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Abstract

A seller wants to sell an item to n buyers. Buyer valuations are drawn i.i.d. from a distribution
unknown to the seller; the seller only knows that the support is included in [a,b]. To be robust,
the seller chooses a DSIC mechanism that optimizes the worst-case performance relative to the
ideal expected revenue the seller could have collected with knowledge of buyers’ valuations. Our
analysis unifies the regret and the ratio objectives.

For these objectives, we derive an optimal mechanism and the corresponding performance
in quasi-closed form, as a function of the support information [a, b] and the number of buyers n.
Our analysis reveals three regimes of support information and a new class of robust mechanisms.
i.) When a/b is below a threshold, the optimal mechanism is a second-price auction (SPA) with
random reserve, a focal class in earlier literature. ii.) When a/b is above another threshold,
SPAs are strictly suboptimal, and an optimal mechanism belongs to a class of mechanisms
we introduce, which we call pooling auctions (POOL); whenever the highest value is above a
threshold, the mechanism still allocates to the highest bidder, but otherwise the mechanism
allocates to a uniformly random buyer, i.e., pools low types. iii.) When a/b is between two
thresholds, a randomization between SPA and POOL is optimal.

We also characterize optimal mechanisms within nested central subclasses of mechanisms:
standard mechanisms that only allocate to the highest bidder, SPA with random reserve, and
SPA with no reserve. We show strict separations in terms of performance across classes, implying
that deviating from standard mechanisms is necessary for robustness.

Lastly, we show that the same results hold under other distribution classes that capture “pos-
itive dependence,” namely: i.i.d., mixture of i.i.d., and exchangeable and affiliated distributions,
as well as i.i.d. regular distributions.

Keywords: robust mechanism design, minimax regret, maximin ratio, support information,
prior-independent, standard mechanisms, second-price auctions, pooling.
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1 Introduction

The question of how to optimally sell an item underlies much of modern marketplaces, from online
advertising and e-commerce to art auctions. Selling mechanisms are widely used in practice, and
in turn they are studied in economics, computer science, and operations research under optimal
mechanism design, starting from the pioneering work of [Myerson, 1981]. The literature often
assumes that the seller knows the environment perfectly, but (i) this knowledge is often either
not available or reliable, and (ii) the optimal mechanism prescribed by the theory is often too
complicated or fine-tuned to the details of the environment, to be used in practice. There is
therefore a need to develop mechanisms that depend less on market details, and this need is often
referred to as the “Wilson doctrine” [Wilson, 1987].

The emerging literature on robust mechanism design, in turn, aims to design mechanisms that
perform “well” in the worst case against “any” environment. This line of work often leads to
interesting insights but, taken literally, they can lead to mechanisms that are too conservative.
In practice, while we do not have complete knowledge about the environment, we often do have
partial knowledge, and how to incorporate additional side information into the robust framework
is essential to bring the robust theory closer to practice. In this paper, we make progress in this
direction by analyzing the role of support information of bidder valuations, as captured by lower
bounds and upper bounds on bidder valuations.

The motivation of the knowledge of such bounds is that we operate in a world with minimal or no
data. The bounds need not be learned from data but rather are derived from asking experts, using
domain knowledge, or common sense. Examples include launching a new product, or auctioning
rarely traded goods such as fine art, collectibles, and jewelry. In these contexts, the support
information is a natural form of partial knowledge because it is easier and more intuitive to come up
with a reasonable range of values than to guess something like the shape of the valuation distribution
(either parametric or nonparametric like regularity or monotone hazard rate) or distributional
parameters like the mean or the optimal monopoly price.

More formally, consider a seller who wants to sell an item to n bidders. The bidders’ valuations
are unknown to the seller and are assumed to be drawn from a joint distribution F'. The seller

does not know F', and knows only a lower bound a and an upper bound b on the support of F,



and that the valuations belong to the class F of i.i.d. distributions. Similarly, the bidders also do
not know F'. Therefore, we focus on mechanisms that are dominant strateqy incentive compatible
(DSIC). Under such a mechanism, every bidder optimally reports her true value regardless of other
bidders’ valuations and strategies.

We will quantify the performance of mechanisms by the gap between the benchmark oracle
revenue, the ideal expected revenue the seller could have collected with knowledge of the buyers’
valuations, and the expected revenue garnered by the actual mechanism. Our framework will
be general and apply to two classical notions of gaps considered in the literature: (i) the regret
(absolute gap) is the difference between these two revenues, and (ii) the approximation ratio (relative
gap) is the ratio of these two revenues. The seller selects a mechanism that performs well (minimizes
regret or maximizes approximation ratio) in the worst case against all admissible distributions.!

The interval [a,b] associated with the admissible distribution class captures the amount of
uncertainty of the decision maker. We will parameterize this uncertainty through a/b, which we
call the relative support information, and which is a unitless quantity ranging from 0 to 1. When
a/b ~ 0 (either because a ~ 0 or b > a), we have minimal relative support information while when
a/b ~ 1 we have maximal support information as the endpoints are close.

The understanding of the interplay of support information and robust auctions is very limited
outside of very particular special cases (n = 1 [Bergemann and Schlag, 2008, Eren and Maglaras,
2010] and @ = 0 [Anunrojwong et al., 2022]), leading to the following question: how does support
information affect the structure of optimal robust auctions and achievable performance? We study
optimal performance and associated mechanisms across the relative support information spectrum
and establish richness in the structure of the resulting robust mechanisms with three distinct
information regimes corresponding to three mechanism types. In particular, our work subsumes and
unifies the three studies mentioned above, characterizing an optimal mechanism and the associated
performance for an arbitrary number of bidders n and any support information [a, b], for both the
regret and ratio objectives. See Table 1 for a high level summary of known results and the results

we develop in this paper.

LOur framework also applies to the traditional maxmin (worst-case) revenue, but the worst-case revenue is trivial
in the present case of support information.



Problem Information Objective
Type level Regret \ Ratio
pricing (n = 1) all a/b Bergemann and Schlag [2008] | Eren and Maglaras [2010]
) a/b=0 Anunrojwong et al. [2022] 0
) all a/b —This work—

auctions (n >

>1
auctions (n > 1

Table 1: Comparison with the closest previous studies along the dimension of the number of buyers
(pricing (n = 1) vs. auctions (arbitrary n > 1) and the level of relative support information a/b.

1.1 Summary of Main Contributions

We develop a unified framework for regret and approximation ratio through a single quantity, the
minimax A-regret, where the A-regret is the difference between A times the benchmark revenue
and the mechanism revenue, and A € (0,1] is a constant. It is clear that when A = 1, the A-
regret reduces to the regret. The fact that the A-regret can be used to characterize the maximin
ratio relies on an epigraph reformulation of the latter problem, which is fairly standard in the
context of optimization with fractional objectives. Our main contribution, however, is the full
characterization of a minimax optimal mechanism and its associated performance for A-regret for
any value of A € (0,1], any number of buyers n and any support information [a,b]. Since we are
primarily interested in the effect of the support [a, b], we initially assume that the valuations are n
i.i.d. random variables given the canonical nature of this setting. Our family of optimality results
across this spectrum brings to the foreground a very rich structure of optimal mechanisms, and

establishes how relative support information critically impacts the structure of optimal mechanisms.

Novel mechanism class. A natural candidate for an optimal mechanism is a second-price auc-
tion with appropriate random reserve. Previous work [Anunrojwong et al., 2022] shows that this is
optimal with zero relative support information, i.e., for a = 0. Suppose for a moment that relative
support information is high (i.e., a ~ b) and we are restricted to the class of second-price auctions
(SPAs). Setting any nontrivial reserve is risky because when the highest buyer’s value is below the
reserve the seller does not allocate and gets zero revenue. At the same time, the benefits of a reserve
price are limited since the highest and lowest values are close. Indeed, the seller can guarantee a
revenue of a with no reserve, which is close to the maximal revenue achievable of b. Hence, it should

be intuitive that when relative support information is high, a SPA with no reserve is optimal among



the class of SPAs. (A formal result is presented in Section 4.2.) A natural question is then whether
there are mechanisms that can outperform a SPA with no reserve from a robust perspective, and
what structure they take.

We define a new mechanism class, with the aim of softening the trade-offs associated with reserve
pricing in second-price auctions. These mechanisms, that we dub “pooling auctions” (POOL), have
an associated threshold. When the highest bid is above the threshold, the mechanism allocates to
the highest bidder, as in a SPA when the highest bid is above the reserve price. However, when the
highest bid is below the threshold, rather than not allocating as a SPA would do, the seller allocates
uniformly at random to any of the bidders. In other words, this auction pools the low types and the
lowest bidder may get the item. By increasing the allocation at low values, the mechanism increases
the revenue derived from lower-valued bidders, but in doing so, the mechanism can extract less
revenue from higher-valued bidders due to incentive compability. In this sense, the pooling auction
makes allocation and payment more “uniform” across values and softens the tradeoffs from reserve

pricing.

Characterization of an optimal mechanism. Our main result, Theorem 1, establishes that
there always exists an optimal mechanism that is a randomization over second-price auctions (SPA)
with different reserves and pooling auctions (POOL) with different thresholds. Therefore, an op-
timal mechanism can be implemented in terms of a random instance of one of these “base” mech-
anisms. Furthermore, three fundamental relative support information regimes emerge. There are
thresholds k; and kj, such that: if a/b < k; (low information regime), SPA with random reserves
is optimal; if a/b > kj, (high information regime), POOL with random thresholds is optimal; if
k; < a/b <k (moderate information regime), a randomization over SPA and POOL (i.e. interpo-
lation between the two extremes) is optimal.

We note that SPA is a “standard” mechanism, meaning that it never allocates to non-highest
bidders, but POOL is not. Therefore, the optimal mechanism we have identified is standard if
and only if a/b < k;. Secondly, POOL always allocates, meaning it allocates with probability one,
whereas SPA does not (because it does not allocate below the reserve). Therefore, the optimal
mechanism always allocates if and only if a/b > kj,.

While the result above applies for any A, we note that for the maximin ratio problem (the prob-

lem of maximizing the worst-case ratio of revenue to the benchmark), the value of \ is endogenous,



and it is not clear a priori in which information regime one falls. Quite interestingly, we can prove
that the optimal maximin ratio mechanism is never in the SPA regime and thus some amount of

pooling is always necessary in this case (see Section 3.2 and Proposition 4).

Methodology and closed-form characterization. We characterize the optimal mechanism
and worst-case distribution in closed form via a saddle-point argument. In particular, if we as-
sume that a saddle point exists and the optimal mechanism has the form outlined in the previous
paragraph, we derive necessary conditions for Nature’s worst-case distribution (cf. Section 3.1) as
well as the distributions of random reserve r and threshold 7, under a few fairly mild technical
conditions. We then prove that the resulting mechanism is optimal without any additional as-
sumptions. Our methodology provides a unified treatment across all support information levels,
and objectives (regret and approximation ratio) in one framework. We also characterize Nature’s
worst-case distribution as part of our analysis, which takes the following form: for a/b < kj,, the
worst-case distribution is an isorevenue distribution (i.e., zero virtual value), whereas for a/b > ky,

the worst-case distribution has a constant positive virtual value in the interior of the support.?

Quantifying the value of scale information and competition. Using the machinery we
develop, we can exactly compute the minimax regret and maximin ratio for any support information
[a, b] and number of buyers n (cf. Figure 4). We show that even a small amount of knowledge can
lead to nontrivial guarantees on revenue. For example, even when we only know that values can
vary over a full order of magnitude (a/b = 0.10), we can guarantee 40.38% of the ideal benchmark
with only 2 buyers. When the knowledge of the scale is more precise, say, if we know the value up
to a factor of two (a/b = 0.50), we get a guarantee of 74.63% with 2 buyers. With more agents,

the guarantees improve (around 5% and 3% more, respectively, for an additional buyer).

