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Abstract. Classical Bayesian mechanism design relies on the common prior assumption,
but the common prior is often not available in practice. We study the design of prior-
independent mechanisms that relax this assumption: The seller is selling an indivisible
item to n buyers such that the buyers’ valuations are drawn from a joint distribution that is
unknown to both the buyers and the seller, buyers do not need to form beliefs about com-
petitors, and the seller assumes the distribution is adversarially chosen from a specified
class. We measure performance through the worst-case regret, or the difference between
the expected revenue achievable with perfect knowledge of buyers’ valuations and the
actual mechanism revenue. We study a broad set of classes of valuation distributions that
capture a wide spectrum of possible dependencies: independent and identically distrib-
uted (ii.d.) distributions, mixtures of i.i.d. distributions, affiliated and exchangeable distri-
butions, exchangeable distributions, and all joint distributions. We derive in quasi closed
form the minimax values and the associated optimal mechanism. In particular, we show
that the first three classes admit the same minimax regret value, which is decreasing with
the number of competitors, whereas the last two have the same minimax regret equal to
that of the case n = 1. Furthermore, we show that the minimax optimal mechanisms have a
simple form across all settings: a second-price auction with random reserve prices, which shows
its robustness in prior-independent mechanism design. En route to our results, we also
develop a principled methodology to determine the form of the optimal mechanism and
worst-case distribution via first-order conditions that should be of independent interest in
other minimax problems.

Supplemental Material: The online appendices are available at https: //doi.org/10.1287 / opre.2022.0428.
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1. Introduction

referred to as the “Wilson doctrine” (Wilson 1987).
Although there have been an emerging literature on the

One of the most fundamental questions in all markets
is how to optimally sell an item. Selling mechanisms
have been prevalent throughout history, and they have
been systematically studied in the literature on optimal
mechanism design dating back to the seminal work of
Myerson (1981). The theory is elegant and has led to an
extensive literature. The classical theory, however, has
a major conceptual limitation encapsulated through the
common prior assumption. It assumes that both the
seller and the buyers know the distribution of valua-
tions of buyers and act optimally according to this
prior. This leads to mechanisms that depend on the
detailed distributional knowledge and the strategic
and informational sophistication of the buyers, which
are often not available in practice. This fundamental
need to develop mechanisms that are “more robust”
and less sensitive to modeling assumptions is often

topic in the last decades, the general derivation of appro-
priately “good” mechanisms has been an open question,
with a few exceptions noted later. In the present paper,
we make progress in understanding “good” prior-
independent mechanisms across a variety of environ-
ments. Quite strikingly, the mechanisms we obtain are
minimax optimal across a broad variety of classes of dis-
tributions typically considered.

In particular, the present paper focuses on the classi-
cal mechanism design setting in which a seller wants to
sell a good to n buyers. The buyers’ valuations are
unknown to the seller and are assumed to be drawn
from a joint distribution F. In the classical mechanism
design literature, F is assumed to be known to the seller
and the buyers. Here, we consider a prior-independent
setting: Although we still assume that the buyers’
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valuations are drawn from a distribution, the buyers
and the seller do not know this distribution. We will
only assume that the seller knows that the distribution
belongs to a class F (we will analyze many such clas-
ses). Similarly, we will assume that the buyers do not
know the underlying joint distribution. We will there-
fore focus only on mechanisms that are dominant strat-
egy incentive compatible (DSIC): Each buyer finds it
optimal to report the truth independent of all the other
buyers’ valuations and strategies.

To quantify the performance of mechanisms, we
will focus on the worst-case regret or the difference
between the ideal expected revenue the seller could
have collected with knowledge of the buyers’ valua-
tions and the expected revenue garnered by the actual
mechanism. Because the seller does not know the dis-
tribution, we assume the seller selects the mechanism
that performs well against any element in the class
of distribution. In more detail, we take a minimax
approach: The seller selects a mechanism that mini-
mizes the worst-case regret over all admissible distri-
butions. We refer to Section 2.1 for discussions on the
choices of the benchmark, objective, and our informa-
tional assumptions.

Our problem can be understood as a zero-sum game
between the seller, who selects a mechanism, and
nature, who best responds by choosing a distribution.
We focus on bounded valuations, and in this class, we
will also consider a broad set of natural classes of joint
distributions of valuations: independent and identi-
cally distributed (i.i.d.) distributions, mixtures of ii.d.
distributions, affiliated and exchangeable distributions,
exchangeable distributions, and all joint distributions.
We aim to characterize the minimax optimal mecha-
nism and its associated performance.

1.1. Summary of Main Contributions

Our main contributions can be summarized at a high
level in Figure 1. The unified framework and techni-
ques we develop yield the minimax optimal mecha-
nisms for regret for any number of buyers n and
across the classes of bounded i.i.d. distributions, two
central classes that capture dependence in valuations
(exchangeable and affiliated distributions, and mix-
tures of ii.d. distributions), exchangeable distribu-
tions, and all joint distributions. Furthermore, we
show that a central mechanism emerges: the same
mechanism is minimax optimal across the classes of
bounded i.i.d. distributions, mixtures of i.i.d. distribu-
tions, and affiliated and exchangeable distributions.
Our approach also yields optimal mechanisms for the
exchangeable distributions and general distributions.
A striking feature of our results is that optimal mecha-
nisms have a surprisingly simple form: across all our
settings second-price auctions with random reserve
prices attain the optimal minimax regret. Our results
thus speak to robustness of second-price auctions in
prior-independent settings.

1.1.1. Case of i.i.d. Valuations. We start by studying
the case of i.i.d. valuations. Our main innovation is a
principled methodology to come up with the candidate
optimal mechanism and the worst-case distribution via
a saddle point argument. More specifically, assuming
that a saddle point exists and that the optimal mecha-
nism is a second-price auction with random reserve
(alongside a few regularity conditions), we derive nec-
essary conditions for the structure of a worst-case distri-
bution (Proposition A.1 in Online Appendix A) and the
distribution of reserve prices (Proposition A.2 in Online
Appendix A). We can then establish the optimality of

Figure 1. (Color online) Summary of Minimax Optimal Mechanisms and Performances Derived for Different Distribution
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this mechanism, without any additional assumptions,
via saddle inequalities. The main result is presented in
Theorem 1. In particular, this result yields the exact
structure, in quasi-closed form, of the minimax optimal
mechanism. The distribution of the random reserve
price has to be constructed carefully, however, and is
determined by a solution to a particular ordinary differ-
ential equation.

A corollary of our analysis specialized to the case of a
single buyer recovers the results of Bergemann and
Schlag (2008).

1.1.2. Case of Positively Dependent Valuations. In
addition to the ii.d. case, we study two central classes
that capture the possibility of positive dependence. The
first is the notion of affiliation, which was studied under
the name multivariate total positivity of order 2 (MTP,) in
statistics (Karlin 1968, Karlin and Rinott 1980). Affilia-
tion was introduced to the mechanism design literature
by Milgrom and Weber (1982) and has since become
standard in Bayesian mechanism design. To the best of
our knowledge, this paper is the first to analyze affili-
ated distributions in a robust (minimax regret) setting.
We establish, quite notably, that the optimal mecha-
nism against i.i.d. distributions is also minimax optimal
against this broader class (Proposition 2). We establish
this result through another saddle point argument,
where the key is to control for the impact of allowable
dependencies across valuations. We also establish a
similar result for the class of mixtures of i.i.d. distribu-
tions, which are used extensively in the statistics litera-
ture due to their remarkable modeling power (Hastie
etal. 2009).

In other words, as shown in Figure 1, a second-price
auction with carefully constructed distribution of reserve
price is minimax optimal against a variety of classes of
distributions.

1.1.3. General Insights. We then use our results to
study a variety of related questions. First, we explore in
more detail the structure of optimal mechanisms and
the associated performance. In particular, we can quan-
tify, for any number of buyers, the best performance
achievable. In Table 1, we provide an example of the
minimax regret with valuations in [0, 1].

To obtain a baseline performance and to quantify the
value of mechanism design in a prior-independent envi-
ronment, we also characterize the worst-case performance

of two natural benchmark mechanisms: a Vickrey auc-
tion, that is, a second-price auction with no reserve,
and also a second-price auction with a deterministic
reserve price (Proposition 5). Quite notably, the worst-
case performance of these mechanisms are similar
across the classes of i.i.d., exchangeable and affiliated,
and mixtures of i.i.d. These results are of independent
interest, as they characterize the worst-case perfor-
mance of commonly used mechanisms.

We establish that the optimal minimax mechanism
yields significant improvements over both mechanisms.
In particular, a reserve price is very valuable in prior-
independent environments and the use of a randomized
reserve price is also critical to minimize the worst-case
regret.

The results also allow us to characterize the impact of
increased competition in prior-independent environ-
ments. We characterize the minimax regret as the num-
ber of agents grows large (Corollary 2). In particular,
we establish that even with large number of buyers,
our optimal mechanism (second-price auction with
random reserve) still performs better than the standard
second-price auction. Our results also highlight that as
the number of buyers grow large, the minimax regret
does not shrink to zero as the number of buyers grow
large, and the limiting minimax regret can be fully
characterized. This apparently counterintuitive result
is driven by the fact that we allow the worst-case distri-
bution to depend on 7; Nature can select (n-dependent)
distributions that limit (but not eliminate) the value of
increased competition for the seller. Furthermore, this
phenomenon is robust to the choice of the benchmark.
In fact, when taking the alternative benchmark associ-
ated with optimal revenues achievable with knowledge
of the distribution of values, we can show (Proposition
F.7 in Online Appendix F) that for any 7, the minimax
regret also does not shrink to zero as n increases and is
atleast e~ ~ 0.1353.

1.1.4. Case of Arbitrary Joint Distributions. Finally,
we also show that our framework readily yields a mini-
max optimal mechanism in the case of general exchange-
able distributions or general distributions (Proposition 4).
In these two cases, the problem in essence reduces to the
case with a single agent (1 = 1) in terms of achievable per-
formance. Intuitively, with arbitrary joint distributions,
nature may simply select only one “effective” buyer and
not allow the seller to capitalize on competition across

Table 1. Minimax Regret as a Function of the Number of Buyers n for Valuations in [0,1]

Number of buyers

1 2 3

4 5 10 o0

Minimax regret 0.3679 0.3238 0.3093

0.3021 0.2979 0.2896 0.2815
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buyers. Our framework recovers the result for minimax
regret against general distributions obtained in Kogyigit
etal. (2024).

Our minimax problems are in general nonconvex
because of the restriction on the classes of distribu-
tions Nature can optimize over. This is in sharp con-
trast to other robust mechanism design problems
studied in the literature, such as those in Bergemann
and Schlag (2008) and Kogyigit et al. (2022), where the
minimax problems are bilinear and, thus, efficiently
solvable.

More broadly, there has been significant open ques-
tions on how to operate in prior-independent environ-
ments and on the type of achievable performance in
mechanism design in the absence of priors (Hartline
and Johnsen 2021). The present work can be seen as
providing a broad spectrum (across distribution classes
and number of buyers) of exact/tight characterization
of achievability results in mechanism design without
priors when the benchmark is the maximal value
achievable. The results and techniques developed here
may open up the possibility of characterizing minimax
performance against alternative benchmarks or with
alternative information structures.

1.2. Related Work

Our work is related to the streams of work on auction
design and mechanism design, pioneered by Vickrey
(1961), Myerson (1981), and Riley and Samuelson (1981).
We refer the reader to the monographs by Krishna (2010)
and Borgers (2015) for a review of classical materials on
auction design and mechanism design. These works set
a stage for classical Bayesian mechanism design for subse-
quent works, but they share an assumption that the dis-
tribution of valuations is common knowledge to both
the buyers and the seller.

The present work contributes to a stream of work
that aims at weakening the knowledge of the seller, in
the spirit of Wilson’s early call for detail-free mecha-
nisms (Wilson 1987).

In the context of one agent, the problem reduces to
that of pricing, and the early works most closely
related to our work are Bergemann and Schlag (2008)
and Eren and Maglaras (2010). Bergemann and Schlag
(2008) considers a minimax regret problem, whereas
Eren and Maglaras (2010) considers a maximin ratio
problem. Both papers consider the one-bidder case
only. In the original formulations of the two papers,
Bergemann and Schlag (2008) considers the first-best
benchmark, whereas Eren and Maglaras (2010) con-
siders the second-best benchmark. An argument anal-
ogous to the proof of our Proposition F.6 in Online
Appendix F immediately implies that in the one-
bidder case, the first-best and second-best benchmarks
are equivalent.

Both Bergemann and Schlag (2008) and Eren and
Maglaras (2010) specifically consider the random-posted-
price mechanism class. In the one-bidder setting, any
DSIC mechanism is equivalent to posting a random price,
so their settings directly correspond to ours, and Berge-
mann and Schlag (2008) is an immediate corollary of our
results forn=1.

