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Abstract

In robust decision-making under non-Bayesian uncertainty, different robust optimization cri-
teria, such as maximin performance, minimax regret, and maximin ratio, have been proposed.
In many problems, all three criteria are well-motivated and well-grounded from a decision-
theoretic perspective, yet different criteria give different prescriptions. This paper initiates a
systematic study of overfitting to robustness criteria. How good is a prescription derived from
one criterion when evaluated against another criterion? Does there exist a prescription that
performs well against all criteria of interest? We formalize and study these questions through
the prototypical problem of robust pricing under various information structures, including sup-
port, moments, and percentiles of the distribution of values. We provide a unified analysis of
three focal robust criteria across various information structures and evaluate the relative perfor-
mance of mechanisms optimized for each criterion against the others. We find that mechanisms
optimized for one criterion often perform poorly against other criteria, highlighting the risk of
overfitting to a particular robustness criterion. Remarkably, we show it is possible to design
mechanisms that achieve good performance across all three criteria simultaneously, suggesting
that decision-makers need not compromise among criteria.
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1 Introduction

Decisions often need to be made in the face of uncertain environments. If the uncertainty is
stochastic and a description of the underlying stochastic elements is known, then this leads to a
stochastic optimization problem. However, decision makers rarely have perfect information about
the environment. More commonly, decision makers know something but not everything, and one
wants to incorporate this partial information (through an uncertainty set) in the optimization
problem to be “robust” to the possible data generation processes.

Robust decision-making has a long history in the fields of Statistics, Operations Research, Com-
puter Science and Economics. Significant efforts have been devoted to develop axiom-based criteria
[Savage, 1951, 1954, Borodin and El-Yaniv, 2005], to develop tractable approaches to solve robust
decision-making problems [Bertsimas and den Hertog, 2022], or to understand general questions
pertaining to the robust value of partial information. Such kind of robust decision making under
non-Bayesian uncertainty requires one to specify the optimality criterion, i.e., to define what one
precisely means by “robustly optimal.” There has been significant effort devoted to uncertainty
descriptions and understanding which ones lead to tractable problems, and the focus on the crite-
rion of the decision-maker and the definition of robust-optimality has been mainly anchored around
axiomatic discussions.

There are many such criteria proposed in the decision theory literature. One criterion is to
evaluate the objective by itself in the worst case. If the non-robust formulation maximizes expected
performance, then the maximin criterion chooses a decision to maximize worst-case performance.
This criterion is sometimes referred to as the Wald criterion after Wald [1945].5 This worst case
formulation is also very common in the robust optimization literature in Operations Research; see
Bertsimas and den Hertog [2022] for a review. However, a long line of work starting from Savage
[1951] suggests that the robust performance should be compared against a benchmark of the optimal
decision in hindsight; the worst-case gap between the two should be as small as possible. Benchmark
formulations are common in the online algorithms, algorithmic game theory, and machine learning
literatures. This comparison/gap can be additive or multiplicative. The additive comparison

is the minimazx regret criterion, minimizing worst-case regret, defined as the difference between

!The common formulation is minimax risk; here, given the focal problem we focus on later in which one maximizes
performance, we equivalently formulate it as maximin performance.



the benchmark and the achieved performance [Savage, 1954]. The multiplicative comparison is
the maximin ratio criterion, maximizing the worst-case ratio between the performance and the
benchmark [Karp, 1992]. Borodin and El-Yaniv [2005, Chapter 15] gives an axiomatic treatment
of these criteria; different subsets of natural (but mutually incompatible) axioms can give rise to
the maximin performance, minimax regret, and maximin ratio criteria.

While the three criteria above (maximin performance, minimax regret and maximin ratio) are
commonly adopted and studied in the literature, it is natural for decision-makers, when moving from
theory to practice, to ask which criterion they should select. Since the proposal of these criteria,
various settings have been exhibited where one criterion may be trivially inappropriate [Borodin and
El-Yaniv, 2005, Chapter 15]. As a result, in some problems some criteria may not pass a sanity check
and could be safely eliminated. However, in many decision-making problems, it is often the case
that all three criteria are “reasonable,” and no criterion can be easily discarded. As a matter of fact,
we will illustrate later that all three criteria have been pursued for the classical problem of robust
pricing, which has received considerable attention in Operations Research, Computer Science, and
Economics. Indeed, each criterion is well-motivated and well-grounded from a decision-theoretic
perspective. Each criterion, however, could give a markedly different prescription for decision-

making. The present paper focuses on the following natural question:

Question 1: How good is a prescription derived from ome robustness criterion when

evaluated against another robustness criterion?

In addition, as mentioned earlier, practitioners are interested in a prescription to follow and may
inherently care about the various advantages of the three criteria but not necessarily have a pref-
erence over the criteria. The maximin performance criterion protects against bad scenarios, while
the minimax regret and the maximin ratio criteria ensure that the decision-maker does not miss
out on the possible upside if a more favorable environment materializes. In turn, we ask whether

the decision-maker has to make a choice across the focal criteria.

Question 2: Does there exist a prescription that performs well under all robustness

criteria of interest?

In other words, can one have the best of the three focal robustness criteria?



We take a first step toward answering these questions by focusing on a well-studied problem
across disciplines and uncertainty structures: robust pricing. In a canonical monopoly pricing prob-
lem, given the buyers’ value distribution F', the seller seeks to select a price p* to maximize revenue,
ie., p* € argmaxpF(p) with F(p) = Pryup(v > p). If the decision maker knows the environment
(i.e., the seller knows the value distribution F'), then the problem is a standard optimization prob-
lem, and the seller simply trades off realized profit and sales volume. In a robust version of the
problem, the seller does not know the value distribution F' exactly, but knows that it belongs to
a class of distributions F. In turn, the decision-maker wants its decision to be “robustly optimal”
when F' can take any value in F.

There is a large stream of literature on robust pricing that we review in §1.2. In this paper, we
will explore the central questions above across various classical settings. In particular, we will focus
on robust pricing settings across various information structures (formalized as classes of uncertainty
sets) regarding the partial knowledge of the decision-maker on the distribution of values F: the
support; the support and the mean; the support, the mean and the variance; the support and
a quantile. Quite notably, we observe that many classes of uncertainty sets have been studied
under different robustness criteria across studies. For example, the setting with known support
and the first or two moments was studied under the three robustness criteria: for maximin revenue
in [Carrasco et al., 2018], for minimax regret in Wang and Zhang [2024], and for maximin ratio in
Azar and Micali [2013], Wang et al. [2023]. For support information, while the maximin revenue
criterion is trivial (in that an optimal solution is to price at the lower bound of the support), both
the minimax regret and maximin ratio lead to non-trivial solutions that were studied in parallel
in Bergemann and Schlag [2008] for minimax regret and in Eren and Maglaras [2010] for maximin
ratio. In such settings, each criterion leads to a different pricing mechanisms one could use. This
naturally leads to the prescriptive question: which mechanism should one adopt under a particular

uncertainty set?

1.1 Summary of Main Contributions

At a high level, the present paper initiates the systematic study of the impact of robustness criterion

selection, the overfitting that may arise, and the possibility to mitigate such overfitting.



Unified Analysis. For each robustness criterion, a corresponding robustly optimal mechanism
optimizes against the worst case of that criterion. Therefore, we have focal mechanisms associated
with maximin revenue, minimax regret, and maximin ratio. Each problem is a zero sum game be-
tween the seller and Nature, and can be a challenging mathematical program, as the decision-maker
solves a high dimensional problem and so does Nature. Building on earlier work and Lagrangian
duality, we are able to present a unified analysis of the three focal criteria across various uncer-
tainty structures, which enables us to study the central questions in the present paper. As we will
elaborate in §1.2, significant progress has been made on robust pricing in the last two decades. The
goal of the present paper is to bring focus on the criterion in robust decision-making problems and
the prescriptive questions this brings to the foreground. In particular, as we will see in a moment,
the unification allows to highlight the perils of overfitting to the criterion, but also the possibility

of correcting for that (in the context of robust pricing).

Performance of Focal Mechanisms. We first study how the three mechanisms that emerge
as optimal against one criterion fare against another criterion. To do so, we introduce the relative
performance of a mechanism for a criterion, defined as the percentage of best robust performance
achievable. The relative worst-case revenue (resp. worst-case ratio) performance of a mechanism
is the ratio of its worst-case revenue (resp. ratio) to the maximin revenue (resp. maximin ratio).
The relative worst-case regret performance of a mechanism is the ratio of its minimax regret to its
worst-case regret. All relative performances are always between 0 and 1, and the closer to 1, the
closer a mechanism performs to an optimal mechanism for that robustness criterion.