Quantifying the power of mechanism features. We have identified an optimal mechanism
that is a randomization over base mechanisms in the SPA and POOL classes. A distinguishing
feature of the latter mechanism is that it is non-standard, i.e., it allocates to non-highest bid-
ders. We show that this feature is necessary for optimality by characterizing the minimax optimal

mechanism and performance within the class of all standard mechanisms and showing that the op-

For a distribution with CDF F and density f, the virtual value at v is defined by v — (1 — F(v))/f(v).



timal mechanism strictly improves over optimal standard mechanisms. More broadly, in Section 4,
we quantify the value of different features in the mechanism class by computing the worst-case
A-regret (and thus, regret and ratio) for different nested mechanism subclasses of all DSIC mech-
anisms: all DSIC mechanisms (M,)), all standard mechanisms (Mgq), SPA with random reserve
(MspA-rand), SPA with deterministic reserve (Mgpa_det), and SPA with no reserve (Mgpa_,). These
results are also of independent interest, as they characterize the worst-case performance of com-
monly used mechanisms. In terms of maximin ratio, we find strict separation for all subclasses
except Mgpa_det versus Mgpa ., (cf. Figure 7). These results show that introducing some features

(such as non-standardness) can lead to significant performance improvements.

1.2 Related Work

Auction Design and Mechanism Design Vickrey [1961], Myerson [1981] and Riley and
Samuelson [1981] pioneered a long line of work on the design of auctions and other economic
mechanisms with strategic agents. In particular, Myerson [1981] shows that if agent valuation
distributions are known, i.i.d. and regular, then the optimal (expected-revenue-maximizing) mech-
anism is a second-price auction with reserve. This is the classical paradigm of Bayesian mechanism
design. However, once we go beyond the simplest settings, this paradigm quickly leads to very com-
plicated “optimal” mechanisms that are too detail-dependent and potentially fragile. In response,
part of the algorithmic game theory literature instead focuses on proving approximation guarantees
for specific “simple” mechanisms [Roughgarden and Talgam-Cohen, 2019]. This line of work still
assumes that the value distribution is known to both the designer and all players, and the players
play a Bayes-Nash equilibrium. In our setting, however, the value distribution is not known, the
performance is evaluated in the worst case rather than the “Bayesian” average case, and we require

a dominant strategy equilibrium.

Robust Mechanism Design The closest line of work to ours is how to robustly sell an item
with non-Bayesian uncertainty on valuation distributions. This question has been studied in the
“prior-independent approximation” literature in algorithmic game theory [Hartline, 2020, Chapter
5], often assuming the shape of the distribution (such as regular or monotone hazard rate) is known
but not the “scale” of the distribution. In the present paper, we assume we know the scale of the

distribution (as captured by the bounds [a,b]) but not the shape and we derive both regret and



ratio guarantees. The one-agent case reduces to a pricing problem; Bergemann and Schlag [2008]
and Eren and Maglaras [2010] provide exact characterization for minimax regret and maximin
ratio pricing, respectively. Kogyigit et al. [2020], Kogyigit et al. [2022] analyze minimax regret
against any number n of agents whose valuation distributions are arbitrarily correlated with a
known upper bound on the support. They show that their problem “reduces” to the one-agent case
because Nature can choose the worst-case distribution to only have one effective bidder.
Technically and conceptually, Anunrojwong et al. [2022] is the closest to our work. They show
that the second-price auction is robustly optimal for any number n of agents when only the upper
bound of the valuations is known, whereas our work assumes that both the lower bound a and the
upper bound b are known. This allows us to capture the entire spectrum of support information.
Whereas both their work and ours share the guess-and-verify saddle point framework, the main
difficulty of this framework is to identify the form of the optimal mechanism in the first place.
This makes our departure from the case a = 0 challenging: it requires us to explore the space of
DSIC mechanisms beyond second price auctions. As soon as one departs from SPAs, the space
of mechanisms is much larger and it is not clear what should be a good candidate class a priori.
We identify new focal mechanisms (namely, pooling auctions) and show that qualitatively different
forms of optimal mechanisms emerge, depending on the amount of information a/b. Lastly, they
only focus on regret, whereas we unify both regret and ratio objectives in a single framework.
Previous works that study robust mechanism design tend to identify second-price auctions (SPA)
as optimal [Anunrojwong et al., 2022, Bachrach and Talgam-Cohen, 2022, Kogyigit et al., 2024,
Zhang, 2022a,b, Che, 2022, Allouah and Besbes, 2020]. One of the main contributions of this paper
is to show why SPA fails to be optimal when we have sufficient relative support information and
propose a new building block for robust mechanism design, the pooling auction mechanism. Other
than the fact that the optimal mechanism in our setting is composed of these new mechanisms,
this new class may also be of independent interest in other robust mechanism design problems.
Our work is also related to a broader literature on robustness in mechanism design and con-
tracting [Carroll, 2019]. In particular, while we highlight the work on robustness to distributions
here because they are most related to our work, there are other forms of robustness as well, e.g.,
robustness to higher-order beliefs [Bergemann and Morris, 2005, 2013], robustness to collusion and

renegotiation [Che and Kim, 2006, 2009, Carroll and Segal, 2018], and robustness to strategic be-



havior that is weaker than dominant strategy [Chung and Ely, 2007, Babaioff et al., 2009, Arya
et al., 2009]. Robust mechanism design also has conceptual links to robust and distributionally

robust optimization; see Bertsimas et al. [2011] and Rahimian and Mehrotra [2022] for overviews.

Optimal Mechanisms with Partial Information Our work is also related to the design of
robustly optimal pricing and mechanisms with partial information about the distribution. Some
works assume access to samples drawn from the i.i.d. distribution [Cole and Roughgarden, 2014,
Dhangwatnotai et al., 2015, Allouah et al., 2022, Feng et al., 2021, Fu et al., 2021] while others
assume that summary statistics of distributions are known [Azar et al., 2013, Suzdaltsev, 2020,

2022, Bachrach and Talgam-Cohen, 2022, Allouah et al., 2023].

Pooling in Auctions While the specific form of the pooling auction POOL that we propose is
new, the more general notion of pooling in auctions has appeared in the literature, starting from the
pioneering work on revenue-maximizing auctions of Myerson [1981]. When F' is not regular, it is
shown the distribution must be “ironed” such that the all bidders in the same ironing interval have
the same allocation, that is, their types are pooled. The main difference is that in Myerson [1981],
there is a known focal distribution F to iron, whereas there is no single distribution in our problem,
and the pooling emerges naturally from the worst-case analysis over all feasible distributions. In
fact, we can see from the proof of the main theorem that the worst case distributions are all
regular. Therefore, even if we only consider the worst case over all regular distributions, the
robustly optimal mechanism will still pool, whereas if we know the true distribution to be any
specific regular distribution, the Bayesian optimal mechanism will not pool by Myerson. The
robust auction framework therefore gives qualitatively different prescriptions. Beyond Myerson
[1981], pooling in auctions has been shown to be optimal in a variety of settings [Bergemann et al.,
2022, Feldman et al., 2022, Laffont and Robert, 1996, Pai and Vohra, 2014] but to the best of our
knowledge, these work all operate in the Bayesian setting and as such the driver of pooling appears

different.



2 Problem Formulation

The seller wants to sell an indivisible object to one of n buyers. The n buyers have valuations
drawn from a joint cumulative distribution F'. The seller does not know F', and only knows a lower
bound a and an upper bound b of the valuation of each buyer. That is, the seller only knows that

the support of the buyers’ valuations belongs to [a, b]".

Seller’s Problem. We model our problem as a game between the seller and Nature, in which
the seller first selects a selling mechanism from a given class M and then Nature may counter such
a mechanism with any distribution from a given class F. Buyers’ valuations are then drawn from
the distribution chosen by Nature and they participate in the seller’s mechanism.

We will now consider the choice of the mechanism class M. A selling mechanism m = (x, p)
is characterized by an allocation rule & and a payment rule p, where x : [a,b]” — [0,1]" and
p : [a,b]” — R. Given buyers’ valuations v € [a,b]", z;(v) gives the probability that the item is
allocated to buyer i, and p;(v) his expected payment to the seller. In our main result, we will
consider the class M, of all dominant strategy incentive compatible (DSIC) direct mechanisms. A
mechanism is DSIC if and only if it is optimal for every buyer to report her true valuation (IR) and
participate in the mechanism (IC), regardless of the realization of valuations of the other buyers,
and the seller can allocate at most one item (AC). More formally, we require that the mechanism

m = (x,p) satisfies the following constraints:

vz (v, v—;) — pi(vi,v—;) >0, Vi, v;,v_ (IR)

v;xi(vi, v—i) — pi(vi, Vi) > vixi(Vi, v—;) — Pi(Vi,v—;) Vi, v, vV, 0 (IC)
D mi(viv) <1 V. (AC)
i—1

Note that we allow the seller’s mechanism to be randomized. We can now define the class of all

DSIC mechanisms

Man = {(z,p) : (IR), (IC), (AC)}. (1)
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Seller’s Objective. Informally, the seller seeks to minimize the “gap” between the expected
revenue E, p D7 pi(v)] relative to the benchmark associated with the revenues that could be
collected when the valuations of the buyers are known E,.r [max(v)].> We consider two notions

of gaps. First is the absolute gap, or regret, defined by
n
Regret(m, F) = Eyop |max(v) — Y _p;i(v)| . (2)
i=1

Second is the relative gap or approximation ratio, defined by

Eonr 311 pi(v)]
Ey~r [max(v)]

Ratio(m, F) = (3)

After the seller chooses a mechanism m, Nature then chooses a distribution F' from a given
class of distributions F such that the valuation of the n agents v € R’} are drawn from F. The
seller aims to select the mechanism m to either minimize the worst-case regret or maximize the
worst-case approximation ratio. Our goal, therefore, is to characterize the minimax regret and

maximin ratio for different classes of mechanisms M and classes of distributions F:

MinimaxRegret(M, F) := inf sup Regret(m, F), (4)
meM peF

MaximinRatio(M, F) := sup inf Ratio(m, F). (5)
meM FeF

For A € (0, 1], define the A\-regret

Rx(m, F) = Eyop [Amax(v) — Y p;(v)
=1

To unify the minimax regret and maximin ratio objectives, we will focus on the minimax A-regret

3The benchmark we use, maximum revenue with known valuations, is called the first-best benchmark. Another
plausible benchmark we can use is the second-best benchmark, maximum revenue with known distributions. Both
benchmarks are extensively used in the economics, operations, and computer science literatures; examples of papers
using the first-best benchmark include [Bergemann and Schlag, 2008, Caldentey et al., 2017, Guo and Shmaya, 2023,
Kleinberg and Yuan, 2013]. The first-best benchmark is also reminiscent of the offline optimum benchmark, which
is extensively used in the analysis of algorithms [Borodin and El-Yaniv, 2005].

11



defined by

Ry(M,F):= inf sup Ry(m,F). (6)
(z.p)eEM FeF

The following proposition, whose proof is given in Appendix A, formalizes that the values of prob-

lems (4) and (5) can be obtained from a characterization of the problem in (6).

Proposition 1. MinimaxRegret(M, F) = Ry(M, F) and MaximinRatio(M, F) is the largest con-
stant X > 0 such that Ry(M,F) < 0.

We note that the traditional notion of worst-case performance can also be obtained from
MaximinRevenue(M, F) = —Ro(M, F). However, with only support information [a, b], the prob-
lem is trivial: without the F-dependent benchmark counteracting, Nature will simply put all the

weight of the worst-case distribution F' at a.

Admissible distributions. Lastly, we consider the choice of the class of admissible distributions
F. This class can be seen as capturing the “power” of Nature: the larger the class, the more
powerful /adversarial Nature becomes. To simplify exposition, we will assume for most of the paper
that F is a class of independently and identically distributed (i.i.d.) distributions Fiq, defined

formally as follows.

Definition 1. The class Fiq consists of all distributions such that there exists a distribution F with

support on [a,b], referred to as the marginal, such that F(v) =[], F(v;) for every v € [a,b]".

3 Optimal mechanisms over the class of all DSIC mechanisms

In this section, we characterize an optimal mechanism over the class of all DSIC mechanisms
My for the minimax A-regret problem against i.i.d. distributions Fiq for any A € (0, 1], support
information [a, b], and number of bidders n. Our main theorem presents an optimal mechanism for
each uncertainty regime. We will then use the main theorem to gain insights into the structure and
performance of the optimal mechanism.

