = 0

Substituting the expression for E[Ī')1 (�1)] gives

Ī��1 =
`1 − `2

2

Putting Ī��1 into the expression for Ī')1 (31) gives

Ī')1 (31) =
1
2
(31 − `1) −

1
2
(`2|31 − `2).
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The curvature correction term of the I')1 (31) derivative equation (C.6) gives

2:2
5 Î
��
1 + 2: 5 Î')1 (31) +

{
f2

2|31
+

[
(`2|31 − `2) + (31 − `1) + : 5 (`1 + `2)

]
×[

(`2|31 − `2) − (31 − `1) − : 5 (`1 − `2) + 2: 5 Ī��1 + 2Ī')1 (31)
] }
= 0

Note that
[
(`2|31 − `2) − (31 − `1) − : 5 (`1 − `2) + 2: 5 Ī��1 + 2Ī')1 (31)

]
= 0 for every 31 by

the defining equation for I')1 (31). Therefore,

2:2
5 Î
��
1 + 2: 5 Î')1 (31) + f2

2|31
= 0

or

Î')1 (31) = −: 5 Î��1 −
f2

2|31

2: 5

Taking the expectation over 31 and using Proposition 23 gives

E[Î')1 (�1)] = −: 5 Î��1 −
(1 − d2

B )f2
2

2: 5

The curvature correction term of the I��1 derivative equation (C.7) gives

2Î��1 + :B (`2 + `1) (`2 − `1 + 2Ī��1 )

+E
[
2Î')1 (�1) +

1
:2
5

[
: 5 (`2 − `1 + 2Ī��1 ) + (�2 − `2) − (�1 − `1) + 2Ī')1 (�1)

]
×

[
(�1 − `1) + (�2 − `2) + : 5 (`1 + `2)

] ]
= 0

Using Proposition 23, the last expectation term evaluates to 0 + (1 − d2
B )f2

2 + 0 = (1 − d2
B )f2

2 .
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Also substitute the expression for E[Î')1 (�1)] gives

2Î��1 + 2

(
−: 5 Î��1 −

(1 − d2
B )f2

2
2: 5

)
+ 1
: 5
(1 − d2

B )f2
2 = 0

This yields

Î��1 = 0.

Therefore,

Î')1 (31) = −
f2

2|31

2: 5
.

We conclude that the battery discharges are given by

I��1 =
1
2
(`1 − `2) +$ (W̃2)

I')1 (31) =
1
2
(31 − `1) −

1
2
(`2|31 − `2) −

f2
2|31

2: 5
W̃ +$ (W̃2),

as claimed in the theorem.

We now solve the decentralized case.

The prices are given by

_��1 = U + V3��1 + W(3��1 )
2

_��2 = U + V3��2 + W(3��2 )
2

_')1 = U + V
(
3��1 +

3')1
: 5

)
+ W

(
3��1 +

3')1
: 5

)2

_')2 = U + V
(
3��2 +

3')2
: 5

)
+ W

(
3��2 +

3')2
: 5

)2
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with

3��1 = `1 − I��1

3��2 = `2 + I��1

3')1 = �1 − `1 − I')1 (�1)

3')2 = �2 − `2 + I')1 (�1)

The battery maximizes profit:

Π = (_��1 − _��2 )I
��
1 + E

[
(_')1 − _

')
2 )I

')
1 (�1)

]
We can write

Π = V(`1 − `2 − 2I��1 )I
��
1 + W(`1 + `2) (`1 − `2 − 2I��1 )I

��
1

+ E
[
V

(
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

+ W
(
`1 + `2 +

(�1 − `1) + (�2 − `2)
: 5

) (
`1 − `2 − 2I��1 +

((�1 − `1) − (�2 − `2) − 2I')1 (�1))
: 5

)
I')1 (�1)

]
Taking derivative w.r.t. I')1 (31) for a given fixed 31 gives, for each 31,

E�2∼c(·|31)

[
V

(
`1 − `2 − 2I��1 +

((31 − `1) − (�2 − `2) − 4I')1 (31))
: 5

)
+ W

(
`1 + `2 +

(31 − `1) + (�2 − `2)
: 5

) (
`1 − `2 − 2I��1 +

((31 − `1) − (�2 − `2) − 4I')1 (31))
: 5

) ]
= 0
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This reduces to

:2
5 (`1 − `2 − 2I��1 ) + : 5 (31 − `1) − : 5 (`2|31 − `2) − 4: 5 I')1 (31)

+ W
{
− f2

2|31

+
(
(`2|31 − `2) + (31 − `1) + : 5 `1 + : 5 `2

)
×

(
−(`2|31 − `2) + (31 − `1) − 4I')1 (31) + : 5 `1 − : 5 `2 − 2: 5 I��1

) }
(C.8)

Now we take derivative w.r.t I��1 :

V(`1 − `2 − 4I��1 ) + W(`1 + `2) (`1 − `2 − 4I��1 )

+ E
[
V(−2)I')1 (�1) + W

(
`1 + `2 +

(�1 − `1) + (�2 − `2)
: 5

)
(−2)I')1 (�1)

]
= 0 (C.9)

We now have (C.8) and (C.9) from the first order conditions over I')1 (�1) and I��1 . Now we

look at the main and curvature correction terms in turn.