The forms of the focal mechanisms associated with each criterion as well as their performance
clearly depends on the parameter value of the known statistic in question (whether that is mean,
variance, median, or lower bound). To concretely answer the paper’s two central questions, we
focus on a family of instances in which the parameter value varies across a wide range, enumerated
in a grid, and evaluate the cross-criteria performance (cf. §4). For simplicity of exposition, we
report the worst case here, but we provide the full set of results in §5. To evaluate the relevant
performance metrics of interest exactly, we consider a setting in which the valuation distribution
can take a finite (but potentially large) number of values.

We start with the prototypical setting of known mean and upper bound (“support”) information

since this setting was studied under the three robust criteria separately in the literature. Consider



first the mechanism that maximizes worst-case revenue. We show that the minimax regret can
be as low as 58% of the worst-case regret under this mechanism, and the worst-case ratio can be
as low as 75% of the maximin ratio. In other words, while the mechanism is robust based on
one criterion, it can perform poorly with regard to the other robust criteria. Now consider the
mechanism that minimizes worst-case regret. Under support and mean information, we show that
this mechanism could lead to 45% of the highest worst-case revenues, and 44% of the maximin
ratio. Finally, when one optimizes for the worst-case ratio, the prescription performs well with
respect to regret, achieving 93% of the optimal regret, but the mechanism revenue can be as low
as 68% of the optimal worst-case revenue (Proposition 5 and Table 2).

While it is well known that the worst-case revenue criterion could be overly pessimistic when
little information is available, the above highlights that even with more knowledge of the distribution
(the mean), the worst-case revenue criterion leads to a prescription that does not fare well when
one accounts for the upside of a decision through a benchmark. Similarly, while the regret and ratio
criteria are thought to mitigate the pessimism of the worst-case revenue criterion, the prescriptions
they lead to are also fragile in the sense that they can lead to very poor performance across other
criteria.

The negative results above are not hand-picked examples. They are representative across un-
certainty sets. We show that all three focal mechanisms can perform very poorly against another
criterion across the various information settings described above. We summarize these cross-criteria
performance results in Table 2 (mean information), Table 3 (mean and variance information), Ta-

ble 4 (median information), and Table 5 (lower bound information), all in Section 4.

The best of many criteria. Having derived the above results, we ask if it is possible to perform
well across all three criteria. We propose to capture the best-of-many-criteria performance as the
relative performance guarantee that holds uniformly over all criteria (cf. (3), (4) and (5)). In other
words, it is worst case not only over environments in the uncertainty set, but also over criteria. We
focus on the relative performance of each criterion (that is, divided by the optimal performance if we
were to solely focus on that criterion) to normalize the performance metrics to between 0 and 1 and
make them comparable across criteria. This performance metric has an intuitive interpretation: if
we have a mechanism with a guarantee of, say, 80%, it means the mechanism achieves at least 80%

of the maximin revenue, at most 1/80% of the munimax regret, and at least 80% of the maximin



ratio simultaneously.

For each instance, we can compute the optimal uniformly robust mechanism and its performance
as follows. We first compute the maximin revenue, minimax regret and maximin ratio. For each
¢ € [0, 1], we can formulate a linear feasibility program that checks whether a mechanism has worst-
case revenue, regret, and ratio within a factor of ¢ of the optimal, and returns such a mechanism if
one exists. The best performance and mechanism corresponds to the largest feasible such ¢, which
can be computed via binary search (cf. Proposition 4).

Returning to the broad classes of uncertainty sets described earlier, we show that for each class
of uncertainty sets it it is possible to design mechanisms that can do well across the three focal
criteria (Theorem 1). Table 1 below summarizes, for each type of uncertainty sets (where we fix
an upper bound of the support), the performance across criteria of the uniformly robust optimal

mechanism that we design and compare it to that of the three focal criteria.

Additional Uniformly Robust Focal Mechanisms
Information Mechanism revenue ‘ regret ‘ ratio
mean 92% 58% 44% | 68%
mean and variance 86% 51% 49% | 711%
median 61% 34% 0% | 41%
lower bound 58% 33% 0% | 31%

Table 1: Worst-case (across instances) relative performance across all criteria of the uniformly
optimal mechanism, compared to that of the three focal mechanisms: maximin revenue mecha-
nism (“revenue”), minimax regret mechanism (“regret”) and maximin ratio mechanism (“ratio”).
The performances of the uniformly robust optimal mechanism as well as the best among all focal
mechanisms are bolded for emphasis.

These results provide a broad picture of achievability results. For example, with mean infor-
mation, quite strikingly, there is a mechanism that guarantees relative performance at least 92%
across the three criteria, even though none of the three focal mechanisms could achieve performance
exceeding 68%. Across settings, we observe that there is significant room to increase robustness
to criteria. We emphasize that the performance numbers shown in Table 1 are worst-case across
instances. For some instances, the performance of the optimal uniformly robust mechanism can be
much higher than 61%. For example, when the median is 0.5, 0.6, or 0.7, the guarantees are 93%,
98%, and 93%, respectively.

Our results demonstrate that, in some sense, decision-makers need not compromise by choosing



one robust criterion and run the risk of overfitting to it. It is possible to do well against all three
criteria, despite their distinctive nature, which may be a practically appealing desiderata in robust
decision-making. Finally, while we focus on the robust pricing problem, we hope our work ushers

in the study of criteria-robustness across other decision problems.

1.2 Related Work

Our work is related to several streams of literature.

Robust Pricing. Our work is closely related to the literature on robust monopoly pricing.

With only knowledge of the support, Bergemann and Schlag [2008] studies minimax regret and
Eren and Maglaras [2010] studies maximin ratio.

With knowledge of some moment(s), Kos and Messner [2015] and Carrasco et al. [2018] study
the maximin revenue criterion, while Wang and Zhang [2024] studies the minimax regret criterion.
For the maximin ratio, Azar and Micali [2013] gives an optimal deterministic mechanism when the
mean and variance are known, while Wang et al. [2023] gives an optimal randomized mechanism
for general distributions and arbitrary moment information. More closely related to our paper is
Chen et al. [2022]. While not their main focus, the paper is one of the exceptions that illustrates
some form of cross-criteria performance. In particular, the authors, for the specific case of known
mean and variance, study the optimal deterministic strategy under the three criteria and evaluate
them under the worst-case distribution of the maximin revenue criterion. As such, Chen et al.
[2022] also suggests that the optimal prices for regret and ratio may not perform well for the
revenue criterion. In contrast, we systematically consider the performance transfer of all pairs of
old and new criteria, study general randomized mechanisms and many classes of uncertainty sets,
and evaluate the worst-case specific to each transfer pair, and the possibility of being robustly
optimal across all three criteria.

Under the maximin revenue criterion, Chen et al. [2024] provides an overview of some studies
and connections across problem classes.

With knowledge of a quantile, Eren and Maglaras [2010] studies maximin ratio under general dis-
tributions with bounded support. In the absence of support information but with shape constraints
(regular or monotone hazard rate), Azar et al. [2013] gives a constant-factor-approximation for de-

terministic mechanisms, and Allouah et al. [2023] derive the maximin ratio. These results highlight



the value of a single quantile. Wang [2023] studies the power of simple mechanisms (randomization
over a few prices) for general distributions with arbitrary quantiles and support information. With
quantile information, other robust approaches have also been considered. Chehrazi and Weber
[2010] considers data-driven robust optimization with splines.

This work is also related to the broader robust mechanism design literature with multiple
products [Carroll, 2017, Gravin and Lu, 2018, Kogyigit et al., 2022, Chen et al., 2022], or multiple
buyers [Allouah and Besbes, 2020, Hartline et al., 2020, Roughgarden and Talgam-Cohen, 2019,
Anunrojwong et al., 2022, 2023, Suzdaltsev, 2020, Bachrach and Talgam-Cohen, 2022].

Robust Decision Making Under Uncertainty. Our work is also related to robust decision
making, robust optimization and distributionally robust optimization. As discussed in the intro-
duction, multiple robust optimality criteria have been studied in decision theory and related areas:
worst-case performance [Wald, 1945], regret (or absolute regret) [Savage, 1951, 1954], and ratio
(or competitive ratio, or relative regret) [Borodin and El-Yaniv, 2005]. In some cases, some of
these criteria may be inappropriate, but in many other cases, all of them are reasonable, and our
work has shown that in the case of pricing, it is not necessary to commit only to one criterion.
While these three aforementioned criteria are most common, other possible criteria include the
pessimism-optimism index (the weighted average of the best case and the worst case, due to Hur-
wicz [1951]) and principle of insufficient reason (assign every contingency equal probability, due to
Laplace [Howson and Urbach, 1989]). Stoye [2011] unifies and extends the axiomatic treatment of
minimax regret.