However, there are unique problem features (and
associated technical and conceptual complications) that
arise in the presence of competing buyers (n > 2) in our
paper that do not arise in the n=1 case. In the latter
case, any DSIC mechanism is a random posted price, so
the only question involves determining this optimal
distribution of posted prices, but in the n > 2 case, there
is no such characterization. In a sense, the class of DSIC
mechanisms is “large” and “unstructured.” In particu-
lar, it is not obvious a priori that the optimal mecha-
nism class should be second-price auctions (SPA). We
consider identifying SPA as a focal mechanism class to
consider as one of our main contributions.

Furthermore, the different distribution classes that
we consider in our paper (Figure 1) become distinct
only for n > 2; for n=1, they all collapse to the same
distribution class. The n >2 case is also structurally
different from the n=1 case because the n=1 case is
bilinear; that is, the objective is linear in both the seller’s
mechanism and nature’s distribution, and the problem
can be efficiently solved via linear programming dual-
ity as in Kogyigit et al. (2022, 2024). In contrast, for
n > 2, the objective is still linear, in the seller’s mecha-
nism but is no longer linear in nature’s distribution,
and we need to introduce new techniques to solve this
problem.

Kogyigit et al. (2024) considers a minimax regret
problem with multiple bidders and multiple items.
They also consider the first-best benchmark and the
class of DSIC mechanisms. Each bidder’s utility is
assumed to be additive in each item, and the resulting
mechanism separates across items. They also let the
distributions be arbitrary, and only bounds on the
support are known; it is straightforward to adapt our
argument from Section 4.3 to imply that arbitrary dis-
tributions for any n reduces to n=1. The optimal
mechanism exhibited in Kogyigit et al. (2024) is the
same as our optimal mechanism for F,j given in Prop-
osition 4, Section 4.3 in our paper.

The concurrent work of Bachrach and Talgam-Cohen
(2022) considers maximin revenue rather than minimax
regret, so there is no benchmark. They consider the
mechanism with the highest worst-case over the class
of ii.d. distributions with known upper bound on the
support and known mean. In the setting of our paper (in
which only the upper bound is known) the maximin
revenue is trivially zero, achieved when nature chooses
the distribution that is always zero. Furthermore, they
restrict the mechanism class to SPAs with random
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reserve and characterize the robustly optimal SPA for
every number of bidders n > 1. They prove that a SPA
is also optimal in the class of all DSIC mechanisms
whenn < 2. It remains open to characterize the optimal
mechanism for n > 3. In contrast, we show that for the
minimax regret objective, a SPA is optimal over all
DSIC mechanisms for all # > 1 and over different distri-
bution classes.

In the context of prior-independent mechanism
design, very few optimality results are available. In an
approximation ratio context, and with the benchmark
of optimal revenue with knowledge of the distribution,
initial guarantees against regular distributions are
obtained in Dhangwatnotai et al. (2015) through a rein-
terpretation of the classical results of Bulow and Klem-
perer (1996), and these are later improved in Fu et al.
(2015) and Allouah and Besbes (2020) for two buyers,
together with impossibility results. Optimality results
are obtained for two buyers with monotone hazard
rate distributions in Allouah and Besbes (2020) and in
Hartline et al. (2020) for regular distributions. We also
refer the reader to Hartline (2020) for a survey.

Our work also relates to the design of optimal pricing
and mechanisms with limited data. Some works assume
access to samples drawn from the distribution (Cole and
Roughgarden 2014, Dhangwatnotai et al. 2015, Huang
et al. 2018, Bubeck et al. 2019, Feng et al. 2021, Fu et al.
2021, Allouah et al. 2022). Other works assume knowl-
edge of summary statistics of distributions (Azar et al.
2013; Suzdaltsev 2020, 2022; Allouah et al. 2023).

Here, we focus on dominant strategy incentive com-
patible mechanisms. This is also motivated by the fact
that buyers often have limited aggregate information
about the market. We refer the reader to Chung and
Ely (2007) for a formal justification for this assumption.
Other works make different assumptions about the
buyers. For example, Bose et al. (2006) and Chiesa et al.
(2015) assume that the buyers have ambiguity sets
about the valuations or distributions of other buyers.

Robustness has received significant attention in the
mechanism design and contracting literature, and we
refer the reader to the recent survey (Carroll 2019). We
highlight here that a different form of robustness is
often also studied: robustness to the information struc-
ture such as higher order beliefs and type spaces (Ber-
gemann and Morris 2005). The concurrent work of
Che (2022) studies optimal auction design with mean
constraints that is robust in this sense. In particular,
he considers the class of arbitrary (not necessarily i.i.d.)
distributions with bounded support and known mar-
ginal means, and the objective is maximin revenue (no
benchmark). Most importantly, the seller is allowed to
use any mechanism, that is not necessarily DSIC, and
the solution concept is Bayes-Nash equilibrium rather
than dominant strategy equilibrium. The calculation of
Bayes-Nash equilibrium involves not just the valuation

distribution itself, but also the information structure,
that is, who knows what, and who knows about who
knows what, and so on (higher order beliefs). Che
(2022) assumes that nature, apart from adversarially
selecting a distribution from a distribution class, also
adversarially selects an information structure. He first
restricts the mechanism class to SPA and characterizes
an optimal distribution of reserve prices. He then
shows that the SPA is optimal among a broader class
of mechanisms he calls “competitive,” but it remains
open to show whether a SPA is optimal among all
mechanisms.

Last, there are also works on optimal robust mecha-
nisms for selling multiple goods under various objec-
tives and knowledge assumptions (Carroll 2017, Che
and Zhong 2021).

2. Problem Formulation

The seller wants to sell an indivisible object to one of n
buyers. The n buyers have valuations drawn from a
joint cumulative distribution F.> We assume that the
seller does not know the distribution of valuations of
buyers F, and only knows the upper bound of the val-
uation of each agent, normalized to one. That is, the
seller only knows that the support of the buyers’
valuations belongs to [0,1]". The goal of the seller is to
design a mechanism that minimizes her worst-case
regret given the limited information about the under-
lying distribution of valuations of buyers, where the
regret is defined as the difference between the revenue
the seller could achieve with knowledge of the valua-
tions and the ones actually garnered. With knowledge
of the valuations, the maximum revenue achievable is
given by the maximum valuation of all the buyers
max(v) = max(vy, . ..,v,). In other words, the difference
between the benchmark and the revenue quantifies
the value of knowing the agents’ valuations.

2.0.1. Seller’s Problem. We model our problem as a
game between the seller and nature, in which the
seller first selects a selling mechanism and then nature
may counter such a mechanism with any distribution
of buyers’ valuations with the admissible support.
Buyers’ valuations are then drawn from the distribu-
tion chosen by nature, and they participate in the sell-
er’s mechanism.

A selling mechanism m = (x,p) is characterized by
an allocation rule x and a payment rule p, where x:
R" —[0,1]" and p : R" — R. Given buyers’ valuations
v €[0,1]", xi(v) gives the probability that the item is
allocated to buyer i, and p;(v) is buyer i’s expected
payment to the seller. We will restrict attention to
DSIC direct mechanisms. For such mechanisms,
buyers need not make any assumptions about the
underlying distribution of valuations and will find it
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optimal to report their true valuation, independently
of the realization of valuations of the other buyers.
More formally, we require that the mechanism m =
(v, p) satisfies the following constraints:
vixi(vir v*i) - pi(vir ’071’) 2 OI VZ/ Vi, 0—j, (IR)
0ixi(0i, v-) — pi(vi,0-i) 2 vixi(0;,0-;) — pi(0;,0-)
Vir 0i, 0, vAi/ (IC)

> xi(v,o) <1 Vo (AC)
i=1

The ex post individual rationality constraint (IR) states
that each buyer i is willing to participate because his
payoff is at least his outside option, normalized to zero.
The ex post incentive compatibility constraint (IC)
states that each buyer i always finds it optimal to report
his true valuation, regardless of the valuation of other
buyers. Last, the allocation constraint (AC) states that
the seller can allocate at most one item. We allow the
seller’s mechanism to be randomized.

Throughout this paper, we will focus on the class of
all mechanisms satisfying these constraints, which we
will call DSIC mechanisms:

M ={(xp): (R), IC), (AC)}. )

Informally, the seller seeks to maximize the expected
revenue E,_p[ >}, pi(v)] relative to the benchmark asso-
ciated with the revenues that could be collected when
the valuations of the buyers are known E,.p[max(v)].
We consider the regret objective defined by

Regret(m, F) = Ey-p
i=1

max(v) - prv)]. @

After the seller chooses a mechanism m, nature then
chooses a distribution F from a given class of distribu-
tions F such that the valuation of the n agents v € R’}
are drawn from F. The seller aims to select the mecha-
nism m to minimize the worst-case regret. Our goal
therefore is to characterize the minimax regret

R (F):= sup Regret(m,F). (3)

inf

meM per
The problem is specified by the choice of the class of
mechanisms M, and the choice of the class of distribu-
tions F. As stated before, we will consider the class of
all DSIC direct mechanisms M satisfying (IR), (IC), and
(ACQC) as defined in (1).

2.0.2. Admissible Distributions. Last, we consider the
choice of the class of admissible distributions . This
class can be seen as capturing the “power” of nature:

the larger the class, the more powerful/adversarial
nature becomes. To date, when imposing no shape con-
straints in the distributions, the only available results
for this class of problems are for the regret objective
and n=1 (Bergemann and Schlag 2008), and for arbi-
trary n when the class F is the class of arbitrary joint
distributions (Kogyigit et al. 2024). Interestingly, the
minimax regret in the latter case is equal to that when
n=1. In other words, without further restrictions on its
power, nature can simply eliminate competition and
more buyers do not improve minimax regret against
arbitrary distributions.

In the present work, we consider a broad set of natu-
ral candidates for F that represent a spectrum of pos-
sible levels of power for nature. In particular, we will
consider typical classes considered in the mechanism
design literature when the distribution is assumed
to be known, ranging from the i.i.d. valuations case
to various notions of common positive dependence
structures (affiliated and exchangeable valuations and
mixtures of i.i.d. valuations) and to general exchange-
able distributions and general distributions.

2.1. Problem Formulation Discussion
Having laid out the problem formulation, we now dis-
cuss different features of the formulation.

2.1.1. Benchmark. We consider the first-best bench-
mark, the maximum revenue achievable when the
valuations are known. Another reasonable choice of
the benchmark is the second-best, the maximum reve-
nue achievable when the distribution is known. Both
the first-best benchmark and the second-best bench-
mark are extensively used in the literature, and there
is not necessarily a single universal benchmark. The
first-best benchmark has been used in the economics,
operations, and computer science literatures such as
Bergemann and Schlag (2008), Caldentey et al. (2017),
Kogyigit et al. (2024) Guo and Shmaya (2023), and
Kleinberg and Yuan (2013). The first-best benchmark
is also reminiscent of the offline optimum benchmark,
which is extensively used in the analysis of algorithms
(Borodin and El-Yaniv 2005). An advantage of the
first-best benchmark is that it is easily computable and
can be evaluated counterfactually (using the reported
values when the mechanism is DSIC).

We can show (Proposition F.6 in Online Appendix F)
that when the distribution class consists of all distribu-
tions, minimax regret against the first-best benchmark
and the second-best benchmark are equal, so the choice
of the benchmark is immaterial in that case.

When the distribution class is i.i.d., the choice of the
benchmark matters. Extending our work to the charac-
terization of the minimax regret against the second-best
benchmark when the distribution class is ii.d. is an
important direction for future work. In general, it is not
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clear a priori if it is possible to solve for the optimal mini-
max mechanism. In this paper, we were able to show
that it is possible to do so against the first-best bench-
mark through a pure saddle point approach. Character-
izing a minimax mechanism against the second-best
benchmark would require a different approach because
a pure saddle point cannot exist; we provide a more
extensive discussion in Online Appendix F.1. Instead,
one would need to identify a mixed saddle point, which
consists of an optimal mechanism and the correspond-
ing distribution over distributions, which is, at least at this
stage, a much harder object to deal with.

2.1.2. Upper Bound Information. Throughout the main
text, we assume that the values have support included
in [0,1]. This is purely a normalization for expositional
convenience. If the support is [0,b] for some known
upper bound b, then the mechanism, distribution, and
regret are all scaled by b (we formalize this in Proposi-
tion E.4 in Online Appendix E).

The motivation for the knowledge of an upper
bound on the support is that we operate in a world
with minimal or no data, and significant “Knightian”
uncertainty. In particular, we think of the upper bound
as some “minimal amount of information” that can be
collected even in the absence of data. Upper bounds
can be obtained by consulting experts, using domain
knowledge, or common sense. Some examples might
be launching a new product, or auctioning rarely
traded goods (fine art, collectibles, jewelry). In these
contexts, it might be easier or more intuitive for ex-
perts to come up with a range of values than distribu-
tional parameters such as the mean of the distribution
of values, derived quantities such as the optimal mono-
poly price, or the exact shape of the distribution.

We emphasize that the upper bound simply defines
an absolute upper bound on the feasible region of the
distributions and need not be the exact actual support of
the distribution of values. For example, the seller can err
on the side of caution and choose a conservative upper
bound. Even when the upper bound is “misspecified,”
the performance degrades gracefully with the error; we
provide an extensive discussion and analysis in Online
Appendix E.