Let v and v(® be the highest and second-highest entry of v and let k denote the number of

buyers with value equal to v(!). We define the SPA and POOL mechanism classes as follows.

12



Definition 2 (second-price and pooling auctions). A second-price auction with reserve r, denoted
SPA(r), is defined by the allocation rule x : [a,b]™ — [0,1]™ and the payment rule p : [a,b]™ — [0, 1]"

given by, for each i € [n],

0 (2 1(%7:(1)) if v@ >,
l(vi;v ) if o) >

zi(v) = and  p;(v) =
0 if v <

,r.l(Ui:U<1))

- if v > > @

0 if v <1,

Given a distribution of reserve prices ®, we denote by SPA(®) a second-price auction with random
reserve prices drawn from ®.

A pooling auction with threshold T, denoted POOL(T), is defined by the allocation rule = :
[a,b]™ — [0,1]™ and the payment rule p : [a,b]™ — [0,1]" given by, for each i € [n],

(2) Lvi=v) i (@)
1(v;=v(1) (1) v k if ' >,
= if v\ > o
zi(v) = and p;(v) = { (r=D7+a 1(vi=vlD) if o > > 9@
= if v < r " : B 7
" o if v <

Given a distribution of thresholds ¥, we denote by POOL(W) a pooling auction with random thresh-

olds drawn from V.

Note that in any DSIC mechanism (including SPA and POOL defined above), the payment
rule is uniquely determined from the allocation rule via Myerson’s envelope formula. In a pooling
auction, we can still use the threshold to differentiate between bidders with different values and
potentially extract more revenue, without risking the zero payoff that comes from not allocating
the item. Of course, this has implications for payments. We illustrate this interplay in Figure 1,
where we depict, for the case of two agents, the allocation rule z(v) and revenue p;(v) + p2(v) at
each valuation vector v = (v1,v2) for three mechanisms: SPA (no reserve), SPA(r), and POOL(r).

We can see intuitively that pooling low types indeed softens the tradeoff associated with reserve
pricing. By increasing the allocation for the low types, we increase the payment accrued from lower-
value bidders but, at the same time, we decrease the payment accrued from higher-value bidders to

guarantee incentive compatibility (so higher-value bidders do not pretend to be lower-value ones).

13



When the relative support information is high (i.e., a ~ b), the lower-value and higher-value bidders

are not too different, and this softer tradeoff has the potential to lead to more robust mechanisms.

Y2, Y2, U2,
b b b
P2 P2
P2
r r
P1 P1 Plwp.; | P1
P{ P9 w1
a b (o a r b (i a r b 1
(a) SPA(a) allocation rule (b) SPA(r) allocation rule (¢) POOL(r) allocation rule
V2, V2, V2,
b b b
r U1 r;a U1
V1 V2 V2
r r
V2 0 r a r-ga
a b 1 a r b 1 a r b (o
(d) SPA(a) revenue (e) SPA(r) revenue (f) POOL(r) revenue

Figure 1: Allocation rules and revenue of SPA without reserve, SPA(r), and POOL(r). In the
allocation rule, P1 stands for allocating to player 1, P2 for allocating to player 2, and P{) for not
allocating.

Before we state our main theorem, we first define two thresholds that will demarcate three

information regimes arising in our analysis.

Definition 3. Fizn and A € (0,1]. Define k; € (0,1) as a unique solution to

t=1 _ n—1
A/ (Ui (1— k)" L.
t=k, 13k
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Define ky, to be 1 for n =1, and if n > 2, define ky, € (0,1) to be the unique solution to

t=1 _ n—1 _ n
P S0 P

We are now ready to state our main theorem.

Theorem 1 (Main Theorem). Depending on the value of a/b, the minimax \-regret problem admits

the following mechanism as robustly optimal.

e Suppose a/b < ki, and let r* = kib. An optimal mechanism is SPA(®*) with

n—1 t=v _ k\n—1
() = A\ / (=)™
t

:,r.* tn

e Suppose a/b > kp, and let ¢ = (a — kpb)/(1 — kp). An optimal mechanism is POOL(U*)
with

oA (v=go\" [V (t—a)

=a

e Suppose k; < a/b < ky. Let (v*,«) be the unique solution to

(1)* _ a)n—l (1 B na) _ )\/tv* (t _ a)nfldt’

(U*)n—l —a tn
b—a)” v*¥ —a)" t=b (¢t — q)n1 t—a)"
[T Y ) (SRR

An optimal mechanism is based on a unified threshold distribution D such that if we draw
a sample r ~ D, if r < v* the mechanism is SPA(r), otherwise the mechanism is POOL(r),
where the CDF of D is given by

n—1 _ n—
M) forv € oy’

() =4 \"
a —h s () () - e [ - a - N d] forve ot

We present the proof of Theorem 1 in §3.1, with some computational details deferred to Ap-

pendix B. We then use our closed form characterization to gain insights into the structure and
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performance of the optimal mechanism in §3.2 and show how our results reduce to the known

pricing case with n =1 in §3.3.

3.1 Proof of the Main Theorem

The key idea for the proof of our main theorem (Theorem 1) is to explicitly exhibit a saddle point

of the zero-sum game between seller and Nature, defined as follows.

Definition 4. (m*, F*) is a saddle point of Rx(m, F') defined in (6) if and only if

Ryx(m*, F) < Rx(m*,F*) < Rx(m,F*) for allme M,F € F.

As discussed in the related work section, the saddle point guess-and-verify technique has been
used before in robust auction design problems [Anunrojwong et al., 2022, Bachrach and Talgam-
Cohen, 2022], but these all identify second-price auctions as robustly optimal. Because the space
of DSIC mechanisms is so big and unstructured, it is unclear a priori what the candidate mecha-
nism family should be. Part of our technical contribution is identifying the right mechanism class
depending on the support information regime. Importantly, this mechanism class is parameterized
by a “one-dimensional distribution” (e.g. the ® in SPA(®) or ¥ in POOL(¥) or a “unified thresh-
old distribution” combining both SPA and POOL), which enables us to apply first-order condition
techniques to establish the saddle point conditions.

We proceed in three steps. Firstly, we introduce a class of (gy,gq) mechanisms, which unifies
the optimal mechanisms in all three regimes (second-price auctions with random reserves, pooling
auctions with random thresholds, and randomization between SPA and POOL). Secondly, we
derive sufficient conditions for a particular (g, gq) mechanism and a particular distribution F*
to be a saddle point. The proof of the main theorem is then reduced to checking these sufficient
conditions, which we defer to the Appendix. Thirdly, we illustrate how we can use our framework
to guess and verify an optimal mechanism in the high information regime. While this step is not
strictly necessary for verifying the optimality of a candidate saddle point, it offers valuable insights
into the construction of our mechanism. Such intuition may prove beneficial for future researchers

exploring related robust mechanism design problems.
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V2, V2,
x1(v1,v2) x2(v1,v2)
b b
vl gulvn) 2| - gulv2) -
Iu (}11) 9d (}11)
a U1 b 7}1 a U1 b 7)1

Figure 2: Allocation rules of a (gy, g4) mechanism for n = 2. For the first buyer, we have x1(v1,vs) =
gu(v1) if v1 > v, and z1(v1,v2) = ggq(ve) if v1 < va. When v; = vy the allocation is not shown but
equal to 1 (v1,v2) = (gu(v1) + ga(v1))/2.

3.1.1 A Unifying Class of Mechanisms
We now introduce the class of (gu, gq) mechanisms, parameterized by two functions gy, g4.

Definition 5 ((gy,gq) mechanisms). Let gy, g4 : [a,b] — [0,1] be given functions. A mechanism

(gu, gd) 1s defined by the allocation rule x : [a,b]™ — [0,1]™ given by, for each i € [n],

(v) %gu(vmax) + %gd(vmax) if vi = max(v) := vmax and there are k entries in v equal t0 Vmax
(V) =

9d(Umax) if v; < max(v) = Vmax

and the payment rule p : [a,b]" — R} is determined uniquely from Myerson’s formula such that

the resulting mechanism (x,p) is dominant strategy incentive compatible.

In other words, the mechanism allocates g, (vUmax) to the highest bidder(s) and g4(vmax) to the
non-highest bidder(s). If there are k highest bidders, the mechanism breaks ties symmetrically by
selecting one of them to be the “winner” with g, allocation uniformly at random. The (gy,9gq)
mechanism class is a powerful abstraction in our settings for two reasons we delineate below.
Figure 2 illustrates the allocation under a (g, gq) mechanism for the case of two buyers.

First, all mechanisms in the three different support information regimes (SPA with random
reserves, POOL with random thresholds, and a randomization between SPA and POOL) can be

represented in this form. Note that both SPA(r) and POOL(7) are (gy,gq) with the following
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specification:

SPA(r) : gu(v) =1(v >r) ga(v) =0
POOL(7) : gu(v) = % + n; 11(1} >7) ga(v) = % - %1(1} >T)

Furthermore, this class of mechanisms is closed under randomization. A randomization over a
family of (gy, g4) mechanisms is still a (gy, g¢) mechanism with the resulting mechanism having g,
and g4 that are “convex combinations” over the base g, and g4 functions. Therefore, all mechanisms
having the form in Theorem 1 are (g, gq) mechanisms. The formal statement and the proof are
deferred to Proposition B-1 in the Appendix.

Second, the (g, g4) mechanism, while general, still captures the sense in which our mechanisms
are analytically tractable for saddle point calculations. More precisely, we have the following

expression for the expected regret of a (gy, g4) mechanism under an arbitrary distribution F'.

Proposition 2 (Expected Regret of a (g, g¢) mechanism). Let Rx(g, F') := Rx((gu,94d), F') be the
expected A-regret of a (gu, ga) mechanism under i.i.d. distribution F.
If we assume that g, and gq are continuous everywhere and differentiable everywhere except at

a finite number of points, then

v=>b
Ra(g, F) = a(A — gu(a) — (n — 1)ga(a)) + / (A = gu(v) + ga(v) — vg, (v) + (v — na)gg(v))

v=a

v=b
F A (= 1000~ gule) + 00, 0) + (0 = () Fo)"do

=a

v=b
[ nlgu(o) = galo) — (0 - @) e o (Regret. F)

=a

If, instead, we let g, and gq be arbitrary but we assume that F has a density f = F' on [a,b)
(so it potentially has point masses only at a and b of size F(a) and F({b}) := fy respectively), then
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we have the (Regret-g) expression

Rx(g, F) = Ab —a(gu(a) + (n — 1)ga(a)) F'(a)" — (bgu(b) + (n — 1)aga(b)) (1 — (1 — fp)")
+(b—a)ga(d) (1 — (1= f)" 11+ (n—1)f))

v=b
+ / “AF(0)" + gy (v)nF ()" 11 — F(v) — vF'(v))dv

=a

v=>b
+ / ga()n(n — 1) F )" 2F'(v) {(v —a)(1 — F(v)) — aF(v)} dv. (Regret-g)

=a

(Regret-g) is valid for n > 1 if we take the expression n(n — 1)F(v)"~2 to be zero forn = 1.

3.1.2 Verification of a Saddle Point

Importantly, the (Regret-F") shows that the expected regret can be written as an explicit polynomial
function of the marginal CDF F(v) and is “separable” as a function of F(v). This allows us to
maximize regret as a function of F' by maximizing each individual F(v) expression “pointwise”
independently for each v, subject only to the constraint that F'(v) is weakly increasing in v (which is
automatically satisfied for our specific F'). By deriving first and second conditions using (Regret-F'),

we derive the following sufficient conditions for Nature’s saddle.

Proposition 3. Suppose that g* is a (g}, g;;) mechanism and F*(v) is an increasing function that

satisfy the following conditions:

(=A = (n = D(gn(v) — g3(v) +v(g,(v) + (n — 1)g7 (v))) F*(v)

+(n = 1)(g(v) = ga(v) = (v —a)gg (v)) =0 (FOC)
gu(v) = ga(v) = (v — a)gg (v) > 0. (S0C)

Then R(g*, F*) < R(g*, F) for any F.