All the aforementioned criteria deal with non-Bayesian uncertainty, when the decision maker
does not know enough about the likelihood of different outcomes. These are in contrast to the
Bayesian approach where the uncertainty is modeled as a known probability distribution over
outcomes. von Neumann and Morgenstern [1944] laid the foundation for expected utility approach
under Bayesian uncertainty, which was further developed by Harsanyi [1955], Savage [1954], Arrow
[1951]. These decision-theoretic models (for both non-Bayesian and Bayesian uncertainty) can be
viewed either as normative, giving a prescription for how one should make decisions, or positive,
describing and predicting how humans actually make decisions. The Allais and Ellsberg paradoxes
[Allais, 1953, Ellsberg, 1961] cast doubt on the validity of the expected utility model as a positive

description in some cases, giving rise to alternative models such as prospect theory [Kahneman and



Tversky, 1979]. There are also intermediate approaches that combine both the Bayesian and non-
Bayesian aspects of uncertainty, such as ambiguity aversion, or maximin expected utility /minimax

expected regret with multiple priors [Gilboa and Schmeidler, 1989].

Robust Optimization. The robust optimization [Bertsimas et al., 2011, Bertsimas and den
Hertog, 2022] and distributionally robust optimization [Rahimian and Mehrotra, 2022] literatures
tend to focus more on deriving computationally efficient algorithms in different settings, with
the emphasis on robustness over unknown environments and the worst-case performance criterion
formulation is often adopted. This work highlights an orthogonal and often overlooked aspect that
robustness across criteria is also important.

The robust optimization framework has been used in many application areas including newsven-
dor [Perakis and Roels, 2008], assortment optimization [Rusmevichientong and Topaloglu, 2012],
scheduling [Daniels and Kouvelis, 1995], process flexibility [Wang et al., 2022], and security games
[Kiekintveld et al., 2013]. We consider the pricing problem in this paper as a starting point, but our
proposed best-of-many-criteria framework is broadly applicable to robust decision-making problems
in general, and it is worth revisiting these problems to see under which problems and information
structure the prescriptions robustly transfer, and which ones admit solutions that are uniformly

robust.

2 Best of Many Robustness Criteria Formulation: Robust Pricing

We study the mechanism design problem in which a seller wants to sell a single product to a buyer.
The buyer has a value for the product drawn independently from a distribution F. (Equivalently,
there is a continuum of buyers, and F' represents the distribution of buyer valuations.)

If the seller knew the distribution F' precisely, then classical results [Myerson, 1981, Riley and
Zeckhauser, 1983] tell us that the deterministic posted-price mechanism is optimal, with optimal
revenue given by

OPT(F) = maxpF(p), (1)

with F(p) = Pry~pr(v > p). In other words, this problem is equivalent to the monopoly pricing

10



problem. It is also known as the screening problem in the mechanism design literature.?

However, here the seller does not know F'. The seller only knows the values are supported on a
set G C [a, b] as well as, potentially, the first I moments m; for moment indices i € Z = {0,1,...,1}
with mg = 1, as well as J quantiles: the r; quantile is ¢; for quantile indices j € J = {1,2,...,J}.
Formally, let G C [a,b] be the set of possible values and A(G) denotes the set of distributions

supported on G, then F belongs to the uncertainty set F given by
f—{FEA(g):/ v'dF(v) =m; fori € T, andF(rj)—quorjej}. (2)
veG

This form of the uncertainty set is very general and is in line, e.g., with the one recently consid-
ered by Wang [2023] to study simple mechanisms, and captures many different forms of partial
information that the seller may have about the distribution. In particular, it captures various pro-
totypical forms of uncertainty: knowing support only, support and mean, support as well as mean
and variance, support and median, correspond to (I,J) = (0,0),(1,0),(2,0),(0,1) with r; = 1/2
in the median case.

The moments are commonly used summary statistics for the distribution, especially the first
two moments. The mean p and variance o2 of the distribution correspond to my = pu, ma = p?+o2.
The mean and variance, respectively, capture the central tendency and dispersion of the valuation
distribution and are commonly estimated and used by business managers [Chen et al., 2022].

The median is also a common measure for central tendency and it corresponds to r; = 1/2.
Apart from a priori estimates of quantiles, quantile data are also a natural form of partial informa-
tion that could potentially be obtained though transaction data and associated conversion rates at

historical prices [Allouah et al., 2023].

Seller’s mechanisms. We will now consider the seller’s mechanism class. By Myerson [1981],
any incentive compatible mechanism in this one-seller-one-buyer case is equivalent to randomized
pricing. Given this, henceforth, we assume that the seller optimizes over the distributions of posted
prices ®(-) over the set M of valid CDFs. Note that because we know the values are in G, any
optimal price is also in G, so it is sufficient to consider a distribution of prices over G. In particular,

if G = {vp,v1,...,vk} is a discrete set, then the seller optimizes over distributions with weight ¢;

2We will assume throughout that if the valuation equals the price, then the buyer buys the product.
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on v; for ¢ € [K] with ¢; >0, . ¢; = 1.

Robust criteria. We are now ready to define formally the three robust optimality criteria, dis-
cussed in the introduction. Given a mechanism ® and a distribution F', we define the revenue,

regret, and ratio as

Revenue(®, F) := /s </U>S dF(v)) dd(s) = //S<U sd®(s)dF (v),

Regret(®, F') := OPT(F') — Revenue(®, F),
Revenue(®, F)

Ratio(®, F') := OPT(F)

Note that if we want the revenue to be high compared to the benchmark, we want regret to be low
and ratio to be high. Given that seller does not know F', a robust formulation proceeds to assume
that Nature selects F' in an adversarial fashion. Therefore, given a fixed mechanism ®, the worst

case performances of this mechanism in these 3 metrics are given by

min Revenue(®, F), max Regret(®, F'), and min Ratio(®, F).
FeF FeF FeF

The criterion of worst-case revenue protects against the possibility of environments (distribu-
tions) with low revenues. On the other hand, both the worst-case regret and worst-case ratio
account for what would have been possible (OPT(F)), and evaluate a mechanism based on the
actual environment that materializes. A good mechanism for such criteria should not only protect
against environments with low revenue opportunities, but also ensure that the seller does well in

environments with high revenue opportunities.

Focal mechanisms. For each criterion, the corresponding robust mechanism optimizes the worst

*

case of the associated criterion. Therefore, we have maximin revenue 6%, . e

minimax regret

12



* . . . *
ORegret: and maximin ratio 0f,;, defined as

eﬁevenue (]:) = gg}i/{l ;D‘EI-I}I_ Revenue(q), F),

el*%egret (]:) = qIDIé%/\I}l Ifl‘;lg]}:( Regret(q), _F)7

ORatio(F) := max min Ratio(®, F').

*

Revenue & Maximin revenue optimal mechanism,

Assuming such mechanisms exist, we denote by ®
3

@Eegret a minimax regret optimal mechanism, and ®5_,;, @ maximin ratio optimal mechanism.
Performance across robust criteria. We are now ready to formally define the objects that will
allow to answer the first question we asked in the introduction, namely, how robust is the mechanism
derived from one criterion for other criteria. Given that three criterion-specific performance values
are expressed on different scales, to be able to compare across settings, we will measure robust
performance across criteria in relative terms. More specifically, we will measure the worst-case
performance of a mechanism compared to the performance of the optimal mechanism for that
criterion.

Fix an uncertainty set F. Formally, the relative performances of a given mechanism ® on the

revenue, regret, and ratio criteria are defined by

WorstRevenue(®, F)
o3 ’

Revenue
*

eRe ret
RelPerf(®, Regret, F) = WorstReggTet(q) F)

WorstRatio(®, F)
0*

Ratio

RelPerf(®, Revenue, F) =

RelPerf(®, Ratio, F) =

Note that the definition of relative performance is different (the reciprocal) for regret, compared
to the two other criteria. This is simply because a decision maker tries to minimize regret, while
it tries to maximize revenue and the ratio. When defined as above, the relative performance of a
mechanism is always between 0 and 1 and the higher the relative performance the more robust the

mechanism is according to that criterion. This object enables us to quantify the robustness of each

*

3 *
focal mechanism ®F . cnues Regret

DR atio against other criteria.