2.1.3. DSIC Mechanism Class. Our work focuses on
dominant strategy as a notion of robustness because
this notion of robustness protects against uncertainty in
both the valuation distribution and bidder behavior. Under
dominant strategy incentive compatibility, each bidder
is incentivized to report her value truthfully regardless
of all other bidder’s behavior. This solution concept is
very compelling because the optimal bidder strategy is
simple and, therefore, predictable to the seller and bid-
ders alike, and it levels the playing field between bid-
ders with potentially different knowledge and ability

to strategize (Pathak and Sonmez 2008). In contrast, if
we further extend our mechanism class to non-DSIC
mechanisms, some bidders may behave strategically,
and how they behave will depend intricately on the
amount of their knowledge and sophistication, which
are not necessarily known to the seller. The choice of
DSIC mechanisms allows us to avoid having to make
strong assumptions about bidder behavior.

3. Analysis of Minimax Regret for

i.i.d. Valuations
In this section, we focus on the class Fq of i.i.d. valua-
tions with support in [0,1]", which we can define for-
mally as follows.

Definition 1. The class Fj;q consists of all distributions
such that there exists a distribution F with support on
[0,1], referred to as the marginal, such that F(v) =
[T, F(v;) for every v € [0,1]".

Before introducing the main result, we recall the
definition of an SPA with reserve as such mechanisms
will appear in the result. Let v =(vy,...,v,) € R} be
the valuations of the n agents and vV > v@ >...> p(")
be the order statistics. A second-price auction with
reserve p allocates the item to the highest bid (break-
ing ties arbitrarily) and charges payment max(v?, p) if
the highest bid is at least p, and otherwise, does not
allocate or charge anything. When p is drawn from a
distribution, the mechanism is a second-price auction
with random reserve price. It is straightforward that
such mechanisms are DSIC.

We are now ready to give the statement of our
main result that fully characterizes the optimal mech-
anism and optimal performance of the minimax regret
problem.

Theorem 1 (Optimal Mechanism and Optimal Perfor-
mance). The minimax regret admits as an optimal mecha-
nism a second-price auction with random reserve price with
cumulative distribution ®@), on [r;,1] given by

n-1 n—1 n—1-k
. v v 1 v
w0 (%) )Ll

wherer;, € (0,1/n) is the unique solution to

n—1 k
* - ¥ (1 r*)
1—)"" 4 log(r) + ——=0.
( ) og(r’) k; X

Furthermore, the minimax regret is given by

v=1 » n—1
Ry(Fua) = 1= = [ (1——n) o

U=r}, o

This result provides, in quasi-closed form, a minimax
regret optimal mechanism for any number of buyers
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when the valuations are i.i.d. and the corresponding
optimal performance. Quite remarkably, the minimax
optimal mechanism admits a simple structural form: a
second-price auction with reserve, but the minimax
optimal reserve price is random. We present and dis-
cuss these in detail, together with more intuition on the
structure of the optimal mechanism, in Section 5.

Remark. As we will see in the proof, the worst-case
distribution against the optimal mechanism above
happens to have nondecreasing virtual values on the
interior of its support, with a mass at the maximum of
its support. In turn, the previous result implies that
we also identified the minimax regret when restricting
attention to regular distributions with finite support.

Remark on the Case n=1. An important corollary is
the n =1 agent case, where we get the results of Berge-
mann and Schlag (2008) associated with support [0, 1]
as a special case.

Corollary 1. Suppose n = 1. We have r; = 1/e and @3 (v) =
log(v) + 1 for v € [1/e,1]. The minimax regret is 1/e.

3.1. Key Ideas for the Proof of Theorem 1
Here we detail the key ideas underlying the derivation
of a candidate minimax regret optimal mechanism. The
proof is presented in Section 3.3.

The proof relies on a saddle point argument. For-
mally, a saddle point is defined as follows.

Definition 2 (Saddle Point). We define (m*,F*) to be a
saddle point of R, (m*, F) if

er(m*/F) S R?l(m*/F*) S R?l(m/P*)
forallme M,Fe F.

If (m*,F") is a saddle point, then inf,, sup; R,(m,F) <
suppR,(m",F) < R,(m",F") < inf,R,(m,F") < inf,,sup,
R, (m,F), which allows us to conclude that R, (m*, F")
= inf,, sup; R,(m, F). Therefore, to solve the minimax
problem, it is sufficient to exhibit a saddle point and
prove the corresponding saddle inequalities. Existence
of a saddle point implies that the simultaneous-move
game between the seller and nature in which the seller
chooses a mechanism and nature a distribution admits
a Nash equilibrium.

Our approach relies on two main parts: (i) a princi-
pled method to pin down (under additional assump-
tions) what the structure of m* and F* should be, and
then (ii) verify formally that the pair (m*,F) derived
earlier is indeed a saddle point.

Our approach for (i) relies on two main steps. We
first conjecture that m* is an SPA with random reserve
drawn from a distribution ®* that admits a density.
Then, we provide an explicit formula for the regret
Ry (D, F). In particular, we show using integration by
parts that this regret admits two possible representations:

e An expression that involves only the marginal F(v)
and not its derivative. This expression will appear in
(Regret-F) in Proposition 1.

e An expression that only depends on @ and not its
derivative and is explicitly linear in ®. This expression
will appear in (Regret-®) in Proposition 1.

Based on these two alternative representations, we
heuristically derive a candidate saddle point using an
“inverse” optimization approach.

To do so, first, we use the seller’s first-order condi-
tions for an optimal distribution of reserve prices @
to derive a worst-case distribution F*. In particular,
because the regret can be seen as being linear in @ (see
(Regret-@)), if we plug-in the (unknown) worst-case
distribution F*, the first-order conditions for the seller
(under some conditions) dictate that the coefficient of
each ®*(v) should be zero whenever the optimal dis-
tribution of reserve prices @ is interior. Because this
coefficient only depends on the distribution, this gives
an equation that F* should satisfy, pinning the value
of a candidate F".

Second, we use nature’s optimality conditions for
the worst-case distribution F* to pin down the candi-
date optimal distribution of reserves ®*. The crucial
ansatz we make is that both distributions have the
same support [1*,1]. We require that the distribution F*
we derived is actually worst-case optimal for nature.
Because the regret expression in (Regret-F) only in-
volves the marginal distribution, fixing ®*, we show
that pointwise optimization leads to simple optimality
conditions for the worst-case distribution F*. By requir-
ing that the worst-case distribution is F*, we obtain
an ODE equation that pins down the distribution of
reserve prices @. Last, we show that a unique r* is pos-
sible. In Online Appendix A, we give more details on
our derivation of candidate mechanisms and distribu-
tions in the saddle point.

Finally, once we have the candidate m* = SPA(®D")
and F*, we formally verify the saddle inequalities in
Section 3.3. Importantly, the saddle verification does
not require any of the additional assumptions that we
made to obtain the candidate saddle point and so the
result yields the actual minimax optimal mechanism (in
the space of all DSIC mechanisms) and its performance.

3.2. Regret of a Second-Price Auction with
Random Reserve

Consider a second-price auction with random reserve
price distribution ®. In such an auction, first, all n
agents submit their bids v € R}, then we draw the ran-
dom reserve price p from the distribution ® and finally
the seller runs the second-price auction with reserve p
to determine the allocation and payment. We denote
such a mechanism as SPA(®P). The expected revenue of
SPA(®) is E,-p[max(v?, p)1(v') > p)]. As noted earlier,
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for any @, SPA(®) € M: the second-price auction with
random reserve mechanism is DSIC.

We will now derive the regret of SPA(®) against
the distribution F, denoted R, (®,F). We will further
assume that @ has a density and is supported on [r*,1]
because that is all we need for the proof. We will first
derive the (Regret-F) expression that is valid for any
joint distribution F. Then we will specialize to the case
when F is ii.d., and we get the (Regret-F) expression
and an alternative (Regret-®) expression.

Proposition 1. Assume that ® has a density and is sup-
ported on [r*,1]. Then the regret of SPA(®) under distribu-
tion F, denoted R,(®, F), is given by

v=r"

R (D,F) =+ — / F(v)do
v=0

v=1
+ / (1 — 00 (0) — D(0))(1 — FV(0)do
+®(v)(F (v) — F{(v))dv,

(Regret-F)

where FV(p) = Pre(vV < p) and FP(p) = Pre(v? < p)
are the Cumulative Distribution Functions (CDFs) of the
first- and second-highest order statistics, respectively, and
the subscript n is to explicitly note that we compute the prob-
ability over n agents.

If we assume that F is i.i.d. and write F(-) for each agent’s
marginal CDF, then

o=r"

R,(D,F)=r" — / F(v)'dv

v=0

v=1
+ /_ * (1 —od'(v) — D(v))(1 — F(v)")
+®(0)nF(v)" (1 = F(v))dv.

(Regret-F)

Furthermore, if we assume that F is supported on [r*,1]
and F'(v) exists on (r*,1), then

R, (®,F) =1 — /  F(o)'do

v=0

+ / 0 Fo)) 4 nF(oy!
(1 —F(v) — vF' (v))®@(v)do.
(Regret-®)

3.3. Proof of Theorem 1
We are now ready to prove our main result: Theorem 1.

Proof of Theorem 1. We define F, = (F})" to be the
iid. distribution over n valuations with marginal F;,
and F;, is the isorevenue distribution starting at r;, as

given by F,(v)=1—r;,/v for ve([r,,1) and F; (1) =1.
We also define the optimal mechanism 1z}, = SPA(®D}).
Step 1 (Nature’s Optimality). We will first prove that
R,(m},F) < R,(m},,F;), or equivalently, R,(®;,F) <
R, (D], F,). Note that @, has a density and is sup-
ported on [r},1], so R(D;,F) is given by the (Regret -F)
expression in Proposition 1. Because f O"F(v) >0, we
have

R(@;, F)
v=1
<rt [ =00~ o @) @)1 - FE)

+nF()" (1 - F(0))®:, (v)do

v=1 ko
=r;;+/ {%mm)n ! (” 1)”F( ) }cp;(v)dv

—pt
=T

=1 *
- 1
<r, +/ sup {nr“vﬂfzz”1 _m r*)vz"}q);(v)dv,
v

"
=ry, z€[0,1] o=y, i

where the equality follows from the fact that the reserve
price distribution satisfies the ordinary differential
equation (ODE-®): ()" (v) + v’(’v 177) @), (v) =1 this fact is
established in Proposition A-3. Fmally, the last inequal-
ity is a pointwise bound.

The derivative of the expression in inside the supre-
mum with respect to z is n(n — 1)z 2(v — r}, — vz) /(v —
ry,) that is less than or equal to zero for z <1 -7} /v
and is greater than or equal to zero for z>1—7; /v.
Therefore, it is maximized at z=F;(v) =1 -7, /v. As a
result,

R,(®.,F) < 1+

v=1 _
/ {nr -0 +nF (o) 1 ( 130F;(v)"}
o=r, | U— v—r

D) (v)dv = R, (D), F}).

Step 2 (Seller’'s Optimality). Now we want to show that
R,(m;,F;) < R,(m,F}). That is, if we fix the distribu-
tion to be F,, then m" achieves the lowest regret
among all mechanisms. We note that R,,(m, F,) = E,-F,
[max(v)] — Eq-p: [Y iy pi(v)]. The first term does not
depend on m and the second term is the expected rev-
enue under F, . Therefore, we want to show that m maxi-
mizes the expected revenue under F,,. Our calculation is
analogous to Myerson (1981) but we cannot use the stan-
dard results directly because F,, is a mixture of a point
mass and an absolutely continuous distribution with den-
sity, so we will work out the expected revenue expression
from first principles. The details are standard (because it
is a Bayesian mechanism design problem) and are pro-
vided in Online Appendix B for completeness. [
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4. Minimax Regret Under Various

Families with Dependent Valuations
Thus far, we characterized the minimax regret inf,,c
supp.r R,(m,F) only for the class Fjq of nii.d. agents.
In this section, we extend our framework by consider-
ing other choices of the class of distribution F that cap-
ture different notions of dependence between agents’
valuations.

4.1. Exchangeable and Affiliated Distributions

In this section, we analyze the class of exchangeable and
affiliated distributions (referred to as multivariate total
positivity of order 2, or MTP;, in statistics). The notion of
affiliation is a notion of positive dependence that was
introduced to the mechanism design literature by Mil-
grom and Weber (1982) and has since become standard.
We restrict attention to distributions that are symmetric
as, otherwise, Nature can eliminate competition by set-
ting the valuations of all but one bidder to zero.

Definition 3. A distribution F over n real valuations is
exchangeable if it has the same joint distribution
under any ordering of those valuations. Formally, a
vector of random variables v = (vy, .. .,v,) is exchange-
able if for any permutation ¢:{1,2,...,n} = {1,2,...,
n}, the random variables (v,(1), Us(2), - - -, Uo(n)) and (vy,
..., Uy) have the same joint distributions. A joint distri-
bution F is exchangeable if the corresponding random
variable is exchangeable.