Note that first-order and second-order conditions together do not imply global optimality in
general. It is only true in this case due to the special structure of the integrand, which has the
form aF(v)"~1 — BF(v)" for each F(v), that we analyze directly.

To verify Nature’s saddle it is sufficient to check (FOC) and (SOC) for the specific g; and g

and F™* for each of the three regimes. We defer these calculations to Appendix B.1.4.
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The seller’s saddle is R(m, F*) < R(m*, F*). Optimizing over m given ii.d. F* is a standard
Bayesian mechanism design problem, and optimality of m™* in each respective regime follows from

applying the classical theory from Myerson [1981].

3.1.3 Derivation of the Saddle Point for the High Information Regime

To give the reader a sense of how these calculations work, we will work out the guess-and-verify
procedure in the high support information regime below. Throughout the rest of this subsection,
we assume a/b > kj. We first use the formula (Regret-g) and the sellers’ saddle to pin down the
worst-case distribution F*. In turn, plugging F™* in the first-order condition of Nature’s saddle in
Proposition 3 gives us a differential equation involving g, and g4 that can be used to solve for the
mechanism. We then conclude by formally verifying that the candidate saddle point is optimal
using the approach delineated in the previous section.

In the high information regime, the pooling auction is conjectured to be optimal and, thus, we
should always allocate the item. So, we must have g,(v) + (n — 1)gqs(v) = 1 for every v. Using

(Regret-g), we can write the expected regret purely in terms of g, as

Ab—aF(a)” —b+b(1— f)"

v=b
+ / [ = AR ()" + nF(0)"2F'(0) {(v — a)(1 = F(0)) — aF (v)}

=a

+nF(v)" ?{F(v) - F(v)? - (v—a)F'(v)} gu(v)} dv. (Regret-g)

Note that (Regret-g) depends on g,, only through g, (v) and is linear in g,,. This is useful for the
seller’s saddle inf,,, Ry(m, F*). If the seller maximizes over the POOL mechanism parameterized by
Ju, then by the first-order conditions, under the worst-case distribution F*, the coefficient of each
gu(v) should be zero. Otherwise, the seller could decrease her regret by changing the distribution

of reserves. Therefore,

Fr ) = F* @) = (v —a)(F*Y(0) = 0 = L <v— ;2;;) —0=v-— ;i;(v‘; = .

This pins down Nature’s candidate distribution as F*(v) = (v —a)/(v — ¢p), a distribution with

constant virtual value ¢g. We note this part of the argument (guessing F™*) is technically not needed
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in the formal proof, because it is sufficient to simply verify the saddle point to confirm that our
mechanism is robustly optimal. Therefore, we can make certain smoothness assumptions to derive
this F* which are not needed for the formal saddle verification proof. Nevertheless, we think it is
useful for the readers to understand where our candidate saddle point comes from.

We now derive the mechanism g;;. Proposition 3 gives sufficient conditions to imply Nature’s
saddle. The (FOC) also gives an Ordinary Differential Equation (ODE) on ¢; that uniquely de-
termines it as follows. Substituting ¢j(v) = (1 — g5 (v))/(n — 1) and F*(v) = (v — a)/(v — ¢o) in
(FOC), we get

Lo ) -y s

We therefore get

QZ(U)ZW/::[W_Q_A)W} *+)‘Z (v —a)k"

(v—a)" (t — o)" (t — ¢o)ntt Wk k(v — ¢k’

The expression makes it clear that ¢} (a) = 1/n and g} (v) is increasing in v, the latter of which
is necessary for the function to correspond to a true feasible mechanism. We also impose the
condition that ¢} (b) = 1, which gives an equation that ¢y must satisfy. By definition of kj,, we see
by inspection that the resulting equation has an explicit solution

a— kpb
1—kp

$o =

We need ¢y > 0 for Nature’s saddle to hold: this is why this mechanism and the corresponding
saddle is valid only in the a/b > kj, regime.

The above ODE manipulation not only determines g;, but also makes sure that the resulting
gr satisfies (FOC). The only thing that remains for Nature’s saddle is to verify (SOC). By
substituting ¢ with g} and write (g;;)'(v) in terms of g;(v) using the ODE from (FOC), (SOC)
reduces to ng;(v) — 1+ A > 0 which is true because g (v) > gi(a) = 1/n. Lastly, verifying Seller’s
saddle is a standard Bayesian mechanism design problem. Fixing F™, the optimality of a POOL
mechanism follows because under a constant positive virtual value F**, every mechanism that always

allocates is optimal.
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3.2 Structure of Optimal DSIC Mechanisms

We next discuss the structure of optimal mechanisms under the minimax regret and maximin ratio

objectives.

3.2.1 Minimax Regret Objective

The case of minimax regret is obtained by setting A = 1 in Theorem 1. In Figure 3, we fix b = 1, and
depict optimal mechanisms for @ = 0 (low information), @ = 0.25 (moderate information), and a =
0.5 (high information). We show the allocation rule x(v1,v2) to buyer 1, and the total allocation
x1(v1,v2) + x2(v1,v2) to both buyers. Note that the mechanism is symmetric, so zo(vi,ve) =
x1(v2,v1) and is therefore not explicitly shown. The corresponding g, and g4 functions are shown
in the last row of Figure 3.

The top heatmaps of Figure 3 for z1(v1,v2) show that in the low information regime (a = 0),
the upper triangle is all zero because in that regime the optimal mechanism randomizes among
SPAs, which never allocate to the non-highest buyer. The upper triangle is not zero for moderate
(mixture of SPA and POOL) and high information regimes (POOL). We can also see this from the
bottom row of Figure 3 because g4 is zero for a = 0 but strictly positive for a € {0.25,0.50}.

The middle heatmaps of Figure 3 show the total allocation 1 (v)+2z2(v) = gu(Vmax) + 9d(Vmax)-
In the low information regime, it is always less than 1 because SPA discards the item below the
reserve. In the high information regime, it is always 1 because POOL always allocates. In the
moderate information regime, it is 1 in the POOL region when vy.x > v* &~ 0.8 and is less than 1
in the SPA region when vy < v* in the lower left corner. We can also see this from the value of
gu(v) + gq(v) in the last row of Figure 3.

In all heatmaps, we see that in the lower triangle (v > v9), the values are constant on each
horizontal line because the allocations are g, (v1) for bidder 1 and g4(v;) for bidder 2 which depend
on v, while in the upper triangle (v; < vy), the values are constant on each vertical line because
the allocations are gg4(ve) for bidder 1 and g, (v2) for bidder 2 which depend only vg, just as Figure 2

suggests.
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x1(v1, v9) for a = 0.00 21(v1,v2) for a = 0.25 x1(v1,v2) for @ = 0.50
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Figure 3: Optimal mechanisms for minimax regret. The top row shows the allocation rule x; (vy, v2),
the second row shows the total allocation x1(v1,v2) 4+ z2(v1, v2), and the last row shows the g, and
gq functions. The upper end of the support is b = 1 and each columns shows a different value of
the lower end a € {0,0.25,0.50} (low, moderate, and high support information regimes).

3.2.2 Maximin Ratio Objective

Figure 4 depicts the maximin ratio value as a function of relative support information a/b for
different numbers of buyers n. The ratio quantity gives us the fraction of ideal revenue that the
mechanism can achieve. This figure provides quantitative evidence that even a small amount of
knowledge can lead to nontrivial guarantees on revenue.

Unlike the minimax regret case where A = 1 is set exogenously, here A is obtained from bisection
search to find the value of A such that the minimax A-regret is zero (cf. Proposition 1) and

A = X(k,n) is a function of k = a/b, i.e., the maximin ratio given k& that we computed earlier.
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Figure 4: Maximin ratio as a function of relative support information a/b and the number of buyers
n.

As a result, the regime is determined endogenously. For each n, we then compare k = a/b with
k; = ki(\*(k,n),n) and kp = kp(A\*(k,n),n) to determine the regime. The next result shows that

the maximin ratio mechanism is either a pure POOL, or a mixture of SPA and POOL.

Proposition 4. The optimal mechanism identified in Theorem 1, when specialized to the mazimin

ratio objective, is never in the pure SPA regime.

The proof is given in Appendix B.2. Numerically, we find that the mechanism is in a pure pooling
auction regime for “reasonable” values of a/b, namely, a/b > 0.0978 for n = 2, a/b > 0.0155 for
n =3, and a/b > 0.0035 for n = 4. We can visualize the pool threshold distribution ¥ of POOL(¥)
as follows. Because V¥ is supported on [a,b], with varying parameters a and b we normalize the
threshold 7 by 7 = (7 — a)/(b — a) so the normalized thresholds are on the same scale [0, 1]. For
n € {2,4} and a/b € {0.10,0.25,0.50,0.75,0.99}, we plot the normalized POOL-threshold CDF's in
Figure 5. We see that for low a/b, the distribution puts more weight on lower thresholds, and vice
versa. However, the distributions are quite close for a wide range of a/b and for reasonably high

values of a/b, the normalized distribution is close to uniform.

3.3 Remark on the case n =1

An important corollary of Theorem 1 is the pricing case (one-bidder / no-competition). Applying

the result with n = 1 directly recovers the minimax regret result of Bergemann and Schlag [2008]
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Figure 5: Normalized threshold distributions for n € {2,4} and a/b € {0.10,0.25,0.50,0.75,0.99}

and the maximin ratio result of Eren and Maglaras [2010] as special cases.* We give the proof of

this corollary in Appendix B.3.

Corollary 1 (Pricing). Suppose n =1 and fir X in [0,1]. For a/b < e~'/*, the minimaz \-regret
is \e~Y2b, achieved with the price distribution CDF ®(v) = 1+ Alog(v/b) for v > e /b and 0
otherwise. For a/b > e~Y*, the minimaz \-regret is —a + Aa + Mlog(b/a) achieved with the price
distribution CDF ®(v) =14 Alog(v/b) for v € [a,b].

In particular, the minimazx regret is b/e if a/b < 1/e and alog(b/a) if a/b > 1/e. For a > 0,
the mazximin ratio is 1/(1 + log(b/a)), achieved by the price distribution ®(v) = 1 + log(v/b)/(1 +
log(b/a)) for v € [a,b].

We remark that in the one-bidder case, k; = e='/* and kj, = 1, so there are only two regimes
(low and moderate support information), and this is reflected in the corollary statement. Moreover,
with only one bidder, POOL becomes a degenerate mechanism that always allocates. This is why
in the a/b > e~'/* regime (moderate information), the optimal mechanism, which is a mixture of
SPA and POOL, always allocates with positive probability. This can be seen in the pricing CDF
®(v) = 1+ Alog(v/b), which has a point mass of positive size 1 + Alog(a/b) > 0 at v = a.

“More precisely, Eren and Maglaras [2010] derives the maximin ratio against the second-best benchmark in the
discrete price setting, whereas our result is against the first-best benchmark in the continuous setting. However, their
numerical value for the ratio approaches ours as the grid resolution becomes finer. We can also show that for the
n = 1 case, the maximin ratio for two benchmarks are the same. Eren and Maglaras [2010] also does not explicitly
derive the optimal mechanism, whereas we do.
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4 Minimax M-Regret across Mechanism Classes

Our main theorem (Theorem 1) gives a complete characterization of the optimal robust performance
when Nature’s distribution is i.i.d. (F' € Fjq) and the seller can choose any DSIC mechanism
(m € May). It turns out that the optimal mechanism is generally a randomization over SPA and
POOL mechanisms. This optimal mechanism has interesting features, and we would like to quantify
how much each feature contributes to the performance. That is, without that feature, how much
(robust) performance, if any, we will lose. Equivalently, our results quantify the “cost of simplicity”
or the performance loss if the seller is restricted to simpler classes of mechanisms. We formalize
this problem by solving minimax A-regret problems, A € (0, 1], when the mechanism classes M are
successively smaller, omitting one feature at a time. The subclasses under consideration are shown

in Figure 6.