3The mechanisms and their performance values depend on F, but sometimes we omit this dependence for simplicity.
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The best of many robustness criteria. While the focal point of the literature has been on
robustness to environments as captured by the uncertainty set F, here we explore robustness to
environments as well as criteria. For a given mechanism @, we can evaluate its relative performance
with respect to each criterion. Rather than fixing the mechanism to be one of the focal mechanisms,
we propose to directly optimize over all mechanisms for the best relative performance guarantee
over all three criteria. Formally, we define the relative performance of a mechanism ® over all

criteria as

RelPerf(®, All, F) = gu;l_ min
€

{ Revenue(®, F) f{egret Ratio(®, F') } 3)

05 "Regret(®, F)" 040

Revenue

and the multi-criterion robust approzimation factor ¢*(F) as

¢*(F) = max RelPerf(®, All, F). (4)

Denote by @7, a mechanism that achieves the optimal factor ¢*. The definition of ¢* implies that
the mechanism @7}, simultaneously achieves a fraction ¢* of the tailored (optimal) mechanism for
all three criteria, and it is the highest constant possible. If ¢*(F) is close to 1, then the uncertainty

set F allows us to perform almost as well as any criterion-tailored mechanism.

Remark. We note that it is easy to see that RelPerf(®, All, ) can be equivalently written as

*
Revenue

. o F *e ., . . ‘13, F
RelPerf(®, All, F) = min{mmFE]: Revenue(9, F) Regret min pe r Ratio( )}.

" maxper Regret(®, F)’ 0% 1o

()

We formalize this in Proposition A-1, and we will use this fact to develop various alternative

representations.
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3 The Best of Many Robustness Criteria Through Linear Pro-

grams

3.1 Unified Evaluation Through \-Regret

We first observe that, as noted in [Anunrojwong et al., 2023, Proposition 1], one can unify the
maximum revenue, minimax regret, and maximum ratio criteria by focusing on the A-regret. Fix
A € [0,1]. We define the A\-regret of a given mechanism ®, R$(F), and the minimax A-regret,
R (F), as follows.

Rj\b(]:) = I}lg])__( [AOPT(F') — Revenue(®, F)]|,

R\(F) := Inin max [AOPT(F') — Revenue(®, F)].

The following proposition implies that if one can calculate the minimax A-regret for every A € [0, 1],

then one can immediately derive the robust value associated with all three criteria.

Proposition 1 ([Anunrojwong et al., 2023]). Fiz a class of distributions F as in equation (2).
Suppose that the mapping X — R3(F) is known. Then one can directly obtain the mazimin revenue,
minimax regret and maximan ratio as follows: MinimaxRegret(F) = Rj(F), MaximinRevenue(F) =

—R§(F), and MaximinRatio(F) is the largest constant \ € [0,1] such that R} (F) < 0.

The following proposition shows that we can compute the A-regret of any mechanism and the

minimax A-regret via solving infinite linear programs.

Proposition 2 (A-regret Linear Programs). Fiz a class of distributions F as in equation (2) and

“While we focus on A-regret as a unifying framework in the main text, we note that in the case where ratio is
the objective, it is also possible to formulate a single linear program to compute the maximin ratio directly, which is
more computationally efficient compared to the line search approach where we solve a series of linear programs, one
for each value of A, to find the highest A such that minimax A-regret is nonpositive as shown by Proposition 1. The
two approaches, by necessity, give the same answer. See Appendix C for details.
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a mechanism ®. Its worst-case \-regret Rf(}") can be obtained from the following linear program

min 6
0,2(-),8(-)
s.t. 6> Zai(p)mi + Z Bj(p)g; Vpeg (LPY)
€L jeT A
)\pl(va)—/ sd®(s Zaz v —ZBJ 1(v>7;) <0 Yu,peg.

1€ JET

Furthermore, the minimaz A-regret value R3(F) is given by the objective value of the following
linear program
min 6
D(-),0
a(),8()
st. 0> ailpmi+ Y Bi(pla; VpEG

ieT jeg (LP3)
)\pl(vzp)—/ sd®(s Za, U—Z,BJ llv>r;) <0 Vv,peg
1€ JjeT
® is a CDF,

and the solution ®* of this linear program is a mechanism that achieves the optimal value RX(F).

Note that the condition that ® is a CDF is a linear constraint. Note also that if G = {vy <

- < vk} is a finite set, then it is sufficient to optimize over ¢y, ..., ¢x such that ® has weight ¢;

on v; with ¢; > 0, Zz‘e[N] ¢; = 1, and for v = v, we can write fsgv sd®(s) = Z?:o s¢i. (LPY) then
becomes a linear program with ©(K) variables and ©(K?) constraints.

The proof of Proposition 2 relies on some transformations and linear programming duality.
We describe the high level ideas for the result leading to (LP3). We first note that OPT(F) >
fg 1(v > p)dF(v) for all p € G with the equality achieved at some p. This, together with the
epigraph formulation, leads to the fact that the minimax A-regret is the value of the program

min 6
0,9(-)

s.t.BZmaX{)\p/ 1(v > p)dF (v // sd®(s)dF( )} Vpeg
FeF g <w
® is a CDF.
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We have replaced the OPT term with a continuum of constraints indexed by p, which is more
tractable. The next step is to convert the maxpcr term into a minimization problem through LP
duality, enabling one to add the dual variables to the optimization problem while eliminating the
minimization in the constraint (since the # > min constraint simply means there exists a set of
dual variables that make the constraint feasible). We use the form of the uncertainty set F in
an essential way here because both moment and quantile constraints are linear in the distribution
variable dF', and so is the objective. The max problems are indexed by p, so if we let «;(p) and
Bj(p) be the dual variables of the i’th moment and j’th quantile constraints of the p-problem, we

get exactly the linear program in question. The full proof is given in Appendix B.

Remark. The formulation and derivation of (LP$) and (£P}) is inspired by techniques in Perakis
and Roels [2008] in the context of minimax regret analysis for a newsvendor problem, and are
very close to those of Wang [2023] in the context of pricing. We do not claim them as technical
contributions in their own right. Rather, our main contribution is to unify different criteria and
uncertainty sets, and define and analyze a quantitative notion of approrimate optimality across
many criteria. We view these linear programming formulations as analytical tools for us to unify

all three focal criteria.

3.2 Cross-Criterion Performance

We are particularly interested in how a mechanism that is robustly optimized for one criterion

performs under another. That is, with a given uncertainty F, we want to evaluate:

*

Revenue that achieves maximin revenue.

e the worst-case regret and ratio of a mechanism ®

*

e the worst-case revenue and ratio of a mechanism @Regret

that achieves minimax regret.

e the worst-case revenue and regret of a mechanism ®%_.;  that achieves maximin ratio.

*

One way to go about this is to compute an optimal mechanisms for one criterion, say ®%.venue

for revenue, then use (CP?) to compute the worst case regret and ratio. But this approach has
an issue. The evaluated performance will only be for a specific optimal mechanism, but this would
not say anything about other potentially optimal mechanisms. In particular poor performance

under another criterion would not preclude that another optimal mechanism could perform well.
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We aim for a result that applies to any optimal mechanism. Therefore, we instead use a bilevel
approach. We have observed earlier that all criteria can be unified in a A-regret framework, so we
will use the A-regret language throughout. For any A\,q € [0, 1], let ro1q denote the corresponding
Aolg-regret. A mechanism @ is an optimal mechanism for the previous “old” criterion if and only
if Ri\{’old (F) < 1o To evaluate any optimal mechanism against a “new” criterion characterized by
Anew, We compute the minimax Ayew-regret objective with the aforementioned constraint on ®. In
other words, we want to solve

Ry

ow (F> (Aolds To1d)) = @én/\i/lnld Ry (F), where Mga ={®: R} (F)<rou}. (6)

We call this quantity the cross regret. The following proposition shows that this problem can be

written as a standard linear program.