To give a formal definition of affiliation, we need a
few auxiliary definitions.” First, a subset A of R" is
called increasing if its indicator function 14 is nonde-
creasing. Second, a subset S of R" is a sublattice if its
indicator function 1s is affiliated, that is, for any
v,0' €5, we have vAv €S and vv v €S, where v A
v = (min(vy,v}), ..., min(v,,v),)) and v v o’ = (max(vy,
v}),...,max(vy,,v;)) denote the component-wise mini-
mum and maximum of v and v’, respectively. For a
distribution F and sets A and S, we write Prg(A|S) as
the probability that a random variable drawn from
the conditional distribution F restricted to S is in A.

We can now give the definition of affiliation.

Definition 4. A distribution F is affiliated if for all
increasing sets A and B and every sublattice S, Prp(A
N BIS) > PI‘F(A|S)PI'F(B IS)

The following property of affiliation is well known
(Milgrom and Weber 1982, theorem 24) and we will
use it throughout. Assume that the distribution F has a
density f. F is affiliated if and only if f satisfies the affili-
ation inequality f(v)f(v") < f(v A v")f(v v ©’) for almost
every v,v’. If F is a discrete distribution, the same rela-
tionship holds when we interpret f as the probability
mass function.

We denote by F, the set of all exchangeable and
affiliated distributions with support [0,1]". Clearly

Fiia C Fage and hence R, (Fag) = R, (Fuq). We are now
ready to state our main result of this section.

Proposition 2. Let m, be a SPA with reserve CDF @), with
the corresponding r;, as given by Theorem 1, and F;, be the n
ii.d. isorevenue distributions with r,, as given in (F-IsoRevenue).
Then for any exchangeable and affiliated distribution F over
n agents and any mechanism m, R,(m’,F) < R, (m},F}) <
Ry, (m, F,). Therefore, R, (F &) = R, (Fiid)-

Before we proceed to the formal proof, we give
some high-level idea on the forces behind the result.
Fixing the marginal distributions, increasing depen-
dence should increase revenue of a SPA because the
second highest valuation would tend to be closer to
the highest valuation. One also needs to understand
the impact of increasing dependence on the bench-
mark. For affiliated distributions, we show in Lemma 1
that the distribution of the first-order statistic is first-
order dominated by the maximum of » iid. copies.
Our result uses this to establish that the worst-case dis-
tribution of nature isi.i.d.

Proof of Proposition 2. We have already shown in the
second part of the proof of Theorem 1 that R,(m],
F) < R,(m,F,), so we only need to show the first
part, which is R, (®;,F) < R,(®;,F;,). In the proof, we
will work with order statistics of the distribution over
a subset of agents, defined as follows.

Definition 5. Let F be an exchangeable distribution
and 1 <k < n. Any restriction of F to k valuations
leads to the same distribution regardless of which k
specific valuations we choose. We can then define F;{l)
to be the distribution of the jth highest order statistics
under such a restricted distribution. For example,
F;cl)(p) = Pry-p(max(vy, vy, ...,0) < p).

We first prove the following lemma.

Lemlma 11. If 11" is exchangeable and affiliated, then F,(})(p)l/ "
>, (p)"/" for every p.

Proof of Lemma 1. Theorem 23 in the appendix of Mil-
grom and Weber (1982) implies that if v ~ F such that F
is affiliated, and hy, ..., h, are nondecreasing functions
of v, then h(v),...,h,(v) are affiliated. Therefore, if
we define the random variables Yy = 1(v; > p) for each
k, then Y =(Y3,...,Y,) are affiliated. Because v is ex-
changeable, so is Y. By exchangeability, we can define
foreachO <k <nandye{01}", Pr(Y=y)=u, ify=
(Y1, ...,yn) has k ones and n — k zeros. We use the nota-
tion 1, for one repeated k times and likewise for O;. The
affiliation inequality for Y implies, for0 < k <n—1,

Pr(Y = (1,0, —))Pr(Y = (0, 1,0, 1))
< Pr(Y = (Tgs1, 04—k—1))Pr(Y = 0,),

or uguy < upqp. We can apply this inequality induc-
tively to get wubt>ut for every 1 <k < n. From
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> Pr(Y=y) =1, we have uo + > e (Z)uk =1 because
there are (Z ) possible ys that have k ones. Therefore,

FOp) = uy =gt ( +> <k)>
k=1

n

n

Zug-l- (k>u6’ K k (1/{()+u1)
k=1

=F.(p)".

Back to the main proof. Using the regret expression®
from Proposition 1, we have

p=1
R@, D) < r+ [0 p@) () - 0
P=rn

(1 = FP(p))dp + @, (p)(FP (p) — FP(p))dp.

David and Nagaraja (2003), equation 5.3.2, states that
the distribution of the second-order statistics satisfies
(in our notation)

() = nF) () — (1 = DE(p)
The defining Ordinary Differential Equation (ODE) of
D} is
(n=1)r;,
plp-r)
Substituting the expressions for FE,Z) (p) and (@) (p) in
the previous inequality gives

P ((n D,

(@) (p) = @, (p)-

%
_rn

R(D;,F) <7, +/

_—
p=ry

1) ()1~ FV(p)

+n®, () (EL (p) — FO(p))
1 o * o
e [ (BB g,
p=ry, p—r, p—r,

+nP(”1<p>>q> (p)dp.

No(w g\/ze apply Lemma 1, which gives F(l) (p) < FD
(p)n 1)/n

1 . 3 _
R@, <+ [ (U U
p=ry p—r p—

n ri’l

+nFP ()" ) @;, (p)dp

! —-r -1
< r;+/ sup (n )f”—l—(n sz
p=rizef0,1]1| P~ Tu p—r,

+nz D/ }(I):,(p)dp.

The derivative of the expression inside the supremum
with respect to z is — (n— 1)’7 +(n— 1)2’1/ " which is less
than or equal to zero for z 5 (Eh ) = Fi(p)" and greater
than or equal to zero for z > F},(p)". Therefore, the expres-
sion is maximized when z = F; (p)", giving us

1 _ £ _
Ru(®,F) <7, + / ( Df" R 12PF;(p)”
p=ry p—- Tn p— rn

+ nFZ,(p)“) @, (p)dp = R,(P;, F;,)

asdesired. O

4.2. Mixture of i.i.d. Distributions

In this section, we consider another common class of
distributions that captures positive dependence. We
consider the class Fnix of all mixtures of i.i.d. distribu-
tions over n agents. The mixture of i.i.d. class is very
common in statistics as a way to flexibly model depen-
dences through latent variables (McLachlan et al. 2019),
which is interpretable in our mechanism design context
as unknown random states of the world.

Definition 6. Let F i« be the class of all distributions F
such that there exists a probability measure y on the
set of distributions satisfying F(v) = [T, G(v;)du(G)
for every v.

In the previous definition, G is the i.i.d. distribution
that n agent valuations are drawn i.i.d. from, and u(G)
is the weight of G in the mixture that comprises F.
Mixtures of ii.d. have pairwise nonnegative covari-
ance, that is, if v ~F € Fix, then Cov(v;,v;) 20 for
every i, j.” Therefore, the class Fix also captures posi-
tive dependence.

The classes Faf and Fmix, while both capturing pos-
itive dependence, are not “comparable” in the sense
that one is not contained in the other, as formalized
here.

Lemma 2. We have that F it © Fnix and Fmix © F ast-

In the proof of Lemma 2, we construct an explicit
example of a distribution that is affiliated but not a mix-
ture of i.i.d. and another example of a distribution that
is a mixture of i.i.d. but not affiliated.

Clearly Fig C Fmix and hence R, (Fmix) = R, (Fiid)-
The main result of this section is as follows.

Proposition 3. We have R; (F mix) = R;,(Fiia)-

This equality holds because the class of mixtures
F mix is the convex hull of Fji4. Therefore, if we interpret
the minimax problem as a game between nature and
the seller, under Fp,x, nature can choose a strategy ran-
domizing over Fjq, whereas under Fjq nature must
choose a pure strategy. However, because nature goes
second in the sequential game, there is an optimal pure
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strategy. This follows because nature’s payoff is linear
in its action, that is, the distribution. The formal proof is
given in Online Appendix C.

4.3. Exchangeable Distributions and All
Distributions

In this section, we consider the class F ¢y of all exchange-
able distributions and the class F,; of all distributions.
Clearly Fex € Fan and hence R (Fan) = R}, (Fexc)- The
main result of this section is that R} (Fex) = R, (Fan)
=1/e, which is independent of n. This result is a slight
generalization (in the case of one item) of Kogyigit et al.
(2024), who proved a similar result on F,;. In the pre-
sent case, the result emerges from the same framework
as the rest of the paper. The proof is given in Online
Appendix C.°

Proposition 4. Foreach k=1,...,n, let F** be a distribu-
tion on [0,1]" such that for v ~F**, v; = 0 for any i #k,
and vy follows the isorevenue distribution on [1/e,1], that
is,

0 if v €[0,1/e]
Fon =4 1- L if oee[l/e1)
ey
1 l:ka=1.

Let FF=1%" F* be the uniform mixture of all the F**s.
Let m* = SPA(®") such that O is supported on [1/e,1]
and is given by

D*(p) =log(v)+ 1 forp e [1/e,1].

Then, for any mechanism m and distribution F € Fy, Ry
(m*,F) < Ry,(m*,F*) < R, (m,F*). Moreover, R, (Fexc)=
Ry (Fan) = Ry(m*,F*) = 1/e because F* is exchangeable.

This proposition shows that for any #, the minimax
regret with respect to either F, or Fex is 1/e. This is
the same value as the minimax regret with respect to
Fiia with n=1in Corollary 1. Furthermore, the optimal
mechanism in this case is the same as the optimal

mechanism for Fiq with n=1, and the worst-case dis-
tribution is of the form: select an agent uniformly at
random such that this agent has the same isorevenue
distribution as the n=1 case, and all the other agents
have zero valuation. These are the formal correspon-
dences that we previously alluded to when we say that
under F,; and Fey, nature eliminates all competition
and any n reduceston=1.

5. Minimax Optimal Mechanism and

Performance: General Insights

Now that we derived the optimal mechanism, the opti-
mal performance, and the worst-case distribution for
the minimax regret, in this section, we explore the
structure of the optimal mechanism, compare the per-
formance with “natural” alternative mechanisms, and
evaluate the value of competition. We do so for the
cases of i.i.d., exchangeable and affiliated, and mixtures
of i.i.d. distributions.

5.1. Structure of the Optimal Mechanism

Through our analysis, we obtain the first minimax
regret results for an arbitrary number of buyers across
a spectrum of distribution classes. In Figure 2, we illus-
trate the saddle point. On the left part of the figure, we
depict the distribution of the reserve price @) associ-
ated with the saddle point, and on the right part, we
depict the corresponding worst-case distribution Fj,.
We observe that as n increases, the distribution of
reserves decreases in the first-order stochastic domi-
nance sense. This is expected because, as competition
increases, the role of reserve prices diminish. We also
note that the seller sets reserve prices with positive
probability even in the limit as competition increases.
As we will discuss later, nature can counter the seller
by limiting the effective competition, even if the num-
ber of buyers is large. In turn, the seller continues to use
positive reserve prices.

Figure 2. (Color online) Optimal Reserve CDF @, and Worst-Case Distribution F;, for Minimax Regret as a Function of n
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5.2. Optimal Worst-Case Performance vs. Alter-
native Mechanisms

5.2.1. Performance of Alternative Mechanisms. It is
also instructive to compare the minimax regret to the
worst-case regret under “natural” mechanisms. We will
consider two such mechanisms: SPA without reserve
and SPA with optimal deterministic reserve. We derive
the worst-case regret under these mechanisms in the fol-
lowing proposition, whose proof is given in Online
Appendix D.

Proposition 5. The following results hold for all of Fiq,
Fatt, Fmix- For n > 2, the worst-case regret of SPA(r), the
second-price auctlon with fixed deterministic reserve r, is
((1( : ’)r)(: rli - for r < L and r for r > 1. For n = 1, the worst-
case regret is max(l —1,7). Therefore the worst-case regret
of the SPA with no reserve SPA(0) is 1 for n = 1 and
(=" ! for n> 2. If we can choose the reserve r to mznzmzze

n
the worst-case regret, the optimal reserve is 1* =5 with

regret ()"

As expected, the worst-case regret of the optimal
SPA with deterministic reserve with n agents is greater
than the worst-case regret for SPA with no reserve with
n agents. Moreover, as n — oo, the optimal reserve
price converges to zero, and the limiting worst case
regret with and without reserve converge to the same
value of 1/e, which is the regret over all distributions.