MSPA-rand

MSPA-det

Figure 6: Nested mechanism subclasses we consider, from biggest to smallest: DSIC mechanisms
(M), standard mechanisms (Mgtq), SPA with random reserve (Mgpa_rand), SPA with determin-
istic reserve (Mgpa_det), SPA with no reserve (Mgpa_a)

First, our optimal mechanism is not standard because POOL might allocate to a bidder who is
not the highest. To isolate the role of the pooling feature, we study the class of standard mechanisms
that only allocate to the maximum bidder. Second, we study the need to deviate from SPAs in
standard mechanisms, and hence study SPAs with randomized reserves. Lastly, we quantify the
power of randomness and the power of using a reserve by computing minimax regret under the
class Mgpa_qet Of SPA with a deterministic reserve and the class Mgpa_. of SPA with no reserve.
Interestingly, we show that there are strict separations in terms of maximin ratio between My,
Mtd, MSpA_rand, and Mgpa_, (but not between Mgpa_get and Mgpa_a). In other words, pooling

and deviations from SPAs are critical for robust performance, and so is the randomization of reserve
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prices.

4.1 Minimax A-Regret Over Standard Mechanisms

A mechanism is said to be standard if it never allocates to an agent that does not have the highest

value. Formally, it satisfies the following constraint:
xi(vi,v_;) =0 Vi,v;,v_; such that v; < max(v). (STD)

We can now define the class of all standard mechanisms.

Definition 6. The class of all standard mechanisms is given by

It is clear that any second-price auction (SPA) with random reserve is standard, and intuitively,
SPAs seem like “natural” and “typical” elements of this class, but as it turns out, other standard
mechanisms lead to higher performance than SPAs when relative support information is high. Let
v and v® be the highest and second highest values in the vector v. We now introduce the

following mechanism class.

Definition 7 (Generous SPA). A generous SPA with reserve distribution ®, denoted GenSPA(®),

is defined by the allocation rule x given by, for each i € [n],

®(wM)  if v; is the highest and v® > a,
zi(v) =
1 if v; is the highest and v = qa,

and zero otherwise, breaking ties uniformly at random. The payment rule p : [a,b]" — R is
determined uniquely from Myerson’s formula such that the resulting mechanism (x,p) is dominant

strategy incentive compatible.

We call this mechanism generous SPA because it behaves like SPA| except in the case when all
other non-highest agents have the lowest possible value a, then it always allocates (“generously”).

We now state the main theorem of this section.
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Theorem 2 (Optimal Standard Mechanism). Fizn and A € (0,1], and let @ = a/b € [0,1). Define
k; as in Theorem 1. Then, the problem admits an optimal minimazx A-regret standard mechanism

m*, depending on a/b as follows.
e (Low Relative Support Information) For a/b < k;, m* = SPA(®) is the same as in Theorem 1.

e (High Relative Support Information) For a/b > ki, there is a probability distribution ® such
that m* = GenSPA(®).

Note that by Theorem 1, if a/b < k;, then SPA with random reserve is optimal in My,
and it is also standard, so it is immediate that it is also optimal in the class Mgq. Similar
to Theorem 1, Theorem 2 highlights the structural features of our optimal mechanism and is a
corollary of Theorem 5 in the Appendix which fully characterizes the saddle point in closed form.

The proof of Theorem 2 follows a similar outline to that of Theorem 1, although the calculations
are nontrivial. In particular, we need to derive the expressions of conditional distributions of order
statistics for arbitrary F, taking into account potential ties, which complicate the calculations.” In
contrast, the regret of any (g, gq) mechanism (whose class contains all other mechanisms in this
paper) depends only on the marginal distributions of the first- and second-order statistics, which
are simpler (cf. Proposition 2). However, the hardest part is coming up with the right structural
class GenSPA that contains the optimal mechanism (within the subclass of standard mechanisms)
and is tractable, because our techniques based on solving differential equations can pin down the
candidate mechanism only once we fix the mechanism up to a one-dimensional functional parameter.

We discuss key technical challenges and give the full proof in Appendix C.1.

4.2 Minimax A-Regret over SPA with random and deterministic reserve

We can characterize the minimax A-regret mechanism and its corresponding worst-case distribution

and performance in the following theorem.

Theorem 3 (Optimal SPA with Random Reserve). Fizn and A € (0,1]. Define k; as in Theorem 1
and k), = An/((1+4X)n—1). Then, the problem admits a minimax X\-regret m* = SPA(®*), depending

on a/b, as follows.

5The existing results on conditional distributions of order statistics assume that F has a density, see e.g. David
and Nagaraja [2003]. These results do not apply because we do not make any assumptions on F. In fact, the worst
case F' has point masses.
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o (Low Relative Support Information) For a/b < k;, m* = SPA(®*) is the same as in Theo-

rem 1.

*

e (High Relative Support Information) For a/b > k;, ®* is a point mass only at a, i.e., m* =
SPA(a) is a SPA with no reserve.

e (Moderate Relative Support Information) For ky < a/b < k;,, there is r* € [a,b] such that ®*

has a point mass at a and a density on [r*,b].

The second bullet point of Theorem 3 formalizes the intuition highlighted in the introduction
that in the high scale information regime (a/b is close enough to 1), the optimal SPA with random
reserve sets no reserve at all. Similar to Theorem 1, Theorem 3 highlights the structural features
of our optimal mechanism and is a corollary of Theorem 6 in Appendix C.2 which fully character-
izes the saddle point in closed form. The proof of the moderate information regime of Theorem 3
is the most challenging. It is different from previous saddle problems because in this case, the
increasing condition on the reserve price distribution ® is binding; if we optimize pointwise, the
resulting distribution is not increasing, which is infeasible. We characterize an optimal distribu-
tion of reserves using a Lagrangian approach that involves introducing a Lagrange multiplier for
the monotonicity constraint and then designing a primal-dual pair that satisfies complementary
slackness and Lagrangian optimality. We discuss key technical challenges and give the full proof in
Appendix C.2.

Lastly, we characterize the optimal SPA with deterministic reserve Mgpa_get and SPA with
no reserve Mgpa_. Proposition C-5 in the Appendix gives the the minimax A-regret for SPA(r)
with a fixed deterministic reserve r. In particular, it subsumes the problem of choosing the regret-

minimizing reserve r as well as computing worst-case regret of SPA without reserve (r = a).

4.3 Performance Separation Between Mechanism Classes

Figure 7 shows the maximin ratio as a function of a/b of all mechanism classes for n € {2,4}. This
metric captures the performance of the optimal mechanism. We can see that while Mgpa_get and
Mspa_, have the same maximin ratios (so a fixed reserve does not improve over no reserve), there
are strict separations between M, Mgtq, Mspa-rand, and Mspa_a.

The gap between Mgiq and Mgpa_rand Shows that no SPA is optimal within the class of standard
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Figure 7: Maximin ratio as a function of a/b for n € {2,4}.

mechanisms, even though the gap is quantitatively small. In contrast, the gap between M, and
Miq is significant. This means that in robust settings, it is important to sometimes allocate to
non-highest bidders. We can see from the plots with n = 2 and n = 4 that the non-standard gap
becomes bigger and dominates all other gaps as n gets large, so this becomes more important with
more bidders.

These structural results shows that there are interesting mechanism classes in DSIC mechanisms
beyond SPA in the sense that they are robustly optimal in natural settings. In particular, SPA
is not optimal even within the class of standard mechanisms; GenSPA is. It is an open question

whether GenSPA will also be useful in other settings as well.

5 Extensions and Conclusion

In this paper, we give an explicit characterization of a robustly optimal mechanism to sell an item
to n buyers knowing only a lower bound and an upper bound of the support of values, where the
seller’s performance is evaluated in the worst case. Our general framework is broadly applicable to
an arbitrary number n of buyers and several mechanism classes M and captures both regret and
ratio objectives.

Furthermore, we note that it is possible to extend the framework to other classes of distributions.
It is possible to show that the minimax A-regret we have obtained for the case of i.i.d. distributions

(and the corresponding optimal mechanism) does not change if Nature optimizes over broader
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classes of distributions capturing positive dependence: exchangeable and affiliated values, a common
class considered with knowledge of the distributions [Milgrom and Weber, 1982]; and mixtures of
i.i.d. distributions, another common class. The results also do not change if Nature optimizes over
the smaller class of i.i.d. regular distributions.

There are many avenues for future work. This present paper is a step in the more general
agenda of robust mechanism design with partial information, and it would be interesting to investi-
gate how other forms of side information (such as moments, samples, and shapes of distributions)
impact the structure and performance of optimal or near-optimal mechanisms, and the value of
such information. Another direction is to consider other benchmarks, especially the second-best

benchmark rather than the first-best benchmark considered in this paper.

31



References

Amine Allouah and Omar Besbes. Prior-independent optimal auctions. Management Science, 66

(10):4417-4432, 2020.

Amine Allouah, Achraf Bahamou, and Omar Besbes. Pricing with samples. Operations Research,

70(2):1088-1104, 2022.

Amine Allouah, Achraf Bahamou, and Omar Besbes. Optimal pricing with a single point. Man-
agement Science, 69(10):5866-5882, 2023.

Jerry Anunrojwong, Santiago R. Balseiro, and Omar Besbes. On the robustness of second-price
auctions in prior-independent mechanism design. In Proceedings of the 23rd ACM Conference on

FEconomics and Computation, pages 151-152. ACM, 2022.

Anil Arya, Joel Demski, Jonathan Glover, and Pierre Liang. Quasi-robust multiagent contracts.

Management Science, 55(5):752-762, May 2009.

Pablo Azar, Silvio Micali, Constantinos Daskalakis, and S. Matthew Weinberg. Optimal and effi-
cient parametric auctions. In Proceedings of the 2013 Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA ), pages 596-604, 2013.

Moshe Babaioff, Ron Lavi, and Elan Pavlov. Single-value combinatorial auctions and algorithmic

implementation in undominated strategies. Journal of the ACM, 56(1), Feb 2009.

Nir Bachrach and Inbal Talgam-Cohen. Distributional robustness: From pricing to auctions. In
Proceedings of the 253rd ACM Conference on Economics and Computation, EC ’22, page 150,
New York, NY, USA, 2022.

Dirk Bergemann and Stephen Morris. Robust mechanism design. Econometrica, 73(6):1771-1813,
2005.

Dirk Bergemann and Stephen Morris. An introduction to robust mechanism design. Foundations

and Trends®) in Microeconomics, 8(3):169-230, 2013.

Dirk Bergemann and Karl H. Schlag. Pricing without priors. Journal of the Furopean FEconomic

Association, 6(2-3):560-569, 2008.

32



Dirk Bergemann, Tibor Heumann, Stephen Morris, Constantine Sorokin, and Eyal Winter. Optimal
information disclosure in classic auctions. American Economic Review: Insights, 4(3):371-88,

September 2022.

Dimitris Bertsimas, David B. Brown, and Constantine Caramanis. Theory and applications of

robust optimization. SIAM Review, 53(3):464-501, 2011.

Allan Borodin and Ran El-Yaniv. Online Computation and Competitive Analysis. Cambridge
University Press, 2005.

René Caldentey, Ying Liu, and Ilan Lobel. Intertemporal pricing under minimax regret. Operations

Research, 65(1):104-129, 2017.

Gabriel Carroll. Robustness in mechanism design and contracting. Annual Review of Economics,

11(1):139-166, 2019.

Gabriel Carroll and Ilya Segal. Robustly Optimal Auctions with Unknown Resale Opportunities.
The Review of Economic Studies, 86(4):1527-1555, 07 2018.

Ethan Che. Robustly optimal auction design under mean constraints. In Proceedings of the 23rd

ACM Conference on Economics and Computation, pages 153—-181. ACM, 2022.

Yeon-Koo Che and Jinwoo Kim. Robustly collusion-proof implementation. Econometrica, 74(4):

1063-1107, 2006.

Yeon-Koo Che and Jinwoo Kim. Optimal collusion-proof auctions. Journal of Economic Theory,

144(2):565-603, 2009. ISSN 0022-0531.

Kim-Sau Chung and J.C. Ely. Foundations of Dominant-Strategy Mechanisms. The Review of
Economic Studies, 74(2):447-476, 04 2007.