Proposition 3 (Linear Program for Cross Regret). Fiz a class of distributions F as in equation
(2), Anew, Aold € [0,1] and 1o4 € R. The cross regret Ry (F, (Aold;Told)) can be obtained through

the following linear program (,CP:’(/\OM’T"“)).

new

min 6
.0
anew:ﬁnew
aold:ﬁold
s.t. 60> Z anew’i(p)mi + Z ﬁnew,j (p)Qj Vpeg
i€l jeTJ
)\newpl(v > p) - / Sd(I)(S) - Zanew7i(p)vi - Z /Bnew,j(p)l(v 2 Tj) <0 Vu,pe g
s<v i€l jeg
Told = Y aoidi(P)mi+ > Boa(p)g; VP EG
i€l jeJ
Aoiapl(v > p) — / sd®(s) =Y aodi(P)v' = Y Boia;(P)1(v > 75) <0 Yu,peG
s<v i€l jeJg
® is a CDF.
(EP?()\old,Told))

Proposition 3 is derived by using (ﬁPf\D) to convert the worst case Apew-regret problem in the
objective and worst case Agg-regret problem in the Mg constraint into minimization problems
with dual variables (amew, Bnew) and (qold, foid) respectively. The resulting minimization problems

can then be absorbed into the overall optimization problem with additional variables. As before, if
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G is a finite set of size K, then (EP;’(/\OM’TO“)) is an LP with ©(K) variables and ©(K?) constraints.

new

Procedure to evaluate cross-criteria performance. The old and new criteria translate into

linear program parameters as follows. If the old criterion is regret, we first compute Hﬁegret using

(LPY) with A =1, and set Aglg = 1,701d = Hﬁegret. If the old criterion is revenue, we first compute
Revenue Using (LP3) with A = 0, and set Aoia = 0,701d = —Ofvenue: 1f the old criterion is ratio,

we first compute (LP}) for different values of A, and using a binary search, obtain 65,,,,; then we
set Aold = ORati0r Told = 0. For the new criterion, one would set Apew = 1 for regret, Apew = 0 for
revenue, and for ratio, one would conduct a binary search over Apew until we get the value of Apew

such that the program (ﬁP:’(/\Old’T"ld)) evaluates to zero.

new

3.3 Linear Programs for the Best of Many Robustness Criteria

We now give a linear programming formulation of the best of many criteria. To that end, we first
slightly generalize the problem and ask: given a tuple (ORrevenue; @Regret, ORatio), Whether there exists

a mechanism ® such that

min Revenue(®, ') > 0
Fer ( ) ) = UYRevenue

max Regret(®, F') < Oregret

in Ratio(®, ') > ORratio-
?1‘61.17'1' alo( 5 )_ Ratio

We will say that the mechanism ® achieves (ORrevenue; ORegret, Ratio) if the conditions are satisfied.

In terms of A-regret, these conditions are equivalent to the conditions that Rg’ (F) < —0ORrevenue;
RY(F) < Oregret, and Rg’Ratio (F) < 0. By leveraging LP duality in an analogous way as in Propo-
sition 2 to convert maximum over F' in each worst case regret expression to a minimum over dual
variables, we obtain that characterizing the feasibility of (0Revenue; ORegrets ORatio) s equivalent to

the following linear feasibility problem.

Proposition 4. There exists a mechanism ® that achieves (BRevenues IRegret> ORatio) if and only if the

following linear problem in variables Revenues ('Regrety ®Ratio) BRevenue; ﬁRegreta BRatio; P is feasible:
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Z aRevenue,i (p)mz + Z BRevenue,j (p)Qj S _gRevenue Vp S g

i€T Jjeg

Z QRegret,i (p)ml + Z 6Regret,j (p)Qj < aRegret VP €g

€T JjeJ

Z ORatio,i (P)mi + Z Bratio,j(p)g; <0 VpEG

€T JjeJ

- / Sd(I)(S) - ZaRevenue,i(p)Ui - Z ﬂRevenue,j(p)]-(v < rj) <0 vv)p €g
s=u i€T jeT

pl(v Z p) - / qu)(s) - Z@Regret,i(p)vi - Z BRegret,j(p>1(U S Tj) S 0 VU,p € g

s<v i€l jeg

HRatiopl(U > p) - / qu)(s) - ZaRatio,i(p)Ui - Z ﬁRatio,j(p)l(U < Tj) <0 Vu,peg
sSvU i€ jeg

® is a CDF,
(LP-multi)

and if the above program is feasible, a solution ® achieves (ORevenue; ORegret, IRatio) -

We can use (LP-multi) to compute the multi-criteria robust approximation factor ¢*(F) of a

given uncertainty set F, using the representation (5) (cf. Proposition A-1), as follows. First, using

*
Revenue’

*

Regret> and maximin

F and (LP3), we compute the maximin revenue 6 the minimax regret ¢
ratio 0 ;.- By the definition of ¢*(F), for each value ¢ € [0,1] the tuple (frevenue, PRegret s ORatio) =
(¢ ORevenuer TRegret /€ € * ORatio) 18 feasible if and only if ¢ < ¢*(F). For each ¢, we can check the
feasibility of ¢ with (LP-multi), so we can compute ¢*(F), the largest possible feasible value of
¢, up to any desired precision by binary search on ¢ € [0,1]. If G is a finite set of size K, then

(LP-multi) is a linear feasibility program with ©(K) variables and ©(K?) constraints.

4 Performance of Focal Mechanisms Across Robustness Criteria

*

. . *
We now evaluate the relative performance of each of the mechanisms @Regret, Revente

PR tio Against
different criteria. For support [a,b], we set G to be the values a + i(b — a)/K for i € [K]|, with
K = 100. To initially make the insights clear and compact, we will be interested in not just a

specific uncertainty set, but a class of uncertainty sets. We normalize the (known) support upper
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bound b to 1. We denote each class of uncertainty sets as follows. Let

F" be the set of distributions with support [0, 1] and mean

f,jjga“+var be the set of distributions with support [0, 1], mean p, and variance o>

Fmedian b the set of distributions with support [0, 1] and median v.

FLB be the set of distributions with support [a, 1].

These four classes of uncertainty sets correspond to cases that have been studied in previous
papers, as discussed in §1.2.
Take F***" as an example. For each u, we can evaluate the upper bound of how any mechanism

optimized against one criterion, say regret ®7 = ®F

mean 3
Regret Regret (L"), performs against another

criterion, say revenue RelPerf(‘IJ*Regret(flﬂnean),Revenue,fl‘fean). This quantity is a function of u.
By using (EP*’D(;\V:“’TOM)), we can compute the best performance (i.e. lowest possible A\-regret) for
any such optimal @ﬁegret. If we want to make a statement specific to an uncertainty set, this quantity
is sufficient. However, in order to make a general statement about how a regret-optimal mechanism
performs on other criteria with mean information, we will evaluate performance across instances
(values of p). Let G = {0.1,0.2,...,0.9}. We will evaluate the worst case performance when the
unknown parameter belongs to the grid G, minyeg RelPerf(®k o0 (F1°"), Regret, F2¢0).
While it is clear that a mechanism that is optimal with respect to one criterion will not neces-
sarily be optimal with respect to a different robustness criterion, what is unclear is how suboptimal
will the initial mechanism be for an alternative criterion. The next set of results quantifies how

the three focal mechanisms perform when evaluated under alternative criteria, when focusing on

different uncertainty structures. We report all numerical results with two decimal points.

Proposition 5 (Mean Information). Consider the setting with uncertainty set given by F,.

1. Any mazimin revenue optimal mechanism @ﬁevenue(.ﬁ?eaﬂ) satisfies

min RelPerf(®Rqvenue(F ), All, F) = 0.58.
neG

21



2. Any minimax regret optimal mechanism @Eegret (fllflean) satisfies

min RelPerf(Df e ("), All F) = 0.44.

3. Any mazimin ratio optimal mechanism @ﬁevenue(ﬂnean) satisfies

I;Pei(g RelPerf(®g venue (F, "), All, F) = 0.68.

Note that this is a negative result in the sense that we give an upper bound on the performance
for any ctiterion-specific optimal mechanism that is tailored to the value of u, using (ﬁP;’n(;\v:“’T““)).
We observe that, across instances, a maximin revenue optimal mechanism can guarantee at most
58% relative performance across robustness criteria, a minimax regret optimal mechanism can
guarantee at most 44%, and a maximin ratio optimal mechanism at most 68%. This highlights

that all mechanisms performance are fragile in this setting. We provide a more granular picture

of all cases in Table 2, where we present all nine combinations of mechanism and criterion of

evaluation.
Evaluated Criterion

Mean revenue ‘ regret ‘ ratio

Mechanism revenue 1.00 0.58 | 0.75

Criterion regret 0.45 1.00 | 0.44

ratio 0.68 0.93 | 1.00
Table 2: The uncertainty set is known mean information JF " Each cell is
mingeg RelPerf(®} . anismCriterion (i), EvaluatedMetric, F¢*"), the performance of a mecha-

nism optimized for one criterion (row) when evaluated under another criterion (column).

We observe that, under the uncertainty set F;***", the minimax regret mechanism performs
poorly against the other two criteria (44% for ratio and 45% for regret). The maximin revenue
mechanism performs reasonably under the ratio criterion (75%), but not as well under the regret
criterion (58%). The maximin ratio mechanism performs very well under the regret criterion at
93%, but the performance degrades at 68% for the regret criterion.