In contrast to the optimal mechanism, there is no
single optimal worst-case distribution for the optimal
second-price auction with reserve but instead a sequence
of worst-case distributions whose regret converges to
the worst-case value. This follows because the presence
of a fixed reserve price introduces a discontinuity in the
revenue of a second-price auction as a function of the
distribution. To wit, in the Fjq case, for the optimal
reserve price r* = 1/(n + 1) and € > 0 small enough, con-
sider the two-point distribution that puts mass on one
with probability 1/(n + 1) and on #* — € with probability
n/(n+1). The regret of this sequence of distributions
converges to the optimal regret as e | 0. Intuitively,
nature counters the second-price auction by placing an
atom immediately below the reserve price to maximize
the revenue loss when the reserve price is not cleared
and another at one to maximize the difference between
the first- and second-highest valuations.

Interestingly, the worst-case regret of a SPA with
optimal deterministic reserve with n agents is equal to
the worst-case regret for SPA with no reserve with n + 1
agents. This result has a similar flavor with the classic
result on auctions versus negotiations of Bulow and
Klemperer (1996).”

5.2.2. Comparison. Next, we compare, for each value
of 1, the optimal worst-case regret to that of SPA(0) and
a SPA with optimal deterministic reserve price. The
results are presented in Table 2.

Table 2. Worst-Case Regret Under the Optimal Mechanism
in Comparison with SPA for Each n

n OPT SPA(0) SPA(r)
1 0.3679 1.0000 0.5000
2 0.3238 0.5000 0.4444
3 0.3093 0.4444 0.4219
4 0.3021 0.4219 0.4096
5 0.2979 0.4096 0.4019
10 0.2896 0.3874 0.3855
25 0.2847 0.3754 0.3751
0 0.2815 0.3679 0.3679

Note. OPT, optimal mechanism; SPA(0), SPA with no reserve;
SPA(r*), SPA with optimal deterministic reserve.

We observe that despite the fact that nature counters
competition, as discussed earlier, there is significant
scope for optimization and the worst-case perfor-
mance can be significantly improved when moving
from SPA(0) or SPA(r*) to the optimal minimax mecha-
nism. For example, with three buyers, the optimal
mechanism leads to an improvement of more than
25% compared with the alternative mechanisms.

5.3. On the Value of Competition in a Minimax
Regret Framework

The previous section shows the minimax regret for dif-
ferent values of 1. As expected, the regret decreases as
n increases, which highlights the value of competition
for the seller. However, we observe that the value of
competition has diminishing returns. For example, in
Table 2, we can see that the minimax regret from n=1
to n=2 decreases by 12%; from n=2 to n=3, 4.5%;
fromn=3ton=4,23%; from n=4ton=>5,1.4%. The
limiting minimax regret as n — oo is strictly positive.
This is formally captured in the following corollary that
characterizes minimax regret performance as n — co.

Corollary 2. We have lim,,_,.on7;, = ¢, where c = 0.434818
is a solution to e~ — ["=dx =0. The regret R,(®;,F;)
converges to a constant e~ — [, le~c/7dy ~ 0.281494. Fur-
thermore, the optimal mechanism ®;, converges in distribu-

tion to O given by

O (v) = /m%exp(—g(x— 1))dxfor vel0,1].
1

It might seem surprising at first that increasing compe-
tition in a setting with bounded i.i.d. valuations does
not lead to a vanishing regret as competition increases.
However, it is important to note the following. (i)
Nature can select a distribution that indirectly limits
the “effective” competition when 7 is large, and (ii) the
benchmark in the regret is the best revenues one could
obtain without information asymmetry. Indeed, in the
present framework, nature selects a distribution that
depends on 7. It is possible to show that asymptotically
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the distribution associated with the saddle point puts
mass of order @(1/n) at one and significant mass around
zero. For large n, under the optimal mechanism, the fun-
damental contribution to regret under the worst-case
distribution is as follows: With high probability, there is
at most one agent that has a valuation significantly dif-
ferent from zero, so the mechanism cannot use other
agents as a competitive benchmark. In other words,
the choice of the worst-case distribution negates a large
part of the effect of competition. A related phenomenon
explains the behavior of the worst-case performance
under the alternative mechanisms. Finally, although the
choice of the benchmark impacts the limiting value of
regret, the observation that regret does not vanish as the
number of buyers increases is robust to the choice of the
benchmark. For example, in Proposition F.7 in Online
Appendix F, we show the minimax regret against the
second-best benchmark (optimal revenues with knowl-
edge of the distribution of values) is at least e 2~0.1353,
regardless of the number of buyers.

6. Conclusion
In this paper, we analyze the fundamental problem of
optimally selling an item to an arbitrary number n of
buyers without the common prior assumption. Knowing
only an upper bound on the buyers’ valuations, the seller
selects a DSIC mechanism that minimizes the worst-case
regret between the mechanism revenue and the bench-
mark revenue when the buyers’ valuations are known.
We consider a broad range of classes of admissible distri-
butions: i.i.d., mixtures of i.i.d., exchangeable and affili-
ated, exchangeable, and all distributions. We show that
the first three have minimax regret values that depend
on n and exactly characterize the optimal mechanism
and performance for each 11, whereas the last two reduce
to the case n =1, that is, the no-competition case. Taken
together, these results show the strength (or lack thereof)
of different distributional class assumptions and quantify
the value of competition in the minimax framework.

There are many natural directions for future work.
One potential direction is to consider other bench-
marks, especially the second-best benchmark defined
by the maximum revenue achievable by the optimal
mechanism that knows the distribution F but not the
buyers’ valuations. This benchmark captures a differ-
ent layer of information asymmetry: it captures the
value of knowing the buyers’ valuation distribution,
whereas this paper’s benchmark captures the value of
knowing the buyers’ valuations. We discussed the first-
best versus second-best benchmarks in Section 2.1 and
Online Appendix F.1, and we expect that novel meth-
odological approaches are required to deal with the
second-best benchmark.

Another direction is to consider the impact of side
information. In this paper, we consider the setting with

minimal knowledge (only the upper bound on the
valuations is known). In practice, although we do not
have complete knowledge about the environment,
we often do have partial knowledge. This partial knowl-
edge about the distribution might be the mean or
other moments (Bachrach and Talgam-Cohen 2022,
Che 2022, Kleer and van Leeuwaarden 2022, Wang
et al. 2024), the median or other quantiles (Allouah
et al. 2023), or samples from the ii.d. distribution
(Huang et al. 2018, Allouah et al. 2022), or the shape of
the distribution (such as regularity or monotone haz-
ard rate). How to incorporate additional side informa-
tion into the robust framework is mostly an open
question, but it can be a bridge to bring the robust the-
ory closer to practice.

While in the setting studied in this work, only mini-
max regret is nontrivial, with other forms of partial
information mentioned earlier all of minimax regret,
maximin ratio, and maximin revenue are nontrivial.
Developing new methodologies to unify these objec-
tives and better understand the tradeoffs between them
should be a fruitful agenda.

Another related avenue is to develop mechanisms
that optimally tradeoff robust guarantees when the
additional information is correct and when it is not, as
in the emerging area of algorithms with predictions/
advice (Mitzenmacher and Vassilvitskii 2021).

The other natural direction is to consider different
notions of robustness and equilibrium concepts for
buyers. Although the class of DSIC mechanisms has
its advantages in robustness and simplicity (as dis-
cussed in Section 2.1), there are nontruthful mecha-
nisms, such as first-price auctions, that are used in
practice, and it will be useful to have a way to robustly
design them as well.

Endnotes

" In the i.i.d. case, we do not impose shape restrictions on the distri-
bution such as regularity. However, as we will see later, the worst-
case distribution is regular, so the minimax optimal mechanism is
exactly the same under the class of regular ii.d. distributions (see
Remark after Theorem 1).

2 Throughout, we use bold to denote joint cumulative distributions or
vectors.

3 We follow the treatment in the appendix of Milgrom and Weber
(1982).

* To prevent confusion, we remind the reader that F{") is the CDF of
the first order statistics of F over 1 agents, whereas F;, is the i.i.d. isore-
venue distribution starting at r;, and is not related to the generic F.

5 Proof: denote by m(G) the mean for marginal G, then by the law of
total covariance, Cov(v;, ;) = Varg(m(G)) = 0.

© We also omit the subscripts of F*,m*,®",7* in the proposition and
proof to reduce conflation with the analogous quantities from the i.i.d.
case and to reduce clutter.

7 An important difference is that in our setting, the worst-case distri-
bution changes (nature is allowed to react to the mechanism), whereas
in Bulow and Klemperer (1996), the distribution is fixed.
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Electronic Companion:
On the Robustness of Second-Price Auctions

in Prior-Independent Mechanism Design

Jerry Anunrojwong', Santiago R. Balseiro?, and Omar Besbes?.

A Deriving Candidate Mechanisms and Distributions

In this section, we derive candidate mechanisms and distributions. To do so, we will make additional
assumptions. We highlight here that this section does not directly imply that we have a saddle point, but
provides a “guided search” for a saddle point. In Section 3.3, we provide a formal verification that the

candidates obtained here are indeed a saddle point for the original problem.

A.1 Deriving Candidate Saddle Points

In the next result, we establish that under some conditions, the worst-case distribution in a saddle point has

to satisfy a particular ordinary differential equation (ODE).

Proposition A-1. Suppose that the problem infg [supg R, (P, F)] has an interior solution ®* which has a
density and is supported on [r*,1], and is such that the problem supg R, (®*, F') over i.i.d. F has a unique
solution F* with marginal F*. Then F* satisfies the following ODE for v € (r*,1):

1—F*(v) —v(F*) (v) =0.
Proposition A-1 suggests that if a SPA is minimax optimal, then the worst-case F'* in the saddle should

satisfy 1 — F*(v) —v(F*)'(v) = 0 for v € (r*,1). Together with the initial condition F"*(r*) = 0, the solution
to this ODE is

0 if v e [0,7%]
F*(v)=91—r"/v ifve[rl) (F-IsoRevenue)
1 ifo=1

Note that F*(17) = lim,4 F*(v) = 1 —r*, so there is a point mass of size r* at v = 1. This distribution
corresponds to an isorevenue distribution because if the willingness to pay distribution follows this distribu-
tion F*, then under any posted price p € [r*, 1), the revenue is the same and is given by p(1 — F*(p)) = r*.

Next, we fix the distribution to be of the form above, and ask what candidate mechanisms could lead to

a saddle point in the class of SPA with random reserve. In other words, is there a SPA with random reserve

!Columbia University, Graduate School of Business. Email: janunrojwong25@gsb.columbia.edu
2Columbia University, Graduate School of Business. Email: srb2155@columbia.edu.
3Columbia University, Graduate School of Business. Email: ob2105@columbia.edu.
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such that F* maximizes its regret? We establish that if there is such a reserve price distribution, then it

must satisfy a particular ODE.

Proposition A-2. Fiz r* € [0,1]. Let F* be given by (F-IsoRevenue) and ®* be a CDF of a distribution
that has a density and is supported on [r*,1]. Suppose that F* is the unique solution to supp R, (®* F).
Then ®* satisfies the following ODE for v € (r*,1):

Ny O (ODE-®)

This ODE uniquely describes ®* as a function of r*. The final question left is the candidate value of r*.
The initial condition ®*(r*) = 0 uniquely determines the only possible value of r*.
The next result characterizes, in quasi-closed form, a solution to the ODE to determine the functional

form of ®*, the value of r*, as well as the value of the regret under the candidate saddle point.

Proposition A-3. Let r’ € (0,1/n) be the unique solution to

n—1 o k
(1_T*)n—1+log(r*)+z (1 - )

k=1

=0.
Then the function ®F(v) given by

v n—1 v n—1 1 v n—1—k 00 1 /v—r k—(n—1)
* _ _ n
no-(5) w()-Riem) X ()

satisfies the ODE (ODE-®) as well as ®%(r%) =0 and ®%(1) = 1.

Furthermore, under the isorevenue F, given by Ff(v) =1 —1%/v forv € [rf,1) and F}(1) = 1, the

regret is given by

v=1 x\ n—1
Rp(®F, F%) = (1 — )1 f/ (1 — ’"n> dv.

- v
v=r}

The above yields a candidate saddle point for the original problem. We next provide a formal verification
that the mechanism obtained minimizes the worst case regret among all mechanisms (and not only SPA
mechanisms), and that the candidate distribution is indeed the worst-case distribution against this candidate

mechanism.