Richard Cole and Tim Roughgarden. The sample complexity of revenue maximization. In Pro-
ceedings of the Forty-Sizth Annual ACM Symposium on Theory of Computing, STOC 14, page
243-252, New York, NY, USA, 2014. Association for Computing Machinery.

Herbert A. David and Haikady N. Nagaraja. Order Statistics 3rd ed. Wiley-Interscience, 2003.
ISBN 978-0471389262.

33



Peerapong Dhangwatnotai, Tim Roughgarden, and Qiqi Yan. Revenue maximization with a single

sample. Games and Economic Behavior, 91:318-333, 2015.

Serkan S Eren and Costis Maglaras. Monopoly pricing with limited demand information. Journal

of revenue and pricing management, 9(1-2):23-48, 2010.

Michal Feldman, Nick Gravin, Zhihao Gavin Tang, and Almog Wald. Lookahead auctions with
pooling. In Panagiotis Kanellopoulos, Maria Kyropoulou, and Alexandros Voudouris, editors,
Algorithmic Game Theory, pages 60-77, Cham, 2022. Springer International Publishing. ISBN
978-3-031-15714-1.

Yiding Feng, Jason D. Hartline, and Yingkai Li. Revelation gap for pricing from samples. In
Proceedings of the 53rd Annual ACM SIGACT Symposium on Theory of Computing, STOC
2021, page 1438-1451, New York, NY, USA, 2021.

Hu Fu, Nima Haghpanah, Jason Hartline, and Robert Kleinberg. Full surplus extraction from

samples. Journal of Economic Theory, 193:105230, 2021.

Yingni Guo and Eran Shmaya. Robust monopoly regulation. 2023. SSRN working paper No.
4445497.

Jason Hartline. Mechanism Design and Approzimation. 2020.

Robert Kleinberg and Yang Yuan. On the ratio of revenue to welfare in single-parameter mechanism
design. In Proceedings of the 14th ACM Conference on Economics and Computation, pages 589—
602. ACM, 2013.

Cagil Kogyigit, Napat Rujeerapaiboon, and Daniel Kuhn. Robust multidimensional pricing: sepa-
ration without regret. Mathematical Programming, 196(1):841-874, 2022.

Cagil Kogyigit, Garud Iyengar, Daniel Kuhn, and Wolfram Wiesemann. Distributionally robust
mechanism design. Management Science, 66(1):159-189, 2020.

Cagil Kogyigit, Daniel Kuhn, and Napat Rujeerapaiboon. Regret minimization and separation
in multi-bidder, multi-item auctions. INFORMS Journal on Computing, 0(0):null, 2024. doi:
10.1287 /ijoc.2022.0275.

34



Jean-Jacques Laffont and Jacques Robert. Optimal auction with financially constrained buyers.

Economics Letters, 52(2):181-186, 1996.

Paul R. Milgrom and Robert J. Weber. A theory of auctions and competitive bidding. Fconometrica,
50(5):1089-1122, 1982.

Paulo Klinger Monteiro and Benar Fux Svaiter. Optimal auction with a general distribution: Virtual
valuation without densities. Journal of Mathematical Economics, 46(1):21-31, 2010. ISSN 0304-
4068. doi: https://doi.org/10.1016/j.jmateco.2009.06.004. URL https://www.sciencedirect.
com/science/article/pii/S0304406809000664.

Roger B. Myerson. Optimal auction design. Mathematics of Operations Research, 6(1):58-73, 1981.

Mallesh M Pai and Rakesh Vohra. Optimal auctions with financially constrained buyers. Journal

of Economic Theory, 150:383-425, 2014.

Hamed Rahimian and Sanjay Mehrotra. Frameworks and Results in Distributionally Robust Op-
timization. Open Journal of Mathematical Optimization, 3:4, 2022.

John G. Riley and William F. Samuelson. Optimal auctions. The American Economic Review, 71

(3):381-392, 1981.

Tim Roughgarden and Inbal Talgam-Cohen. Approximately optimal mechanism design. Annual

Review of Economics, 11(1):355-381, 2019.

Alex Suzdaltsev. An Optimal Distributionally Robust Auction. Papers 2006.05192, arXiv.org, June
2020.

Alex Suzdaltsev. Distributionally robust pricing in independent private value auctions. Journal of

FEconomic Theory, 206:105555, 2022.

William Vickrey. Counterspeculation, auctions, and competitive sealed tenders. The Journal of

Finance, 16(1):8-37, 1961.

Robert Wilson. Game-theoretic analyses of trading processes in advanced in economic theory. In
Truman Fassett Bewley, editor, Advances in Economic Theory Fifth World Congress, chapter 2,
pages 33-70. Cambridge University Press, 1987.

35


https://www.sciencedirect.com/science/article/pii/S0304406809000664
https://www.sciencedirect.com/science/article/pii/S0304406809000664

Wanchang Zhang. Auctioning Multiple Goods without Priors. Papers 2204.13726, arXiv.org, April
2022a.

Wanchang Zhang. Correlation-robust optimal auctions. Technical report, 2022b.

36



Electronic Companion:

Robust Auction Design with Support Information

Jerry Anunrojwong!, Santiago R. Balseiro?, and Omar Besbes®.

Appendix

Table of Contents

A Proofs for Section 2 App-2

B Proofs for Section 3 App-2
B.1 Proofs for Section 3.1 . . . . . . .. App-2
B.2 Proofs for Section 3.2 . . . . ... App-15
B.3 Proofs for Section 3.3 . . . . ... App-17

C Proofs and Discussions from Section 4 App-18
C.1 Proofs and Discussions from Section 4.1 . . . . . . . .. ... ... . App-18
C.2 Proofs and Discussions from Section 4.2 . . . . . . . .. ... L. App-24

!Columbia University, Graduate School of Business. Email: janunrojwong25@gsb.columbia.edu
2Columbia University, Graduate School of Business. Email: srb2155@columbia.edu.
3Columbia University, Graduate School of Business. Email: ob2105@columbia.edu.

App-1



A Proofs for Section 2
Proof of Proposition 1. The definition of MaximinRatio(M, F) says that it is a solution to

Eor iipi0)] _ g cF

sup A s.t.
(z.p)EM Ey~r [max(v)]
or
sup A s.t. Epop |Amax(v) — Zp,(v)] <0 VFekF,
(z,p)eM ;
or

n
sup A s.t. sup E,op | Amax(v) — Zpi(v
(z,p)eM FecF :

That is, the maximin ratio is the highest value of X such that there exists (z,p) € M such that
supper Ey~or [Amax(v) — > | pi(v)] < 0. Equivalently, it is the highest value of X such that

Ry(M, F inf  sup Eywp | Amax(v i(v)| <0. O
AMF)= inf sup F[ (v) - me]

B Proofs for Section 3

B.1 Proofs for Section 3.1

This subsection contains the technical details deferred from §3.1, the proof of the main theorem.

We first state and derive technical lemmas in §B.1.1. We then give a reformulation of our main
theorem in terms of the (gy, g4) mechanism and the distribution F™* in a saddle point in §B.1.2. We
prove key results supporting the saddle calculation in §B.1.3 and verify the saddle in §B.1.4, thus
proving the main theorem.

B.1.1 Technical Lemmas

Lemma B-1. Let ¢g be a constant, then for any positive integer n and v > a we have the identity

/t:”(t—a)”_ldt_lo (U—qbo) el (v —a)F (v —a)"
o C=00" T P\a=an) ko= a0)f & k(- g0
Proof of Lemma B-1. We first check the equality of the first and the second expressions. Note that
both expressions are zero when v = a. It is then sufficient to check that the derivatives of the two
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expressions agree. The derivative of the second expression is

1 nly v—a\"! (a — ¢o)
U—¢0_kzzlkk<v—¢o> (v — ¢0)?
v—a n_l
I (a — ¢o) 1 - <v—¢>0> 1 <v—a >n1 B (v —a)" !
Cv—¢o (v—do)? 1-=E v—go \v—dy (v —go)

which is the derivative of the first expression.
Now we check the third expression. We have the Taylor Series

—log(1 — —.
og(l — z) ; -

s  v-a
Substituting z = —én

o <v¢0>__10 <1_ va)_il(va)k
SNa=a) U =g T &k \v=go

We see that the first n — 1 terms of k cancel out, and we get the third expression.

Lemma B-2. The following holds

=t —a)nt o (t—a)” _ (v—a)” > (v —a)F
L Vg g 4= e+ 2 o)

e (P00 L\ et (w—a)”
_)\lg<a—¢0> A;k(v—¢0)k+<1 /\)n n’

Proof of Lemma B-2. We apply Lemma B-1 to obtain
k

=t —a)mt < > = (v—a)* > (v—oa)
A e e B Wy Zk(v—%)k

k=

t=v (t_a)n B < ) n U—(L ’U—(I
L. aoayet =t (= 2 hw—gaf 2 K= o0

App-3



Therefore,

[ [ g
ZM%<U_%>—A%IYPWV +U—A)@—®”

a— ¢o — k(v — ¢o)* n(v — ¢o)"
(v—a)" o (v—a)f
= —— + A — 7
n(v — ¢o)" k—zn;u k(v — ¢o)k
where the last equation follows from the Taylor series for the logarithm. O

Lemma B-3. If h is a differentiable function, then

/ hw)dG(w) = h(a) +/ R (w)(1 — G(w))dw.
we|a,b]

we|a,b]

Proof of Lemma B-3.

o
=hla)+ [ H(@)(CE) - G@)di
v=b
=h(a)+ [ W (@)1 - C@)di. O

Now, we give a formal proposition that (g,, g4) mechanisms and convex combinations of {SPA(r),
POOL(7)} are almost equivalent representations of the same mechanism class in the sense that one
can be converted to another.

Proposition B-1. We have the following correspondence between the (gu,gq) mechanisms arising
in our main theorem (Theorem /) and convex combinations of SPAs and POOLs.

(1) A mechanism is a (gu,ga) mechanism with g,(v) € [0,1] increasing in v, g,(a) = 0, and
ga(v) =0 for all v if and only if it is SPA(®), ® has measure 1, and ®(v) = g,(v).

(2) A mechanism is a (gu, ga) mechanism with g,(v) € [0,1] increasing in v, g,(a) = ga(a) = 1/n,
and g,(v) + (n — 1)gg(v) = 1 for all v if and only if is POOL(¥), ¥ has measure 1, and
(o) = 1 ngalv).

(3) A mechanism is a (gu, ga) mechanism with g, (v) € [0,1] increasing in v for v € [a,b], g,(a) =
ga(a) == a, gg(v) = a forv € [a,v*| for some constant v* € [a,b], g,(v)+ (n—1)gq(v) =1 for
v € [v*,b] if and only if it is a randomization over SPA(®), with ® supported on [a,v*] and
POOL(Y) with U supported on [v*,b]. Furthermore, their cumulative probabilities are given
by ®(v) = gu(v) — a for v € [a,v*] and ¥ (v) = n(a — gq4(v)) for v € [v*,b].
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Proof of Proposition B-1. Note that the (gy,gq) representation of SPA(r) is g,(v) = 1(v > r)

and g4(v) = 0, and the (gu,gq) representation of POOL(r) is gu(v) = L + =L11(v > r) and

ga(v) =1 —11(v > r). All three cases follow from computing the convex combination of these.
(1) is straightforward. For (2), the (g, g4) representation of POOL(V) is

gu(v):/<1+n_11(v>r)>d\ll() ;—}—n_l\ll(v),

) = [ (3= 210w=n)ave) = L - Tw),

We can then see that g,(a) = gi(a) = 1/n, ¥(v) = 1 — ngg(v) and g,(v) + (n — 1)gq(v) = 1.
Conversely, given this (gu, gq), we can let ¥(v) =1 — ngy(v) giving a valid POOL(¥).
For (3), the (gu, g4) mechanism is

w0) = [10znaee)+ [ (L+ 5wz n)ae)  —ew)+ v+ e,
gav) = /Od(I)(r) +/ <71L - %1(1) > ﬂ) v (v) _ %|x1;| _ %\Il(v).