Similar results can be obtained for the other uncertainty sets under consideration. We present

the results for F25***¥*" in Table 3, for Fmedian i Table 4, and for F-B in Table 5. We observe
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across settings that focal mechanisms can fare quite poorly when evaluated against alternative

classical robustness criteria. We also note that across cases, minimax regret mechanisms seem to

perform particularly poorly against the other two criteria, compared to the maximin revenue and

maximin ratio mechanisms. This is because the minimax regret rule often prescribes to put no mass

on low values, a feature that adversarial Nature can take advantage of for other criteria, leading to

low performance. It is also important to note that while minimax regret mechanisms might perform

worse in the worst case over a large set of instances (as shown in this section), this is not true for

every instance. In instances with known high mean and fixed variance or with known high median,

the minimax regret mechanism leads to a higher guarantee than the two other focal mechanisms

(cf. Figure 1).

Mean & Variance

Evaluated Criterion

revenue ‘ regret ‘ ratio

Mechanism revenue 1.00 0.51 | 0.67
Criterion regret 0.49 1.00 | 0.58
ratio 0.78 0.71 | 1.00
Table 3: The uncertainty set is known first
(mean and variance) information Fpeandtvar,

: * mean-+var ; mean-+var
min, e RelPerf(P} . anismCriterion (F i o ), EvaluatedMetric, F)'s )s
of a mechanism optimized for one criterion (row) when evaluated under another criterion (column).

Evaluated Criterion

Median revenue ‘ regret ‘ ratio
Mechanism revenue 1.00 0.41 0.34
Criterion regret 0.00 1.00 | 0.00

ratio 0.41 0.52 1.00

Table 4: The uncertainty set is known median information JFredian,

* ( ]:median

MechanismCriterion \¥ v

min, g RelPerf(®

moments

cell

is

performance

Each cell

is

, EvaluatedMetric, Fedian) “the performance of a mech-
v b
anism optimized for one criterion (row) when evaluated under another criterion (column).
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Evaluated Criterion

Lower Bound revenue ‘ regret ‘ ratio
Mechanism revenue 1.00 0.41 | 0.33
Criterion regret 0.00 1.00 | 0.00
ratio 0.31 0.53 | 1.00

Table 5: The uncertainty set is known lower bound information FLB.  Each cell is
mingeg RelPerf(®5 oo oo (FLB), EvaluatedMetric, F2B), the performance of a mechanism

optimized for one criterion (row) when evaluated under another criterion (column).

5 The Best of Many Criteria: Results and Discussions

5.1 Achievable Performance

As seen in §4, all three focal mechanisms are not robust across criteria. In this section, we explore
the question of whether there exists a mechanisms that can perform well across the three criteria.
Recall that for a given uncertainty set of distributions F, we denote by ¢*(F), defined in (4), the

highest fraction of the three criteria achievable across all mechanisms.

Theorem 1 (Robust Pricing: Best of Many Criteria). For each uncertainty set F below, we have

the following (uniform across instances) lower bound on c¢*(F).
1. (Mean Information) For any p € G, c*(F; ") > 0.92.

2. (Mean and Variance Information) For any p, 0 € G such that Fg*" 2" 2 (), ¢*(Fpsantvar) >

0.86.
3. (Median Information) For any v € G, c*(Fredian) > 0.61.
4. (Lower Bound Information) For any a € G, c*(F-B) > 0.58.

In other words, for any known mean in G, there exists a mechanism that can ensure at least
92% of the best performance achievable for any of the three robust criteria. For any known mean
and variance, we get an 86% guarantee; for median, 61%, and for lower bound, 58%. Note that
c*(F) = RelPerf(®3;, All, F). It is important to put these numbers in perspective by comparing
with the performance RelPerf(®, All, F) of focal mechanisms ® € { P}, onuer PRegret: PRatio) Tom

Section 4.
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e With mean information, the best focal mechanism is ®,,;, with relative performance of 68%

compared with the best of 92% (& and ®F..., are worse at 58% and 44%).

*
Revenue

*

e With mean and variance information, the best focal mechanism is ®f, ..o

with relative per-
formance of 71% compared with the best of 86% (®

49%).

* *
Revenue and @Regret are worse at 51% and

e With median information, the best one can obtain, at 61%, is quite large compared to the

best focal mechanism ®f,,;, at 41% ( and ®F,..., are worse at 34% and 0%.)

*
Revenue

e With lower bound information, the best one can obtain, at 58% is quite large compared to

the best focal mechanism @} at 33% (P and .. are worse at 31% and 0%.)

Revenue Regre

Remark. It might seem surprising that the guarantee for mean and variance (86%) is lower than
that for mean alone (92%) even though the former has strictly more information. In fact, it is
possible for some p, o to have c*(Fs" V") < c*(F"**") because when we add more information
and F becomes smaller, there are two effects, as seen in the definition (3): (i) we minimize over
a smaller uncertainty set F' € F, which makes the relative performance larger (ii) the benchmarks

that we compare against become more competitive, i.e. 6} (F) and 6§, (F) increase and

Revenue
Q*Regret (F) decreases, which makes the relative performance smaller. Of course, in the extreme case
when there is no uncertainty and F is a singleton, ¢*(F) takes the maximum value of 1, but in

between, either (i) or (ii) can dominate.

5.2 Mechanisms and Performance Across Instances

Performance across instances. While the result above highlights that one may improve the
worst case factor ¢*(F), across a large number of instances F, next we explore the achievable
across instances for the four classes of uncertainty sets we analyze. For F e we plot, as a

function of p, the relative performance RelPerf(®, All, 77°*") for the best mechanism ® = &7, as

*

well as the focal mechanisms ® € {®} . onues

@ﬁegret, Pliatior- We give similar plots for the other
3 classes of uncertainty sets, showing the relative performance of each mechanism as a function
of the key parameter of that class: Fggan+var as a function of p with fixed ¢ = 0.20 (so the plot

median
» I

is two-dimensional) as a function of v, and FLB as a function of a. All plots show the
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lower bound on the performance for ®}; and the upper bounds on the performances of all other

mechanisms, to emphasize the substantial provable gap between @7, and all other mechanisms.

Figure 1 presents these results.

1.0
0.8
0.61
0.4+
0.21

0.01

1.0
0.81
0.61
0.4
0.21

0.04

Figure 1: Relative performance of different mechanisms ¢ € {®
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* *

* *
Regret’ = Revenue’ Ratio’q)All} over

all criteria as a function of the key parameter, in four classes of uncertainty sets: known mean
F°%", known mean and variance F, ggan”ar, known median F°dian and known lower bound
b}

LB
Fio.

We observe that across all instances, there is significant room to improve relative performance

across criteria, when deviating from the three focal mechanisms. A striking case is that of median

equal to 0.6. Despite the fact that each focal mechanism has relative performance below 85% across

criteria, the uniformly optimal mechanism achieves 98% of performance across criteria. In general,

the uniformly optimal mechanism performs around 10-15% better than the best focal mechanism at

that parameter value. However, if we stick to a single focal mechanism, there are parameter regions

where that focal mechanism performs worse than that. (This is particularly true for ®

*

Revenue and
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EegretQ while @5, ., has a significant performance gap against ®7},,, the gap is fairly constant across
parameter values.) The exception to this trend is the case with known lower bound fc{JB, where

é*

Revenue dominates the other two focal mechanisms uniformly. This is because there are no other

constraints on the distribution other than the support, so Nature can always put all its mass at the
lower bound a in the worst-case revenue criterion, so the revenue criterion is particularly sensitive

to the mass at a in particular, which is not taken into account in the other two focal mechanisms.

*

Even in this case, however, we see that 3, cnue

might not perform as well against the other two

criteria, and the uniformly robust mechanism ®7},, significantly improves performance.

Form of the mechanisms. Lastly, we illustrate the various prescriptions that emerge. To that
end, we select example uncertainty sets from each of the four classes F**", F, ;}}gan+vaf, Fmedian ' 71L.B

and plot the price CDF distributions of mechanisms ® € {5 P

* *
Revenue’ * Regret’ (I)Ratiw (I)AH} for com-

parison in Figure 2.

Each number in parenthesis of the plot legend in Figure 2 is RelPerf(®, All, F), the relative per-
formance of the corresponding mechanism ® under uncertainty set F. As the relative performance
numbers suggest, there is a lot of room for improvement. In the cases of F***", fggan”ar, Fmedian
by changing from ®%,.;, to @}, we get a 13%, 13%, and 8% improvement, respectively. This high-
lights an interesting property in robust pricing. The mechanism ®7; is not a drastic adjustment

to the other mechanisms and yet can allow to obtain much stronger criteria robustness.