App-2



B Proofs and Discussions from Section 3 and Appendix A

Proof of Step 2 (Seller’s Optimality) from Section 3.3. Because (x,p) is dominant strategy incentive com-

patible, Myerson [1981] gives the following payment characterization

V=0,
pi(vi, v—;) = pi(0,v_;) + viz;(vs, v_ z)_/ x; (0, v—;)dv;
;=0

Individual rationality requires that p;(0,v_;) < 0. Because the seller aims to maximize revenue, it is

optimal to set p;(0,v_;) = 0. We can then write, for fixed v_;,

v;i=1 _ %
T *
EUWF;; [Pz(’vﬂ = / 7Pi(viﬂhi)dvi + Tnpi(vi = 171?71')

i=Tp 72

vi:1 7,* ’57;:1)7;
n - -
:/ - Uﬂi(vm’v—i)*/ 2404, v_3)d0; | dv;
v;=ry, Ui ;=0

*
n

vi=r), vi=1
+r (xi(vi =1,v_;) —/ zi (v, v_;)dv; —/ Jﬂz‘(vz‘7v—z‘)dvi>
v;=0 vi=rk

n

We can compute the double integral as follows

v;=1 V;=v; r*
Tn ~
/ / 2% 0, v_)dvidv;
vi=r} Jv;=0 7,
vl_r vl_l ;=1 vl_l
/ / i(Ds, v _i)dv;dv; + / / (s, v_;)dv;dv;
;=0 V=T, U V=% Jv;=0;
vi=ry vi=1 ’
* n
/ (1 =rp) @i(vi, v—)dv; +/ ( - rn) i (vi, v_;)dv;
v; =0 vi=r} (%

Substituting this expression gives

vi=ry,

Eopmo s [pi(0)] = riaa(vi = 1,0_3) — / 2405, v_2)do;

i=0

Taking the expectation of the above over v_; ~ (Fy;)"~! gives agent i’s revenue E,,(p+)n[pi(v)]. Therefore,

the objective is

ZEv~(F*) [ ,( )] T*ZE ~(Fyn— 1[331( v, = =1 U_l)] —Z/ /Ev_ i~ (Fryn— 1[.131(1)1, )]dvl
1 v

i=1 i=1 i= =0

Given that z; has to satisfy the constraints z;(v) > 0, Vi,Vv € [0,1]" and Y ., x;(v) < 1Yo € [0,1]",
the objective is maximized if and only if for any nonempty set S C {1,2,...,n} the following holds:

(i) ifv; =1foriec Sandv; € (r),1) fori &S then ), gxi(v) =1and z;(v) =0 fori ¢ S, and

(i) for every i if v; < r} and v; > r}; for all j # ¢ then z;(v) = 0.
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In words, (i) if there is at least one buyer with valuation 1 and every buyer’s valuation is above 7, then the

mechanism allocates with probability one and can only allocate to agent(s) with valuation 1; (ii) if a buyer’s
valuation is below r;; and all other buyers’ valuations are above 7}, then that buyer is never allocated. It is

clear that a second-price auction with random reserve drawn from a CDF &} with a density and supported

*
n?

on [r¥ 1] corresponds to an allocation rule that satisfies the above condition, so the mechanism is optimal,

and the saddle inequality is proved. O

Proof of Proposition 1. Because ® has a density ¢, the regret of SPA(®) at the valuation vector v is given
by

v —Epee {maX(v@),p)l(v(l) > p)}

p=v? p=ov®)
— o ( / @ (p)dp + / p¢<p>dp>
p=0 p=v(2

(1)
e Py
= o0 + ezt - [ W’dp}
p=v
pv®
o) W) + / B(p)dp
p=0(®

Therefore,

Rp(®, F) = Eyr [v(l) _ u<1><1>(v<1>)] 4 Byor

p=vD)
/ q’(p)dp}
p=0v(®
We will compute the two terms separately. We capture the calculation of the first term in the following

lemma.

Lemma B-1. Let h(v) be a continuous function that is differentiable everywhere except perhaps at v = r*,

and G be a distribution on [0, 1], then we have

5

[ hwdG) = h066) + [ K66 - G
v€e(0,1] v=0
v=1
+ h(r*)(G(1) = G(r*)) + /: ) R (v)(G(1) — G(v))dv

Proof of Lemma B-1. We have

/U o M) = / o (h(0)+ / . h(ﬁ)dﬁ) dG(v)



where the first line holds by the fundamental theorem of calculus, and the second line holds by Fubini. There-
fore, fve[O -+ (v)dG (v) is equal to the expression in the first line of the lemma. Similarly, fve(r* 3 (v)dG(v)

is equal to the expression in the second line of the lemma. Finally, [ | h(v)dG(v) is the sum of those two

velo,1
terms. O

We let h(v) = v — v®(v) and G(v) = F(v) in Lemma B-1 to get that the first term of the regret is

e FOY(v)dv + /M(l — ®(v) —v®' (v))(1 — FY(v))dp
=0 v=r*

Eyor [U(l) - U(l)q)(v(l))] =r" —/

Now we compute the second term.

—» (D)
Eor / ®(p)dp :/ / o(p)1(v® < p < v)dpdF (v)
p=v(2) ve[0,1]" Jpe(0,1]
v=1
N / / ®(p)1(v? < p < vM)dF (v)dp = O(v)(F\P (v) = 'V (v))dv
p€[0,1] Jve[0,1]” v=r*

where the last equality holds because ® has support on [r*,1]. Adding up the two terms, we get the
(Regret-F') expression.

Now we assume that F is i.i.d., then F(v) = F(0)" and Prp(v® < v < o) = nF(v)"1(1 - F(v)),
so we get the (Regret-F') expression.

To derive the (Regret-®) expression that is linear in ®, we can use integration by part to transform the

term involving ®'(v) into an expression linear in ® as follows.

/U= v(1 = F(v)")® (v)dv

—pr*

v=1
— (- FoMR@lS - [ (- For)ee)ds

—px U

v=1
= —/ (1—F@)" —nvF ()" ' F'(v)®(v)dv
Plugging this into the (Regret-F') expression, we get the (Regret-®) expression as desired.

O

Proof of Proposition A-1. Define h(®) = supg R,(®, F') to be the worst-case regret for a distribution of
reserves ® and Zo(®) = {F : R,(®, F) = supp R,(®, F)} the set of optimal worst-case distributions for ®.
From the (Regret-®) expression given in Proposition 1, R, (®, F') is linear. Because the pointwise supremum
of linear functions is convex, we have that h(®) is convex in ®. Since we assumed that Zy(®*) = {F*},
Danskin’s theorem then implies that A is differentiable at ®*, and the derivative of h at ®* is given by
%(CI)*) = %(@*, F7). Therefore, we must have %(@*) = 0 since h is convex and has a minimum at ®*,
which implies that aalfb" (®*, F*) = 0. Because R, (®, F*) is linear in @, this means the coefficient of ®(v) in
R, (®, F*) should be zero for v € (r*,1), which implies 1 — F*(v) — v(F*)'(v) = 0 as desired. O
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Proof of Proposition A-2. We note that the (Regret-F') expression for R, (®*, F')

v=r"* v=1

r*— / F(v)"dv + / A= v(®*) (v) — ®(v))(1 = F(v)") + ®*(v)nF(v)" (1 — F(v))dv
v=0 v=r*

involves F'(v) only. To maximize this expression we can set F'(v) = 0 for v € [0,7*]. We can further maximize

the integrand for v € [r*, 1] pointwise. We have the constraint that F'(v) must be nondecreasing, but because

the unique optimal solution is F* which is strictly increasing, this monotonicity constraint must not bind,

and the pointwise optimization procedure must give F'* as a solution. Taking the derivative of the expression

under the integral with respect to F'(v) gives

(1 =% (v) = v(®") () (=nF (v)" ") + n®*(v)((n = DF ()" = nF(0)""") =

Hh=o
(14 (n—=1)2"(v) = v(®*)' (v))(1 = F(v)) =1+ v(®")' (v) =0

From the previous subsection, we want ®* to be such that the optimal F' from this is F*(v) =1 — % for

v > r*. Substituting this gives

(n—1)r*
v(v —r*)

(@) (v) + o*(v) = % (ODE-®)
as desired. O

Proof of Proposition A-3. We will sometimes omit the star and the subscripts for simplicity. We solve the
ODE with the integrating factor method. With the ODE of the form ® + ¢g® = h where g and h do not
depend on ®, we multiply both sides by the integrating factor I := exp ( Ik gdv) which has the property
I' =gI,s0 (I®) =19 + gI® = Ih. In our case, the integrating factor is

o] ) [ 2220 ()

A n—1
If we multiply by (%) on both sides we get

() ] (5)

Now we integrate on both sides. Using the change of variable w = (v — r*) /v we can integrate the right

hand side as follows

n—1

1 fv—1r* n—l wn—L wk
- - - “log(1 — w) — il
/v ( ” ) dv / = wdw const — log(1 — w) Z .

k=1
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Therefore, there is a constant ¢ such that

v —r* n*l@()_ +1 (i)_n 11 v —r* k
v vy =eTios r* lk v

k=

We will now determine the constant ¢. Using ®(r*) = 0, letting v | r* we get that the left hand side

goes to 0 and the right hand side goes to ¢, so ¢ = 0, and we have

o= () e (2)-Si ()

We can check that the left hand side as a function of r* is increasing on r* < 1/n, is decreasing on
r* > 1/n, goes to —oo as 7* | 0, and goes to 0F as r* 7 1. So this equation has a unique solution in (0,1/n).

Lastly, we can derive the regret expression by direct calculation. O

C Proofs and Discussions from Section 4

Proof of Proposition 3. If F' is i.i.d. with marginal F', then we will write R,,(m, F) = R(m, F'). Then, if F
is a mixture of i.i.d. distributions G ~ pu, we have R, (m,F) = Eg~, [R(m,G)]. What we want to prove
R (Fmix) = Rn(Fia) is equivalent to

inf sup Eg.., R(m, G) = inf sup R(m, F).
m o m o

For each G, R(m,G) < supp R(m,F), so Eg,R(m,G) < supp R(m, F) for every u. Therefore,
inf,, sup,, Eg~,R(m,G) < inf,, supp R(m, F).

Conversely, take any € > 0. By the definition of sup, for any m there exists a F}, such that sup F R(m, F)<
R(m, F,,,) + €. Therefore, inf,, supy R(m, F) < inf,, R(m, Fy,) + € < inf,, sup,, EgopR(m, G) + ¢, where the
last inequality holds because we can take p to be the distribution that puts all the weight on F,,. Since

€ > 0 is arbitrary, our desired equality is proved. O

Proof of Proposition 4. We will first show that R,(m*, F) < R, (m*, F*). By symmetry, R,(m*, F*") =
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R,(m*,F*"), so R,(m*,F*) = Eyup-Rp(m*,v) = 130 R, (m*, F**) = R, (m*, F*'). Therefore,
equivalently we need to show that R, (®*,v) < 1/e and that equality holds when v is on the support of

F*!. We have already derived the pointwise regret expression:

p=vD)

Ro(@7,0) = 000" (00) 5 [ )y
p=0(®
We consider 3 cases.
Case 1. vV > 1/e > v® | then
p=v®
Ro(@,0) =010 o0 (log(o®) + 1)+ [ (log(p) + Didp
p=e—1/2

—p(®
= o — oW (1 +1og(v)) + [(plog(p) —p) +pl)_; . = 1/e
Case 2. v > v > 1/e, then

R (%, 0) = v — oW (log(vM) + 1) + [(plog(p) — p) + P’ = —v log(v®) < 1/e

p=v(® —

because the derivative of the last expression is —log(v(?) — 1 < 0.

Case 3. v < 1/e, then
Rn(®*,v) = v < 1/e

Next, we show that R,(m*, F*) < R,(m,F*). We argue analogously to the proof of Theorem 1 that
this is the same as showing that m* maximizes the expected revenue among all mechanisms. We also use

the Myerson’s payment characterization and do a similar calculation to get

n 1 n
Eypn p- [ZPZ(U)l = > Eypmry (v, 01 = 0)]
i=1 k=1

*

ﬂk:T

1 n
E Z <T’*Ik(vk = 17'U—k = 0) —/ xk(vk = f)k,’l)_k = O)d’L)k)
k=1

Uk =0

Therefore, the expected revenue is maximized if and only if for every k, ap(vp, = 1,v_p = 0) = 1 and

k(v = U, v_ = 0) =0 for O < r*, and m* = SPA(P*) satisfies this condition. O

Proof of Proposition 2. To prove the result, we construct explicit distributions that fall in one class but not
the other.

We will denote a distribution that takes one of the m values {1,...,m} with an m-tuple, say, p =
(p1,---,pm) is a distribution that takes value k with probability py for 1 < k < m. We represent the joint

distribution of two agents’ values as a matrix, say (p; ;)1<i,j<m takes the value (4, j) with probability p; ;
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for each i, 7. Then, the joint distribution for two agents when each agent has i.i.d. values following p is the

outer product pp ' whose (i, ) element is p;p;.
Example C.1 (mixture of i.i.d. but not affiliated). Let § = 1/2,p = (3/4,1/8,1/8),q = (1/4,1/2,1/4).
The distribution

5/16  7/64  5/64
Opp’ +(1—0)aq’ = | 7/64 17/128 9/128
5/64  9/128 5/128

is a mizture of i.i.d. but is not affiliated because (7/64)(9/128) < (5/64)(17/128).

Example C.2 (affiliated but not mixture of i.i.d.).* Consider an exchangeable distribution over 3 values

and n = 2 agents given by

P11 P12 P13
P=1pi2 px ps
P13 P23 P33

The matriz is symmetric because the distribution is exchangeable. We can check that the distribution is

affiliated if and only if

pL1p22 > piy
DP11P23 = P13P12
P11P3s > Pis
D12P23 = P13P22
D12P33 = D13P23

2
D22P33 = Das,

that is, every 2 X 2 submatriz of P has nonnegative determinant.