We therefore have a formula that transforms (®, ¥) to (gy, g4). From these formula, we imme-
diately see that g,(a) = g4(a); we let this be a. We also see that g, (v) + (n — 1)gq(v) = ®(v) + ||
is increasing in v, while gq(v) = 1(|¥| — ¥(v)) is decreasing in v, because ® and ¥ are increasing
functions.

Conversely, assume that (gy,gq4) has these properties. We will show that we can invert these
formulas and find the corresponding (®, ¥). From g,(v) = ®(v) + 2|¥| + =1 (v ), setting v = a
gives a = gy(a) = 2|V, so [¥| = na, and |®] = 1 — [V = 1 — na. From gq(v) = L(|¥] — ¥(v)),
we get U(v) = |¥] - nga(v) = n(a — ga(v)), and from g,(v) = B(v) + LB + 216 (v) = B(0) +
L(na)+ 21 o — ga(v) = B(v) +na— (n— 1)ga(v), we get B(v) = gu(0) + (n—1)ga(v) —na. O

B.1.2 Reformulation of the Main Theorem
Armed with Proposition B-1, we can reformulate our main theorem (Theorem 1) as follows.

Theorem 4 (Main Theorem in (gy,94)). Fiz n and X € (0,1]. Define k; € (0,1) as a unique
solution to
t=1 ~1
t— k)"
/\/ U=R)" (1— k)",
t=k tn
1

and if n =1, define kj, = 1 and if n > 2, define ky, € (0,1) to be a unique solution to

t=1 n— — "
/t [(’f—’“h)l —a —A)(ttnfj‘) dt = (1 — k)"

—ky, A

Then we have Ry(m, F*) < Ry(m*, F*) < Ry\(m*, F) for any m € M,y and F € Fyq, where
m* and F* (which is n i.i.d. with marginal F*) is defined depending on the value of a/b as follows.

o Suppose a/b < ki, and let v* = kib. We define m* as a (g, g);) mechanism with g;(v) =
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R Tl A
and
0 if v € la,r¥]
Fr(v)=<1-"" ifve[r*b)
1 ifv=>=.

o Suppose a/b > kp, and let ¢9 = (a — kpb)/(1 — kp) € [0,a]. We define m* as a (g;,9))

mechanism with
1 v—go\" [TV (t—a)"
* =+ A — L __dt
9ul?) nt ( v—a > /tza (t — po)n 1
1

gie) = 19l

9

and

F* (o) 1—9=%  ifveab)
Y= 1 ifv=>.

o Fork; <a/b< kp, we define m* as a (g5, 9;;) mechanism with

-1 ., o
*(v) a+A ﬁ)n tt:_av (tiif)t - dt for v € [a,v*]
gu v) = n —a)™ —b _g)n—1 o) §
(’Uza)n (b b”) _ tt:U |:(t t,)l - (1 — )\)(ttn%} dt:| fo'f’ v e [U 7b] ,
and
* « 'lfU € [G,T*]
v)= *
gd( ) {W ifUE[?“*,b],
and

1-2 ifvelab)
1 ifv="0,

where (v*, ) is the unique solution to

Oﬁ_wnu1mw=A/tM@_awlﬁ

(r*)nfl —a tr
b—a)” r* —a)" =1t —a)n! t—a)"
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B.1.3 Key Results Supporting the Saddle Calculation

Proof of Proposition 2. We first derive the (Regret-F') expression, i.e. the expected regret of a
(gus g4) mechanism under an arbitrary joint distribution F', assuming that g, and gg4 are continuous
everywhere and differentiable everywhere except a finite number of points. Let F( ) and Fq(f) be
the distributions of v and v, the highest and second-highest entry of v, respectively.

From Myerson’s lemma,

ﬁi:”Ui
pi('v) = ’UZ'SCZ'('U) — / $i(2~}i, 'U,Z')d’[)i .
v;=a
the allocation rule (g, gq) gives
Vigu (Vi) — (0(2) —a)ga(v ft v“(g) gu(t)dt  if v; is the highest and
pi(v) = v?) is the second-highest ,
agq(v®) if v; is not the highest ,

so the pointwise regret is
t=0@)
oD~ g, (0V) = (0~ Daga(o) + 2 — agaw®) + [ gultya.
t=v
Therefore, by Lemma B-3,
B[V = gu(o")) - (1~ Daga(vV)]

= a(X = gula) — (n = 1)ga(a)) + / (A = gu(v) = vgl (v) = (n = Dagy(v))(1 = FP(v))dv.

vE[a,b]

Now we compute the second term.

E[(v® — a)ga(v®)] = (a — a)ga(a) + s (9a(v) + (v = a)gy(v) (1 = F{P (v))dv

- / 0y 940+ (0 (1~ ).

Lastly, we compute the third term

t:v(1>
E [ / gu(t)dt
t:’u(z)
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Therefore, the regret is

a(A = gu(a) = (n —1)ga(a)) + /e[ b](A = 9u(v) = vg,,(v) = (n = 1)agh(v))(1 = F{P(v))dv

+/ @Am+wv—@%w»u—fwamU+/ 0 (@) (FO (0) — FO(0))dv.
vE|a,b] v€[a,b]

Rearranging this gives the (Regret-F') expression.
R(g, F) = a(A = gu(a) — (n — 1)ga(a)) + / [ b](/\ = 9u(v) + 9a(v) — vg,(v) + (v — na)gy(v))
v€la,

+ (=2 = (n = D)(gu(v) = ga(v)) + v(g,(v) + (n = 1)gy(v))) FLP(v)dv
€lab]

[ o) = 9a(w) - (0 @) P, (0)do
vEla,b]

To derive (Regret-F), the expected regret expression with i.i.d. F, substitute Fg)(v) = F(v)"
and F'? (v) = nF(v)"! — (n — 1)F(v)" O

Proof of Proposition 3. We use the following (Regret-F') expression for A-regret

R(g,F) = a(A = gu(a) = (n — 1)ga(a)) + /G[ b}(A = gu(v) + ga(v) = vgy(v) + (v = na)gy(v))

+ /e[ . (_)\ — (n—1)(gu(v) — ga(v)) +v(g,(v) + (n — 1)921(@))) F(v)"dv
+/ n(gu(v) — gd(v) — (U — a)g&(’U))F(’U)n_ldU
€la,b]

In Nature’s saddle, we fix the mechanism (g, gq) and optimize over F. The integral expression
is separable over F'(v) for v € (a,b). Here we will assume that the optimization is done pointwise.
The first order condition on F' on the regret pointwise is

(A = (n = D(g5(v) = gi(v)) +v(gi (v) + (n = 1)gg (v))) - nF(v)"
+1(gu(v) = ga(v) — (v = a)gy(v)) - (n = HF(v)" > =0
Nature’s saddle states that over all F', F* maximizes the A-regret. If pointwise optimization
is valid, then F* must satisfy the above FOC equation. Dividing both sides by nF*(v)"~2 gives
(FOC) as required.

For F* to be maximizing, we also need the second-order conditions to hold, namely, that the
second derivative with respect to F(v) evaluated at F*(v) is negative*:

(=2 = (n = 1)(g2(v) = g3(v)) +v(gy; (v) + (n = 1)gg (v))) - n(n — 1) F*(v)"~2
+1(gu(v) = ga(v) — (v = a)gy(v)) - (n = 1)(n = 2)F*(v)" > <0

“Note that if n = 2 the last term disappear, so we can write F*(v)"™? there with the understanding that the
entire term becomes zero for n = 2.
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or

(A= (n— 1)(g5 ) — g3(0)) + v(gl (v) + (n — 1)gf (1)) F*(v)
+ (0= 2)(gu(v) — ga(v) — (v — a)gh(v)) < 0

but from the (FOC) equality that we have just derived,

(A= (n = D(gi(v) — g3(v) + v(gy (v) + (n = 1)gg (v))) F*(v)
+(n = 2)(gu(v) — ga(v) = (v = a)gg(v))
= (=A=(n = D(ga(v) — ga(v)) + v(gy (v) + (n — gz (v))) F*(v)
+(n = 1)(g,(v) — ga(v) = (v = a)gg (v)) = (g (v) — ga(v) — (v — a)gy (v))
—(ga(v) = g3(v) — (v — a)gg (v)).

Therefore, our condition reduces to (SOC), as required. O

B.1.4 Verification of the Saddle

The last step of the proof is to verify the (FOC) and (SOC) conditions for the ((g;,g}), F*) pair
given in Theorem 4. To do this, we first show that the (g;, g;) satisfies a certain ordinary differential
equation (ODE).

Proposition B-2. Define (v*,a) = (b,0) in the a/b < k; regime, (v*, ) = (a,1/n) in the a/b > ky
regime, and (v*,«) be defined as stated in Theorem 4 in the the k; < a/b < kp, regime. Also
define ¢o as in Theorem 4 in the a/b > kj regime, and ¢o = 0 in other regimes. Let (gy,q5)
be given as in Theorem 4. Then (g;,q;) satisfies g;(v) = g*(v), gj(v) = a for v € [a,v*] and
gy(v) =(1—=g*(v))/(n—1) forv € [v*,b], and g* is an increasing continuous function that satisfies
the ODE

(g*) (v) + 1()720_—17)“7;; (" (v) —a) = % forv e (r*,v") (ODE-g-1)
v mla—go) 1 1-) e .
(9)(v)+(v_¢0)(v_a)g (v) = — — for v € (v*,b). (ODE-g-2)

Furthermore, in the ky < a/b < ky, regime, the system of equations defining (v*,«) actually has
a unique solution, and if we view r* and « as a function of a/b, then we have r* 1+ b and o | 0 as
a/bl ki, while r* | a and a1 1/n as a/b 7T ky,.

Proof of Proposition B-2. We first consider the regime v < v* where the ODE is (ODE-g-1). By
multiplying both sides of (ODE-g-1) by (v —r*)"~1 /v"~! we observe that (ODE-g-1) is equivalent
to

v — ¥yl R
% (Un—z(g*(v)—a) _ =

/l}n

For the case a/b < k;, we set a = 0, g*(r*) = 0 and integrate the above equation from v = r*
to arbitrary v to get the g, = g* as stated in the theorem statement.

For the case k; < a/b < ky, we set g*(a) = a and integrate the above equation from v = a to
arbitrary v to get the g;, = g* as stated in the theorem statement.
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In both cases, we can use Lemma B-1 to write g*(v) in the valid region as

v— 1 k—(n—1)
—a+)\z ( ) ,

which immediately implies that ¢g* is an increasing continuous function in v.
In the a/b < k; case, the valid region starts at v = 7* and the expression immediately implies

that ¢*(r*) =0 = «, and
X1 (b— D
=23 -

which equals 1 because r*/b satisfies the same defining equation as k;, so we can set r* = k;b, and
the expression is decreasing in r*, so the equation setting the above to 1 has a unique solution in
r* (equivalently, in &;) if and only if as r* | a, the expression is > 1, which is equivalent to a/b < k;
that we had just assumed.

In the k; < a/b < kj, case, the valid region is from v = a to v = v*. The expression implies
g*(a) = .. The defining equation for (v*, ) in this regime implies that

(U* _ a)n—l t=v* (t _ a)n—l g — (U* _ a)n—l

W(Q*(”*) —a)= )‘/t:a o = e

so g*(v*) =1 — (n — 1)a. (We still need to prove that the two equations defining (v*, ) has a
unique solution; we will defer this to the end of the proof.)