6 Concluding Remarks

In this study, we investigate robust decision-making and the extent of criteria-overfitting that may
take place. In the context of robust pricing, we derive a comprehensive analysis that enables us to
answer these central questions. We show across a variety of settings that overfitting is a real issue.
Mechanisms tend to be highly tailored to the robust criterion selected and can perform very poorly
when evaluated against alternative robustness criteria. Furthermore, we develop a formulation to
obtain the best of many criteria. We show that it is possible to significantly outperform any of the
focal mechanisms, and significantly increase the uniform guarantees across criteria.

This opens up various avenues for future research. While we have focused on the classical

pricing problem, a fruitful avenue may be the systematic study of classical problem classes, and
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Figure 2: Comparison of different price distributions ® € {®f venues PRegret PRatios o4} for
prototypical uncertainty sets in each of the four classes. Each number in parenthesis is
RelPerf(®, All, F) for the corresponding ¢ and F.

more broadly delineating which problems can be fragile to the selection of a particular robust

criterion, and when can such fragility be addressed.

References

Maurice Allais. Le comportement de 'homme rationnel devant le risque: Critique des postulats et

axiomes de I'Ecole américaine. Econometrica, 21(4):503-546, 1953.

Amine Allouah and Omar Besbes. Prior-independent optimal auctions. Management Science, 66

(10):4417-4432, 2020.

28



Amine Allouah, Achraf Bahamou, and Omar Besbes. Optimal pricing with a single point. Man-
agement Science, 69(10):5866-5882, 2023.

Jerry Anunrojwong, Santiago R. Balseiro, and Omar Besbes. On the robustness of second-price
auctions in prior-independent mechanism design. In Proceedings of the 23rd ACM Conference on

Economics and Computation, pages 151-152. ACM, 2022.

Jerry Anunrojwong, Santiago R. Balseiro, and Omar Besbes. Robust auction design with support
information. In Proceedings of the 24th ACM Conference on Economics and Computation, EC

23, page 113, New York, NY, USA, 2023. Association for Computing Machinery.

Kenneth J. Arrow. Alternative approaches to the theory of choice in risk-taking situations. Econo-

metrica, 19(4):404-437, 1951.

Pablo Azar, Silvio Micali, Constantinos Daskalakis, and S. Matthew Weinberg. Optimal and effi-
cient parametric auctions. In Proceedings of the 2013 Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA ), pages 596-604, 2013.

Pablo Daniel Azar and Silvio Micali. Parametric digital auctions. In Proceedings of the 4th Confer-
ence on Innovations in Theoretical Computer Science, ITCS 13, page 231-232, New York, NY,
USA, 2013. Association for Computing Machinery.

Nir Bachrach and Inbal Talgam-Cohen. Distributional robustness: From pricing to auctions. In
Proceedings of the 25rd ACM Conference on Economics and Computation, EC ’22, page 150,
New York, NY, USA, 2022.

Dirk Bergemann and Karl H. Schlag. Pricing without priors. Journal of the European Economic

Association, 6(2-3):560-569, 2008.

Dimitris Bertsimas and Dick den Hertog. Robust and Adaptive Optimization. Dynamic Ideas LLC,
2022.

Dimitris Bertsimas, David B. Brown, and Constantine Caramanis. Theory and applications of

robust optimization. SIAM Review, 53(3):464-501, 2011.

Allan Borodin and Ran El-Yaniv. Online Computation and Competitive Analysis. Cambridge
University Press, 2005.

29



Vinicius Carrasco, Vitor Farinha Luz, Nenad Kos, Matthias Messner, Paulo Monteiro, and Hum-
berto Moreira. Optimal selling mechanisms under moment conditions. Journal of Economic

Theory, 177:245-279, 2018.

Gabriel Carroll. Robustness and separation in multidimensional screening. Econometrica, 85(2):

453-488, 2017.

Naveed Chehrazi and Thomas A. Weber. Monotone approximation of decision problems. Operations

Research, 58(4-part-2):1158-1177, 2010.

Honggiao Chen, Ming Hu, and Georgia Perakis. Distribution-free pricing. Manufacturing € Service
Operations Management, 24(4):1939-1958, 2022.

Zhi Chen, Zhenyu Hu, and Ruigin Wang. Screening with limited information: A dual perspective.
Operations Research, 0(0):null, 2024.

Richard L. Daniels and Panagiotis Kouvelis. Robust scheduling to hedge against processing time

uncertainty in single-stage production. Management Science, 41(2):363-376, 1995.

Daniel Ellsberg. Risk, ambiguity, and the savage axioms. Quarterly Journal of Economics, 75(4):

643-669, 1961.

Serkan S Eren and Costis Maglaras. Monopoly pricing with limited demand information. Journal

of revenue and pricing management, 9(1-2):23-48, 2010.

Itzhak Gilboa and David Schmeidler. Maxmin expected utility with non-unique prior. Journal of

Mathematical Economics, 18:141-153, 1989.

Nick Gravin and Pinyan Lu. Separation in correlation-robust monopolist problem with budget. In
Proceedings of the 2018 Annual ACM-SIAM Symposium on Discrete Algorithms (SODA ), pages
20692080, 2018.

J. C. Harsanyi. Cardinal welfare, individualistic ethics, and interpersonal comparisons of utility.

The Journal of Political Economy, 63(4):309-321, 1955.

Jason Hartline, Aleck Johnsen, and Yingkai Li. Benchmark design and prior-independent opti-
mization. In 2020 IEEE 61st Annual Symposium on Foundations of Computer Science (FOCS),
pages 294-305, 2020.

30



Colin Howson and Peter Urbach. Scientific Reasoning: The Bayesian Approach. Open Court, La
Salle, 1989. ISBN 0-8126-9084-2.

Leonard Hurwicz. Optimality criteria for decision making under ignorance. 1951.

Daniel Kahneman and Amos Tversky. Prospect theory: An analysis of decision under risk. Econo-

metrica, 47(2):263-291, 1979.

Richard M. Karp. On-line algorithms versus off-line algorithms: How much is it worth to know
the future? In Proceedings of the IFIP 12th World Computer Congress on Algorithms, Software,
Architecture - Information Processing '92, Volume 1 - Volume I, page 416-429. North-Holland
Publishing Co., 1992.

Christopher Kiekintveld, Towhidul Islam, and Vladik Kreinovich. Security games with interval
uncertainty. In Proceedings of the 2018 International Conference on Autonomous Agents and
Multi-Agent Systems, AAMAS ’13, page 231-238, Richland, SC, 2013. International Foundation

for Autonomous Agents and Multiagent Systems.

Cagil Kogyigit, Napat Rujeerapaiboon, and Daniel Kuhn. Robust multidimensional pricing: sepa-
ration without regret. Mathematical Programming, 196(1):841-874, 2022.

Nenad Kos and Matthias Messner. Selling to the Mean. CESifo Working Paper Series 5443, CESifo,
2015.

Roger B. Myerson. Optimal auction design. Mathematics of Operations Research, 6(1):58-73, 1981.

Georgia Perakis and Guillaume Roels. Regret in the newsvendor model with partial information.

Operations Research, 56(1):188-203, 2008.

Hamed Rahimian and Sanjay Mehrotra. Frameworks and Results in Distributionally Robust Op-

timization. Open Journal of Mathematical Optimization, 3:4, 2022.

John Riley and Richard Zeckhauser. Optimal Selling Strategies: When to Haggle, When to Hold
Firm*. The Quarterly Journal of Economics, 98(2):267-289, 05 1983.

Tim Roughgarden and Inbal Talgam-Cohen. Approximately optimal mechanism design. Annual

Review of Economics, 11(1):355-381, 2019.

31



Paat Rusmevichientong and Huseyin Topaloglu. Robust assortment optimization in revenue man-

agement under the multinomial logit choice model. Operations Research, 60(4):865-882, 2012.
L. Savage. The Foundations of Statistics. Wiley, New York, 1954.

Leonard J. Savage. The theory of statistical decision. Journal of the American Statistical Associa-

tion, 46(253):55-67, 1951.

Jorg Stoye. Axioms for minimax regret choice correspondences. Journal of Economic Theory, 146

(6):2226-2251, 2011. ISSN 0022-0531.

Alex Suzdaltsev. An Optimal Distributionally Robust Auction. Papers 2006.05192, arXiv.org, June
2020.

John von Neumann and Oskar Morgenstern. Theory of Games and Economic Behavior. Princeton

University Press, 1944.