Moreover, each matriz representing an i.i.d. distribution is positive semi-definite, so if this distribution
is a mixture of i.i.d., then P is also positive semi-definite.

Consider (p11, P12, P13, P22, D23, P33) = (7/512,41/1024,1/64,1/8,1/8). We can check that every 2 x 2
submatriz of P has nonnegative determinant, so it is affiliated, but the 3x 3 matriz has determinant det(P) =
—73/2097152, which is negative, so it is not positive-semidefinite. Because it is not positive semi-definite, it

is also mot a mixture of i.i.d.

O

4We thank Vijay Kamble for pointing out that the example in the previous version of the paper was incorrect.



D Proofs and Discussions from Section 5

Proof of Proposition 5. We will first prove the result for Fi;q and will later show how to modify the proof
for Fix and Fug. We define F(v) = Pr(v; <) and F_(p) = Pr(v; < v). We have

R, (SPA(r), F) = E[U(l)] — E[max(v(mm)l(v(l) >r)]
=EpW] - Ep@1(0?® > r)] - Er1(e® <r <oW)].

The first term is

E[vM] = / Pr(vV > v)dv =1 — / F(v)"dv.
v€e[0,1]

ve(0,1]

The second term’s calculation is analogous to that of Lemma B-1. We have

Ep@1(0® > r)] = / V' dF® (o / / dvdF® (1)
v’ €(r,1] v’ e(r,1] Jvel0,v’)

/ / dF® (") dv + / / dF® (v)dv
ve[0,r] (r,1] ve(r,1] Jv e(v,1]

_ / (1= FO(r))do + / (1— F®(v)dv
v€E[0,r]

ve(r,1]

=1—rF@ () - / F® (v)dv.
ve(r,1]
The third term is

Eri(v® <r <o) =rPr(v® <r <o®) =r@Pr(® <r) —Pr(o® <r)) = r(FO @) - F_(r)")

Together, we have

sup R, (SPA(r),F)=rF_(r)" — / F(v)"dv + / nF(v)"" ' —nF(v)"dv.
FeFia([0,1]) ve[0,r] ve(r,1]

We first assume that n > 2. Note that the integrand nF(v)"~! — nF(v)" is increasing for F(v) < =1

and is decreasing for F(v) > “=L. To minimize fvE[O ol F(v)"dv we must have F(v) = 0 for v € [0, — €

for arbitrarily small ¢ > 0, and to maximize f'ue(p 1]

F(v) > ¢ so for v € (r,1] we set F(v) = 2L if ¢ < =1 and F(v) = ¢ otherwise. Note that the sup over

nF(v)"~! — nF(v)"dv, the only constraint we have is

first case of ¢ < ”T’l is simply the second case with ¢ = ”T’l Because we take the sup over F, we can
let € | 0 and get that the worst-case regret is SUP ¢ n=t ] rc" + (1 —r)(nc®! — ne"). Now, the derivative
of this expression of ¢ is ne" "2 [(1 —r)(n — 1) — ((1 —7)n — r)c]. The expression in [---] is linear in c. At
c= "T_l, the expression is r”T_l > 0. At ¢ =1, the expression is 2r — 1. So if r > %, the first derivative is
always > 0, so the maximum is achieved at ¢ = 1 and the value is r. If r < %, the maximum is achieved at
ct = % S [” L 1] and the value is %
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Now we deal with the case n = 1. This expression reduces to rF_(r) — fvE[O . F(v)dv+ fve(r 1= F(v)dv

which has a sup of sup.cfg 1) A — 1 +7c+ (1 —7)(1 —¢) = max(1 —r,7) because it is linear in ¢, so it achieves
the extrema at the endpoints.
Now we want to choose the optimal r to minimize the worst-case regret. For n > 2, the worst-case regret

r is increasing on [, 1], so it is sufficient to consider 7 in [0, 1] with regret

exp (nlog(l —r)+ (n—1)log(n — 1) — (n — 1) log(n — (n + 1)r)). The first derivative of the expression within

(Z:a(ff;) = (1—£7)1(:1—)(Tr:-:1)r)' So it is maximized at 7* = —— and substituting this in gives
n

)
exp 1s —y— +

n+1
the optimal regret (#) . For n =1, max(1 —r,r) is minimized at r* = % with regret % so it has the same
expression.

Note also that the proof implies that the worst case distribution (more precisely a sequence of distribu-
tions that achieves the minimax as € | 0) is a two-point distribution with weights ¢* and 1 — ¢* at r — e and
1, respectively, with ¢* = % (If r = 0, then we put weights ¢* and 1 — ¢* at 0 and 1.) If we choose
the optimal 7* = 7, then ¢* = 7.

Therefore, the results for Fiq is proved. With exactly the same argument as that used for the proof
of Proposition 3 (namely, because Fix is the convex hull of Fiq4, there is an optimal pure strategy for
Nature), we get that the minimax values for Fpix and Fiq are equal. For Fag, the proof is similar to that

of Proposition 2. We note that the same calculation gives the regret

FOG) - [ FO@as [ FP @) - FD @)
vel0r] ve(r]

<rFO(r) + / (FP(0) — FO(0))dv

ve(r,1)

= F P+ [ @E @ e )i

ve(r,1]
<eFD0)+ [ @EDE)O I D)
ve(r,1]
< sup |rc™+ sup {nz"_l—nz"}
c€(0,1] z€]e,1]

The third line uses the equation F? (v) = nFS,)l(v) — (n—1)FM(v) that we already used in the proof of
Y () < FO(v)(n=D/7 that we proved as Lemma 1 in

n—1

Proposition 2. The fourth line uses the inequality F'
the same proof. The fifth line is a pointwise maximization over ¢ = FV(#)1/" and z denoting FV (v)1/n
for v > r which is > ¢. The last expression is the same expression that we got for Fiiq, so it has the same

minimax regret. O

E Discussion on Upper Bound Information

We would first like to clarify that we do not assume that we know the actual upper bound of the support of

the true underlying distribution F' (for one buyer, that would be oy = inf{z : f[L o0) dF(z) = 0}, but simply
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that we know an upper bound b of that value, i.e., the decision-maker only knows that o < b. This allows
for example for the actual distribution to have vy = 0.1b, v = 0.5b or vp = 0.99b and the decision-maker
needs to design a mechanism that is oblivious to UF and more generally to F.

Throughout the paper, we assume that the known upper bound on the distribution is 1, that is, the
support is [0, 1]. This is purely a normalization for expositional convenience. If the support is [0, ] for some
known upper bound b, then the resulting minimax optimal regret is b times the original minimax regret, and
the optimal mechanism and the corresponding worst-case distribution are multiplicatively scaled by b. We

formally record this observation in the following proposition.

Proposition E-4. Let the support of the buyers’ valuations be [0,b]™ for a known b > 0, and r};, ®} be defined
as in Theorem 1. Let m} be a second-price auction with reserve br, with random r ~ @ . Equivalently,
mi = SPA(®*) with

& (v) = <U/;’/_brn>nl log (i/b> - nzli <v/;’/i>nlk for v € [brr, ).

n n

Let F* be an isorevenue starting at br given by F*(v) = 1 —r*/(v/b) for v € [br¥,b) and F*(b) = 1.
Then, (%, F¥) is a saddle point of the regret R, (m,F), and the minimaz regret is b times the original

minimax regret, namely,

Note also that (M}, F;f) is still a saddle point if we instead assume that the support is [a,b] with a < r}b.

The motivation of the known support information assumption is that we operate in a world with minimal
or no data, and significant “Knightian” uncertainty. The bounds need not be learned from data but rather are
derived from asking experts, using domain knowledge, or common sense. Some examples might be launching
a new product, or auctioning rarely traded goods (fine art, collectibles, jewelry). In these contexts, it is
easier and more intuitive to come up with a reasonable range of values than to guess something like the
shape of the valuation distribution (either parametric or nonparametric like regular or monotone hazard
rate) or distributional parameters like the mean or the optimal monopoly price.

We will now show that even if the upper bound is misspecified, the performance loss (increase in minimax
regret) is small and degrades gracefully with the error. In particular, we will compute the minimax regret
when the upper bound assumed for the computation of the mechanism (as given in Proposition E-4) is byech,
but the worst case distribution class F' is over distributions with support [0, bactual]. Note that if bech = 1,
then the mechanism is SPA(®).

Proposition E-5. Suppose that we use the mechanism SPA(®Y), but the worst-case distribution class F is
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over support [0,b]. For r} <b <1, the worst case F is

0 ifve|0,r]
F(v)=q1—"2 ifvelr,b)

1 ifv=>0.
For b > 1, the worst case F' is
0 if v e [0,7]
1-  fye ry,s*
P =0 Tretnd
1—2—: if v € [s*,b)
1 ifo=">

where s* € [nr}:, 1] is a solution to

o (1)« om0 (1) (522) ]

The worst-case regret calculation in Proposition E-5 assumes by,ecn = 1 for convenience, but by the same

scaling argument used in Proposition E-4 earlier, we can compute the worst-case regret for any (bmech, Dactual)-

Corollary 3. If the worst-case regret under the mechanism SPA(®}) and support [0,b] (that is, bmech =
1, bactual = b) as computed in Proposition E-5 is given by a function g(b), then the worst-case regret if the b

assumed by the seller is bmeen but the true b is bactual 15 given by bmech g (bactual /Omech ) -

We can now perform sensitivity analysis on by by computing the performance loss when the upper
bound is misspecified. We fix Nature’s distribution class to have support [0, 1], but we assume that the
mechanism is computed assuming the potentially misspecified byecr, and evaluate the minimax regret of that
mechanism as a function of byecn. The results are shown in Figure 3. We can see that the minimax regret
is Lipschitz in byecn and that the performance guarantee is not very sensitive to byecn, €specially for n > 2.
For example, when n = 2, if the seller underestimates (resp. overestimates) the true upper bound by 20%,

the increase in regret is only 7.3% (resp. 16.3%).

E.1 Proofs for Appendix E

Proof of Proposition E-5. The regret under SPA(®?) and arbitrary F' supported on [0, b] is given by
v=r, v=b

rh— / F(v)"dv + / (1 —0®: (v) — @ (v)(1 = F(v)") + & (v)nF(v)" (1 — F(v))dv
v=0 v=rZ

This is simply a modification of the (Regret-F') expression. Note also that ®*(v) = 1 for v € [1,], so

App-13



bactual — ]-1 vary bmech

0.50 1
— n=1
0.45 1
I
&
x 0,401
£
=
E .
0.35 -
0301 _ e .
0.8 0.9 1.0 1.1 1.2
bmech

Figure 3: Minimax regret for each n as a function of by, when Nature’s worst-case distribution
class has support [0, bactual] With bactual = 1, while the mechanism is computed assuming byech-

we can also write the above regret as

r [ R [0 ) @) P + 0 nE ) - P

_ -
=0 v=rk

v=>b
+ / nF(v)"1(1 — F(v))dv

=1

for b > 1.
We first consider the case n > 2. If we maximize this regret expression pointwise, then we want
F*(v) =0 for v € (0,7},) to make the second term [;" F(v)"dv zero. For the term that is the integral from

r’ to min(b, 1), the first-order condition gives

(1= 0@, (v) = @5, (v)) (=nF"(v)" ") + @}, (V)n((n = 1) F* ()" = nF*(v)" ") = 0
(n = 1)®7(v)

PO = T + o~ Do)

Using the expression for ®*'(v) from (ODE-®) reduces the above expression to

This is not surprising, because the argument in the main proof shows that this isorevenue F*(v) maximizes
the regret pointwise, and we simply change the range.

For b > 1 there is also the term that is the integral from 1 to b, which is nF(v)"~!(1 — F(v)), which is

n—1

pointwise-optimized at F*(v) = *—.

App-14



This pointwise maximization gives a valid F* (and hence, the true worst-case F') if and only if the
resulting F™* is weakly increasing (that is, non-decreasing). If b < 1, then this gives a valid F' as shown in
the proposition, and we are done. If b > 1, then the pointwise optimization gives lim,4 F*(v) =1 —r% >
"T_l = lim,; F*(v), so the resulting F is decreasing at 1, which is not feasible. Rather, we solve for the
optimal F' by dualizing the monotonicity constraint and characterizing optimal Lagrangian multipliers. We
still set F*(v) = 0 for v € [0, 7], but now we let u(v) be the value of the dual function corresponding to
the increasing constraint of F' at v, for v € [r%,b]. It is sufficient to give a specific F* and p* such that all

duality-based constraints hold, namely, (i) p*(v) > 0 for all v € [r,b], (ii) Lagrangian optimality:

v=1

F* € argmax £(F, ") = 1), + / (108 (0) — BLW)(1 - F)") + @ (0)nF ()" (1 = Fo))de
v=b v=b
+ / () (1= P+ / W @FW),

where the maximization is now over arbitrary F in [0, 1] because the increasing constraint has been dualized
away, and (iii) complementary slackness: p*(v) = 0 if F* is strictly increasing at v for every v. We will
consider F* that is of the form given in the proposition, that is, F*(v) = 1—r} /v isorevenue from v € [}, s*],
and F*(v) =1 —rX/s* constant from v € [s*,b]. Note that because F*(v) is strictly increasing on [r}, s*],
we must have p*(v) = 0 for v € [r}, s*]. Because lim,4p, F*(v) = 1—7r%/s < 1= F*(b), we also set u*(b) = 0.
We will now use the Lagrangian optimality condition to pin down p* and show that it is indeed nonnegative.