Let W̃ = W/V. We write

I��1 = Ī��1 + Î��1 W̃ +$ (W̃2)

I')1 (�1) = Ī')1 (�1) + Î')1 (�1)W̃ +$ (W̃2)

The main term of (C.8) gives

: 5 (`1 − `2 − 2Ī��1 ) + (31 − `1) − (`2|31 − `2) − 4I')1 (31) = 0
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or

Ī')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

4
(`1 − `2 − 2Ī��1 )

This gives

E[Ī')1 (�1)] =
: 5

4
(`1 − `2 − 2Ī��1 )

The main term of (C.9) gives

V(`1 − `2 − 4Ī��1 ) + E
[
V(−2) Ī')1 (�1)

]
= 0

Using the expression of E[Ī')1 (�1)] gives

`1 − `2 − 4Ī��1 −
: 5

2
(`1 − `2 − 2Ī��1 ) = 0

which gives

Ī��1 =
(2 − : 5 )

2(4 − : 5 )
(`1 − `2)

Plugging this value of Ī��1 into the equation for Ī')1 (�1) gives

Ī')1 (31) =
1
4
(31 − `1) −

1
4
(`2|31 − `2) +

: 5

2(4 − : 5 )
(`1 − `2)

The curvature correction term of (C.8) gives
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− 2:2
5 Î
��
1 − 4: 5 Î')1 (31)

+
{
− f2

2|31

+
(
(`2|31 − `2) + (31 − `1) + : 5 `1 + : 5 `2

)
×

(
−(`2|31 − `2) + (31 − `1) − 4Ī')1 (31) + : 5 `1 − : 5 `2 − 2: 5 Ī��1

) }
= 0

Using the expressions for Ī��1 and Ī')1 (31), we calculate

(
−(`2|31 − `2) + (31 − `1) − 4Ī')1 (31) + : 5 `1 − : 5 `2 − 2: 5 Ī��1

)
= 0

Therefore, the last product term is zero. We therefore have

−2:2
5 Î
��
1 − 4: 5 Î')1 (31) − f2

2|31
= 0

or

Î')1 (31) = −
: 5

2
Î��1 −

f2
2|31

4: 5

This also gives

E[Î')1 (�1)] = −
: 5

2
Î��1 −

(1 − d2
B )f2

2
4: 5

The curvature correction term of (C.9) gives
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− 4Î��1 + (`1 + `2) (`1 − `2 − 4Ī��1 )

+ E
[
(−2) Î')1 (�1) +

(
`1 + `2 +

(�1 − `1) + (�2 − `2)
: 5

)
(−2) Ī')1 (�1)

]
= 0

We have calculated E[Î')1 (�1)] above. Using the expression for Ī')1 (�1) and Proposition 23,

we can also calculate

E[4((�1 − `1) + (�2 − `2)) Ī')1 (�1)]

= E

[
((�1 − `1) + (�2 − `2))

(
(�1 − `1) − (`2|�1 − `2) +

2: 5
(4 − : 5 )

(`1 − `2)
)]

= E[(�1 − `1)2 − (�1 − `1) (`2|�1 − `2) + (�2 − `2) (�1 − `1) − (�2 − `2) (`2|�1 − `2)]

+
2: 5
(4 − : 5 )

(`1 − `2)E[(�1 − `1) + (�2 − `2)]

= f2
1 − df1f2 + df1f2 − d2

Bf
2
2 + 0

= f2
1 − d

2
Bf

2
2

Therefore,

−4Î��1 + (`1 + `2)
(
1 − 4 ·

(2 − : 5 )
2(4 − : 5 )

)
(`1 − `2)

−2

(
−
: 5

2
Î��1 −

(1 − d2
B )f2

2
4: 5

)
− 2(`1 + `2)

(
: 5

2(4 − : 5 )
(`1 − `2)

)
− 2
: 5
·
f2

1 − d
2
Bf

2
2

4
= 0

or

−4Î��1 +
: 5

4 − : 5
(`2

1 − `
2
2) + : 5 Î

��
1 +

(1 − d2
B )f2

2
2: 5

−
: 5

4 − : 5
(`2

1 − `
2
2) −

f2
1 − d

2
Bf

2
2

2: 5
= 0
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or

Î��1 = −
f2

1 − f
2
2

2: 5 (4 − : 5 )

Substituting the expression of Î��1 into that of Î')1 (31) gives

Î')1 (31) =
f2

1 − f
2
2

4(4 − : 5 )
−
f2

2|31

4: 5

This leads to the decentralized battery strategies as desired.
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Figure C.3: Price of Anarchy with finite battery capacity.
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Figure C.4: Price of Anarchy with endogenous battery capacity, considering battery investments
and operations.
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