Abraham Wald. Statistical decision functions which minimize the maximum risk. Annals of Math-

ematics, 46:265-280, 1945.
Shixin Wang. The power of simple menus in robust selling mechanisms, 2023.

Shixin Wang and Jiawei Zhang. Minimax regret mechanism design with moment information.

Technical report, 2024.

Shixin Wang, Xuan Wang, and Jiawei Zhang. Robust optimization approach to process flexibility
designs with contribution margin differentials. Manufacturing € Service Operations Management,

24(1):632-646, 2022.

Shixin Wang, Shaoxuan Liu, and Jiawei Zhang. Minimax regret robust screening with moment

information. Manufacturing & Service Operations Management (forthcoming), 2023.

32



Electronic Companion:
Robust Auction Design with Support Information

Jerry Anunrojwong!, Santiago R. Balseiro?, and Omar Besbes®.

Appendix

Table of Contents

A Proof: Equivalence of Two Definitions of RelPerf(®, All, F) App-2
B Proof: Reduction to Linear Programs App-3
C Linear Programs for Maximin Ratio App-4

!Columbia University, Graduate School of Business. Email: janunrojwong25@gsb.columbia.edu
2Columbia University, Graduate School of Business. Email: srb2155@columbia.edu.
3Columbia University, Graduate School of Business. Email: ob2105@columbia.edu.

App-1



A Proof: Equivalence of Two Definitions of RelPerf(®, All, F)

We observe that the relative performance over all objectives can equivalently be computed as a
minimum of individual relative performances across each objective.

Proposition A-1 (Equivalent Definition of Relative Performance Over All Objectives).

. o F 9*6 . . io(®. F
RelPerf(®, All, F) :min{mmp er Revenue(@, F) Regret , minper Ratio(®, )}.
O evenue maxper Regret(®, F) Oiatio
(A-1)

The difference between (3) and (5) is that in (3), the same distribution F' is used to evaluate
the relative performance for all 3 objectives, whereas in (5), the relative performance, and thus the
worst case evaluation, of each objective is computed separately.

Proof of Proposition A-1. Because, for every F' € F,

min Revenue(®, F1) < Revenue(®, F)

FeF
max Regret(®, F») > Regret(®, F)
FreF
min Ratio(®, F3) < Ratio(®, F),
F3eF

we have, for every F' € F,

. Revenue(®, F OR eoret Ratio(®, F'
(5) < min £
- 05 "Regret(®,F)’ 65 )

Revenue Ratio

Therefore, (5) < (3). Now we will prove the converse, (3) < (5). Let (5) = ¢. Because (5) is a
minimum of 3 values, at least one of those values must be c. We first consider the case that the
first term is c. Let F}* € argminp ¢ r Revenue(®, F7). Then,

(5) < min 4 ROvemue(®, ) g Ratio(®, Ff)
- 0% "Regret(®, Fy)’ 0

Revenue Ratio

o . *
—— Regret 7 Ratio(®, F}") <e
Regret(@, Fl*) el*{atio B

The other two cases (that the regret term is equal to ¢, or the ratio term is equal to ¢) allow us
to proceed similarly that (5) < c¢. We therefore conclude that (3) < (5).
O
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B Proof: Reduction to Linear Programs
Proof of Proposition 2. The A-regret of a mechanism ® can be rewritten as

min 0
7]

st 0> 1}12%{/\{%16215(19}7(19)} —//ng sdcb(s)dF(v)},

which is equivalent to
min 6
0

s.t. 6 > max {)\pﬁ(p) - //sgv sd@(s)dF(v)} Vpedg.

FeF

Recall that the set F defined in (2) has linear constraints in terms of moments and quantiles.
Namely, we know that F has the i’th moment equal to m;, and it has F(r;) = ¢;. Then the
maximization in the constraint corresponding to price p (which we will call the p-program) is given
by

1(v>p) — ) F
mes [ P zp - [ santo}ar)
s.t. / v'dF(v) =m; Vi€l
g
/ 1(v >rj)dF(v) =¢q; VjeJ.
g
Note here that we have mg = 1, imposing that F is a CDF.

We now apply LP duality and analyze the dual problem instead. Let the dual variables of the
p-program be a;(p) € R and §;(p) € R, so it becomes

min max Apl(v > p) — sd®P(s) p dF' (v
a(p),B(p) dF>0 /g{ pilv=p) /s§11 ( )} (©)

+ 3 ai(p) (mi— [V'dF@) )+ > Bi(p) (¢ — [ (v =ry)dF(v) ).
(= [ rar )« oo (- | )

i€l JjeJ
Note that the objective above may be rewritten as
b
> ailpymi+ Y Bi(p)g; +/ (Apl(v >p) - / sd®(s) =Y _ai(p)o' =Y Bi(p)1(v > rj)) dF (v).
i€z jeg a ssv ieT jeT

The dual variables must be such that the coefficient of each dF'(v) is non-positive in order for the
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maximum to not be co. Therefore the dual problem reduces to
min Y ai(p)mi + Y Bi(p)g
a(p).B(p) =7 e

st. Apl(v > p) —/ sd®(s) = > ai(p)o' = > Bi(p)Lv =1;) <0 YweG.

s<v i€l jeg

Returning to the problem of computing the worst case A-regret of a mechanism ®, one may
rewrite this problem as

min 6
97“76
st. 0> ailpmi+ > Bi(plg; VpeG
€L €T
Apl(v > p) — / sd®(s) = > _ai(p)' =Y Bi(p)l(v>7r;) <0 Vu,peg.
ssv icT jeT

Similarly, the problem of computing minimax A-regret is the problem of finding ® such that the
worst-case A-regret is minimized. Given that the problem of worst-case A-regret is already written
as a minimization problem above, the minimax A-regret is equal to the value of the above linear
program where ® € M is also a variable to optimize over:

min 6
®.0,a,8
0> ailpymi+ Y Bip)g; Vpeg
i€l JjeJ
Apl(v > p) — / sd®(s) — Zai(p)vi - Z Bj(p)l(v >7r;) <0 VYu,peg.
ssv i€ jeT
This completes the proof. ]

C Linear Programs for Maximin Ratio

Throughout the main text, we characterize the maximin ratio via minimax A-regret, computing the
value for different values of A and use line search to find the largest A such that minimax A-regret is
positive. This formulation has the benefit that the A-regret unifies all three focal objectives in one
framework, but requires us to do more computation, having to solve many LPs instead of one. In
this Appendix, we show that the maximin ratio can be computed with a single LP. The derivation
closely parallels that of [Wang et al., 2023, Theorem 1] and is thus omitted. (The only difference is
that we also have quantile constraints with dual variables 3;(p), but this does not add additional
complexity because they are also linear constraints that can be treated the same way as the original
linear moment constraints.)

Proposition C-2 (Wang et al. [2023]). Let M be a given class of mechanisms. The mazximin ratio



problem

max min Ratio(®, F')
deM FeF

can be equivalently written as the objective to the following program

max T
7,®,a;(p),B; (), ¥

st rp<~(p) Vpeg
/< sd®(s) + Y ai(p)(mi —v') + > Bi(p)(rj — L(v = g;)) = ¥(p)L(v = p) >0 Vp,v G

i€l jeTJ
deM
(Ratio—LP)

Note that Proposition C-2 above holds for any M. When we want to compute the maximin
ratio ORatio, We take M to be the set of all distributions on G. When we want to compute the
cross-performance (that is, evaluate the worst-case ratio of either the minimax regret or maximin
revenue mechanisms), we take the set of mechanisms to be Mg

Note that the above works whether ® € M (optimize over all CDFs) or ® € Mg (the cross-
LP). With ® € M4, we just translate it with duality as done before (the dual variables associated
with the original ratio programs are Qupew, Bnew, Whereas the dual variables associated with Mg
are old, Bold):

max rs.t
7,®,0new,i (P),Bnew,j (P),%o1d,i (P):Bold, j (P) Y

rp<~v(p) Vpeg

[ 505+ Y Guensp)mi = )+ Y B 0)(r5 ~ 10 2 0) = 1(0)10 2 p) 20 Vpw € G

i€ JET
Told > Z Qold,i(p)mi + Z Boa,j(P)a; Vpe§
i€l jeT
Aolapl(v > p) — / sd®(s) — Zaold,z’(p)vi - Z Boid,j(p)1(v > 1) <0 Vp,ve€G
5=V i€T jeg

® is a CDF.
(Ratio-LP-Cross)
As before, if the old objective is regret, we set Agiq = 1,701d = ORegret and if the old objective is
revenue, we set Aglqg = 0, 7old = —ORevenue-
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