Using integration by parts,

v=b v=b
[ weare) = [ w@dE@) = we)F6) - w6 F6) - [ PR @

ek — —
=T, V=8 V=8

because p*(s) = p*(b) = 0.
Because the Lagrangian optimality condition is now optimizing over arbitrary F in [0, 1], it is equivalent
to a pointwise maximization condition. For v € [r}, s*], F*(v) = 1—r} /v satisfies the pointwise maximization

with p*(v) = 0 as we have shown. For v € (s*,1) and v € (1,b) we have:

for v € (s, 1), F*(v) € arg F({}r)lg{)({)ﬁl](l —v® (v) — O (v))(1 — F(v)")
+ @), (0)nF (v)" (1 = F(v)) = F(u)(u")' (v),
for v € (1,b), F*(v) € arg F(fﬁl?[}é,u nF(v)"" 1 - F(v)) — F(v)(u*) (v)
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First-order conditions give

(1 =@} (v) = @;,(v))(1 = F(v)") + &}, (v)nF (v)" (1 = F(v)) = (") (v) = 0 for v € (s*,1)
n((n —1)F*(v)""2 —nF*(v)" ') — (u*) (v) = 0 for v € (1,b)

We note that F*(v) = F*(s) =1 —1r}/s for all v € (s*,1) and v € (1,b). We also have an expression for
®*'(v) in terms of ®%(v) from (ODE-®). We then have, for v € (s*,1),
v—nry

*>+n1nFW@]

n

>+n—1—nFW@}:O

(Y (0) = nF* (=205 o) | (o) (42

* _ gk
S Th

> (52 50) [0

. . . . v—nr: . . . .
where the inequality is true because v > s* > r} and the function ~—,+ is increasing in v, and we can

n

directly check the last equality by substituting F*(s) =1 —r*/s.
For v € (1,b), we have

(,U/*)I(U) _ nF*(S*)n—Z(n —1— nF*(s*)) — nF*(s*)"_2 (nr;*l _ 1>

S*

If we can prove that s* > nr}, then we will have (u*)'(v) < 0 for v € (1,b). Combining this with (¢*)'(v) >0
for v € (s*,1) and p*(s) = p*(b) = 0 gives us that p* is increasing from s* to 1 and decreasing from 1 to b,

being nonnegative the entire time, which verifies (i). These constraints also pin down s* from

v=1 v=b
0= ) —w b = [ Yo+ [y e

v=1

which is equivalent to

o (1)« om0 (1) (52 1+ ]

It remains to show that the above equation has a solution in s* € [nr),1]. We consider the difference

between the left hand side and the right hand side as a function in s*. For s* = nr};, the left hand side is
zero while the right hand side is nonnegative, so the difference is nonpositive. For s* = 1, the left hand side
is nonnegative while the right hand side is zero, so the difference is nonpositive. By the intermediate value
theorem, there exists a s* € [nr}, 1] such that the difference is zero, and we are done.

Lastly, we consider the case n = 1. For 1/e < b < 1, the regret is identically 1/e under ®}. For b > 1,
the regret is 1/e + f::lb(l — F(v))dv, which is maximized at F'(v) = 0 for v € (1,b), giving the worst-case
regret of 1/e + b — 1. This is equivalent to s* = r} = 1/e, which is indeed a solution to the equation in the

proposition. O
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F Further Discussions About The Model

F.1 Discussions on the Benchmark

In the main text, we consider the benchmark to be the maximum revenue achievable when the valuations v
of the buyers are known, namely, max(v). This is also known as the first-best benchmark. There is another
benchmark that we consider, the second-best benchmark, defined as the maximum revenue achievable when
the distribution F of the buyers are known. We denote this benchmark by OPT(F'). When F = F" is i.i.d.,
we abuse the notation and write OPT(F) as OPT(F)).

Both the first-best benchmark and the second-best benchmark are extensively used in the literature,
and there is not necessarily a single universal benchmark. The first-best benchmark has been used in the
economics, operations, and computer science literatures such as [Bergemann and Schlag, 2008, Caldentey
et al., 2017, Kogyigit et al., 2020, Guo and Shmaya, 2023, Kleinberg and Yuan, 2013].

The first-best benchmark is also reminiscent of the offline optimum benchmark, which is extensively
used in the analysis of algorithms [Borodin and El-Yaniv, 2005]. An advantage of the first-best benchmark
is that it is easily computable and can be evaluated counterfactually (using the reported values when the
mechanism is DSIC).

The main technical result of this section is that when the distribution class consists of all distributions
(F = Fan), minimax regret against the first-best benchmark and the second-best benchmark are equal, so

the choice of the benchmark is immaterial in that case.

Proposition F-6. If F = F,, then

inf sup Eyor
meM FeF

OPT(F) — i(v)| = inf sup E,~
() ;pm] nt sup By

max(v) — sz(v)]
i=1
Proof of Proposition F-6. 1t is clear that OPT(F) < E,.r[max(v)], so

inf sup Eyop
meM pcF

OPT(F) — (V)| < inf sup E,op |max(v) — HOME
)30 < fuf o B o) - 3o
It remains to prove the opposite inequality.
For each v € [0,1]", let &, be a (joint) distribution that puts all weight on v. Note that v € Fuy.
Therefore, for any fixed m and v, the sup over all F' must be at least the value evaluated at F' = d,, namely,

sup Eywr >

FeF

OPT(F) — Zpi(v)

OPT(6,) — > pi(v)] = lmax(v) -3 pi(v)]

i=1 i=1
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Since this is true for every v, we have

sup Eywr
FeF

OPT(F) — sz(v)] > sup lmax(v) — Zpl(v)] = ;ugEvNF lmax(v) — sz(v)] .
i=1 i=1 € i=1

veEe[0,1]™

Since this is true for every m € M, we have

inf sup Eyup

meM peF meM peF

OPT(F) — Zp,(v)] > inf sup E,ur [max(v) — ZI%(U)] ,
i=1 1=1

which concludes the proof. O

Extending our work to the characterization of the minimax regret against the second-best benchmark
when F = Fjjq is an important direction for future work. In general, it is not clear a priori if it is possible
to solve for the optimal minimax mechanism. In this paper, we were able to show that it is possible to do
so against the first-best benchmark through a pure saddle point approach. We just want to highlight that
characterizing a minimax mechanism against the second-best benchmark would require a different approach
and is a priori substantially more difficult. In particular, a pure saddle point (m*, F*) cannot exist. Indeed,
if it did, letting OPT(F) be the second-best benchmark and Rev(m, F') the revenue of mechanism m under
distribution F, one could swap the min and the max in the zero-sum game, giving minimax regret

n}yiln mgX[OPT(F) — Rev(m, F)] = mgxn%}i@n[OPT(F) — Rev(m, F)] =0,
where the last equality follows from max,, Rev(m, F') = OPT(F) for any F. This leads to a contradiction.
Instead, we would need to identify a mized saddle point (m*, D*) where D* is a distribution over distributions,
which is, at least at this stage, a much harder object to deal with.

Viewed through this lens, our proof of Proposition F-6 amounts to showing that if (m*, F*) is a saddle
point of the first-best minimax regret problem, then (m*, D*) is a saddle point of the second-best problem,
where D* is a distribution over all point distributions 4, such that the mixture of D* is F* (i.e., the weight
on §, is the measure of F* at v). This is true because for any distribution &, on the support of D*, the
first-best and the second-best benchmark are the same, so the saddle inequalities for the first-best problem

immediately transfer to the second-best problem.

F.2 Discussion on Minimax Regret as Value of Competition and Limiting Min-

imax Regret

Lastly, we note that interpreting the minimax regret against the first-best benchmark as quantifying the
value of competition is subtle. We note for example, that in previous works by Kogyigit et al. [2020, 2022],
while nominally about multiple bidders, the worst-case ended up reducing back the problem of one-bidder
performance. Given the power of nature, the decision-maker could never leverage additional competition to

improve performance. In our work, we limit the power of nature (e.g., to i.i.d values) and this allows to
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capture the improved worst-case performance as a function of the number of bidders n.

The fact that the limiting regret as n — oo is strictly positive is surprising at first glance (we do not
think it is ex ante obvious), but it does make some sense once we realize that having infinitely many bidders
is not the same as perfect knowledge because the seller has to commit to a selling mechanism beforehand
and is restricted in how the mechanism can use that information to extract revenue. This apparently
counterintuitive result is driven by the fact that Nature can choose a distribution that depends on n. The
result is robust to the choice of the benchmark and is not simply an artifact of our modeling assumptions.
The following proposition shows that for any n, the minimax regret against the second-best benchmark is

at least e=2 > 0.

Proposition F-7. For F € {Fia, Faff, Fmix, Fexcs Fall }, we have for alln > 1,

Zpi('u)] } > 72,

Proof of Proposition F-7. As before, it is sufficient to show the result for the smallest class Fjq.

inf OPT(F) — Eyn
1, {oT(F) -2

Fix ¢ = 1/n, and consider the two-point distribution F, that takes values r with probability ¢ and
zero otherwise. If the distribution F), is known to the seller, the optimal mechanism against any such a

distribution is a SPA with reserve price 7:
OPT(F,) = rPyurn (v = 7).

Also, by the IR constraint, under F,., the payment is always bounded above by r, the maximum possible

valuation, and if v = 0, the payment is bounded above by 0. Therefore,
Eo~pn [Z pi(v)] <1 Poyupn (0 = 1,03 = 1) 4 pi(r,0_1) Pyopn (v = 1,0@ =0).
i=1

Now consider a distribution-over-distributions D in which we randomize over the values of r according to

the isorevenue distribution on [1/e, 1], that is

0 if re0,1/e]
Dr)=<1-2L ifre(l/el)
1 ifr=1.
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By Yao’s Lemma we obtain

inf OPT(F) — Ey~
mlgM;za{ ()= B

Zpi(v)] }
=1
OPT(F,) — Eyupn [anpi(v)H

i=1

> inf Eer

meM

> in/fvt E,.-p I:’I"PUNFR (v(l) =7r)—rPyopn (U(l) =r0® =7r)—p (r,0_1) Py pn (v(l) =r,0? = 0)
me T T v

=ng(l—q)"! Jinf Erop [r—pi(r,0-1)]

— ng(1— g (Emnm - swp Ervp il o_1>]) ,

where the second inequality follows from the expresion for OPT(F,.) and the upper bound on the expected
payment that we have previously derived, the first equality because Py.pn(v() = 1) = Pyopn (v =
ro® =r) + Py pn (v = 7,0? = 0) and Poypr (v =7, 0® = 0) = ng(1 — ¢)"~*, and the last from
extracting constant terms.

Using the IC and IR constraints, we obtain that

vV1=T
sup E,p [p1(r,0-1)] < sup E,.p [7”561(7‘,01) —/ 581(171,01)6%11
meM meM 91=0

1 ! 1 !
sup —x1(1,0-1) +/ T:cl(r,O_l)?dr —/ 21(r,0-1)(1 — D(r))dr
1

meM € /e 0
1 1/6
= sup *$1(1,0—1)—/ z1(r,0-1)dr
memM € 0
1
S AR
e

where the first equation follows by integration by parts, and the last inequality because the allocation satisfies
0 S Il(’U) S 1.
The result follows because E,.p[r] = 2/e and using that ng(1 —¢)"~* > 1/e for ¢ = 1/n. O

The result that the limiting regret against the second-best benchmark is strictly positive does not con-
tradict the well-known result of Bulow and Klemperer [1996]. They show that the revenue of SPA with no
reserve is at least (n —1)/n of the second-best benchmark (optimal revenue with knowledge of the distribu-
tion), assuming that the distribution is reqular.® Their result does not apply in our setting when one does
not assume regularity.

Even though the limiting regret is strictly positive, we think it is possible to meaningfully the minimax
regret value as a function of n against the first-best benchmark as measuring some notion of value of

competition. We could view the n = 1 value as the “ceiling” and the n = oo value as the “floor,” where

SMore precisely, their Assumption A.1 assumes that the marginal revenue curve is downward-sloping. In the
central case of i.i.d. bidders, this assumption is equivalent to regularity.
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the competition is maximized and what remains is purely the effect of the benchmark itself. In a sense, we
calculate the limiting minimax regret not for its own sake, but to establish a reference point. The value of
competition for each n is how much the regret has gone down from the ceiling compared to the floor, and
the benchmark effect is implicitly subtracted away. This is how we interpret our result that the value of

competition is significant for low n (say from n = 1 to n = 2) but has diminishing returns.
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