Now we consider the regime v > v* where the ODE is (ODE-g-2). By multiplying both sides
by (v —a)"/(v— ¢0)", we observe that (ODE-g-2) is equivalent to

dfw=a ety et
I:(v_(bo)n ()]_ (U_d)O)n (1 A)(U—(ﬁo)”"‘l'

In the case a/b > kj, this equation applies for all v € [a,b], so we integrate this equation from
v = a to arbitrary v and note that (S;U:;O); g*(v) is 0 when v = a (because of the (v — a) factor), so

we get

(1—’00[),

(—ay . . [—arl ()
g @ 0= [ [(t—qbo)n L= NG gyt | 4

which is equivalent to the g* as stated in the theorem statement. By Lemma B-2, we can write
g*(v) as

kn

7—’_)\2 U:Zok n '

The expression immediately implies that ¢*(v) is an increasing continuous function of v and g*(a) =
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1/n. We also have
k n

AZ _¢Okn:1’

by the defining equation of ¢y, and by inspecting the defining equations for ¢¢ and kj we see that
¢o = (a — kpb)/(1 — kp,) as claimed. The defining equation of kj, is

1 — (1 —kp)k™
~ 4 > - =1
k=n+1

The expression is decreasing in kj, and it is 1/n < 1 as kj, T 1, and % + A Zzoznﬂ % =o0as k|0
because the harmonic series is divergent, so the equation has a unique solution kj,.

In the case k; < a/b < kj, this equation applies for v € [v*,b]. By requiring that ¢*(b) = 1,
integrating the equation from arbitrary v to v = b gives

(b—a)* (v— a)"g*<v) _ /t:b [(t_a)n_l —(1- )\)(t—a)"} dt .

bn M — in tn-i—l

Just as before, Lemma B-2 implies that the right hand side is decreasing and continuous in v, so
g*(v) is increasing and continuous in v. We also have

—a)" v—a)” t=>b _an—l —a)"
boar ey [ e,
I Gl Gl D I

b "

by the defining equations for (v*, a), so g*(v*) = 1 — (n — 1)a. We therefore see that the value of
g* at v* from both the v < v* and the v > v* regions are equal, so ¢* is continuous at v* as well.
Finally, we will prove that the equations defining (v*, @) in the k; < a/b < kj, regime have a
unique solution.
Eliminating « from the two equations gives

. (;k(qi*)an)n ((b ;na)” B /;:b [W (- (tt;ral)"] dt>

v

A = s

(U* _ a)n—l —a m

or

nb—a) (r*—a) (n—-1)(r"—a) =t —a)n !
T e A L,

+n/tt_b [(t_a)n_l(l/\)(t_a)n]dt.

- tn+l
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Let fn(r*) denote the right hand side viewed as a function of r*, namely,

() = =" (”1)(”“)A/t:wwdt+n/tt:b [W—(1—A)(ta) ]dt.

v v tm —v tm A

We claim that fn(v) is a decreasing function. That is, we want to show that dfn(v)/dv =
fn’(v) < 0. We compute

fn/(v) = n (“ — “)nl U% +(n— 1)Ad% [(” —9) /t:v (= a)n_ldt]

v v i—a tr
(v—a)" ! (v—a)”
—n( o - (1= ot
Note that
v—a\""" a ~Cna(v—a)"t  nv-(v-a)lv-a)"' nw-a)"' n(v-a)"
L 2 oL = ot = on T ntl

We then have

fn'(v) = —nAw +(n— I)Ad% [(v—@ /t” (t_a)nldt]

v a (Al
(v—a)” (v—a)(v—a)®' a [ZV(t—a)"!
= —n\—— -1 — ——dt
nA Un—l—l + (n )A v g + U2 t—a tn
(v—a) (n—1a /t” (t —a)" !
=)\|- dt| .
|: pnt1 + V2 —a tn

Therefore, we have fn’(v) < 0 if and only if

/” (t— a)”_l gt < 1 (v—a)”

tn “(n—1)a o1

We can prove this inequality as follows. Both sides are zero for v = a, so it is sufficient to show
that the derivative of the LHS is < the derivative of the RHS. This is true because the derivative
of the LHS is (v —a)”~!/v™ and the derivative of the RHS is

1 v nw—a)t—(v—a)(n—1)"2 1 (v—a)!
= —(n—1)(v—
(n—1)a p2n—2 (n—1a " (o= (n—=1){v —a))
(’U _ a)nfl (’U _ a)nfl (U _ a)nfl
B ol (n— 1av—1 — o
Therefore, we have proved that fn( ) is creasing in v.
To show that the equation fn(v*) =n ( ) has a unique solution v* € [a, b], it is sufficient to
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show that fn(a) > n (IFT“)H > fn(b), or

n/ab [W—Q—A)W] dt>n<b;a)n
N <b—a>"+ (n—l)(b—a))\/ab (t—ayt

b b tn

The first inequality

/ab [W—(l—A)W] s <b;a>n

is true by the definition of kj and a/b < kj,. The second inequality is equivalent to

t=b _ \n—1 _ 4\n—1
ATy oo
. tn bnfl

=a

which is true by the definition of k; and a/b > k;.

We also conclude from the above that as a/b 1 kj, we have r* | a, while as a/b | k;, we have
r* 1 b.

Now we will show that o € [0,1/n] and as a/b 1 kj, we have a 1 1/n, while as a/b | k;, we have
al 0.

n—1 n—1

We vsiilll first show t,}}at for any v € [a,b], we have [’ %dt < %“:ffll . Let fn(v) :=
f ; (tf‘tl% dt — %(U;ﬂl . (We overload the fn notation here — it has nothing to do with the
earlier fn; it is just a shorthand that we discard after we finish proving the technical statement.)
Note that fn(a) = 0 and fn(b) < 0 by the definition of a/b > k;. We have

fnf(v):(v_a)n_l_i(n_l)wazzw(U_<1+n—l>a> |

" 2y o A

So fn(v) is decreasing for v < (1 + ”T_l) a and increasing for v > (1 + ”T_l) a. Regardless of whether
b < (14 21) a or not, we have fn(v) < max(fn(a), fn(b)) < 0, and we are done. Note also that as
a/bl ki, we have r* 1 b so every inequality here approaches equality, and « | 0.

From the defining equation we have

*

L ner = (r*)nfl /r (t _ a)nfl "
(7,* _ a)n—l u tn ’

but by the lemma we have just proved,
r* t— n—1 1
/ =0 o G i
a t A ()
so 1 — na < 1, which implies o > 0.

*\n—1 * _g\n—1
From the same equation, it is clear that (r(*rf)a)"_l Ir =" 4t > 0,50 1—na > 0,50 a < 1/n.

a tr
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Furthermore, as a/b 1 kp, we have r* | a so

x\n—1 r* . \n—1 x\n—1 r* _ \n—1 *\n—1(.%
1 e = ) 7 / (t—a) gt < A (r*) i, / (t—a)* )" (r a)w’
(7“* _ a)n 1 a tn (T* _ a)n 1 a a™ na™

soatl/n.
We conclude that for k; < a/b < ky, there is a unique valid solution (r*, ). Furthermore, as
a/b* kp, we have r* | a and o 1 1/n, while as a/b | k;, we have r* 1 b and « | 0, as desired. O

Proposition B-2 gives a unifying description of the mechanism across three support information
regimes and makes it clear that the intermediate regime interpolates between the SPA regime and
the POOL regime.

We will now use (ODE-g-1) and (ODE-g-2) given in Proposition B-2 to check that (FOC) and
(SOC) hold.

Checking (FOC) We first consider the case v < v*, where (ODE-g-1) applies. We only need
to check this case in the low information (a/b < k;) and moderate information (k; < a/b < ky,)
regimes, because this case becomes vacuous (v* = a) in the high information (a/b > kj) regime. In
both of these regimes, F*(v) = 1 — r*/v. Therefore, the (FOC) equation is

*

A= (0= Dl 0) - @) 4 o(g"Y @] (1= 5 ) + (= D7)~
—(1-0) [+ B @ - @) + e )] =0

v(v—r*)
where the last equality holds by (ODE-g-1).

Now we consider the case v > v* where (ODE-g-1) applies. We only need to check this case
in the high information (a/b > kj) and moderate information (k; < a/b < kj) regimes, because
this case becomes vacuous (v* = b) in the low information (a/b > kj) regime. In both regimes,
F*(v) =1—(a—¢o)/(v—¢0) = (v—a)/(v—¢o0). (¢po = 0 for the moderate information regime,
and ¢g > 0 for the high information regime.) Therefore, the (FOC) is

[—A —(n—1) (g*(v) — w> +u- o] (;:50)
=[5 - L g (S

n—1 1

v—a

(A= (=g 0) = L+ 0) (L )+ 0= D 0) ~ 1870 + (0 - a)e") ()

= -0 - (L) a+ ') - 1) (£ 2)

(i e () n(522) o

where the second-to-last equality holds by (ODE-g-1).
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Checking (SOC). The following applies whether we are in the regime a/b < k;, a/b > ky, or
ky <a/b< k.

In the case v < v*, we have g;(v) = g*(v) and gj(v) = a, so (SOC) reduces to g*(v) — a > 0,
which is true by definition of ¢g* in the interior.

In the case v > v*, we have g (v) = g*(v) and gj(v) = (1 — g*(v))/(n—1), so (SOC) reduces to
ng*(v) = 1+ (v — a) (g") () > 0.

Here, g* satisfies (ODE-¢-2) with ¢9 = 0 in the case k; < a/b < kj, and ¢p > 0 in the case
a/b > kj,. Substituting (¢*)(v) = = — 1= n{ago) )g*(v), we get that (SOC) reduces to

v—a v—go  (v—¢o)(v—a
ng*(v)—14+(v—a)(g*) (v) = ((J:;))) (ng*(v)—14X) > 0, so we have to prove that ng*(v)—1+X > 0.
From v > v* we have g*(v) > 1 — (n — 1)a, we have ng*(v) — 1+ A >n(l—(n—1)a) =1+ X =
(n—1)(1—a)+ A >0, because < 1, A > 0, with strict inequality everywhere but the boundary,
as desired.

B.2 Proofs for Section 3.2
Proof of Proposition 4. Suppose for the sake of contradiction that the SPA regime is possible. By

Theorem 1, the A-regret
t=1 kl n
—1+(1—k:l)"+)\(1—/ <1—> dt)
t=k; t

is zero, while the corresponding A satisfies

(1 — k}l)n_l

t=1 (t—k)n—1 ’
j;f:kl ( t) dt

A:

Substituting the expression of A gives

1- tt—:k:l ( - %)n dt
L (L= k)" 4 (L= R)" o e =0. (B-1)
t=k; tn dt

Let f(k;) be the left hand side of (B-1). We will derive a contradiction by showing that f(k;) > 0
for all 0 < k; < 1. We will prove this by viewing k; € (0, 1] as a free variable. Let

t=1 (4 _ 1.\n— >0 -
I(kl):/t:k (tfz)ldtzzz(lkl)z'
Note that
0o ' _ n—1 _ n—1
k) = (1= k)'7H=1) = _1(1_ (fli k) = l]:zl) ’

i=n
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Also, by integration by parts,

t=1 k n k n qt=1 t=1 k n—1 k
/ <1 - l) dt = {(1 - ’) t} - / tn (1 - l) dt = (1 — k)" — nkI(ky).
t=k; t t t=k; t=k; t t

Therefore, both integrals in f(k;) can be written in terms of I(k;). We want to show that

1-— /{?Z)n + ’I’Lk:[(/{?l)
I(ky)

1—
14+ 1=k + (1= k)" ( >0.

This is equivalent to

1= (1— k)"
(1=k)=(=D — 1+ (n— k)

I(k‘l) <

Note that (1 — k)~ ™Y > (1 + (n — 1)k;), so the above manipulation is valid, and both sides of
the inequality are positive. Let

1= (1= k)"
(1—k)~ =) — (1 + (n = 1)k)

g(ki) = I(k;) —

It is clear from the integral definition of I(k;) that limy,4 I(k;) = 1. We now compute, by L’Hopital’s
rule,

- 1= (1= k)" . —n(l— k)" (-1)

Ty T e e 7y B s W Ty e ) e e R

Therefore, limy,41 g(k;) = 0 To prove that g(k;) < 0 it is sufficient to prove that g(k;) is strictly
increasing in kg, i.e., ¢’(k;) > 0. This is very convenient because I'(k;) does not involve an integral.
We compute

/ o d 1—(1—k)"
gth)=Lk) = G AR oD = (1 + (n = 1>k:z>}
A=kt 1 X
- i (1= k)= = (1 + (0 — D))

(1= k)™ = (14 (n = Dky)] [-n(1 = k)" (=1)]

—1=0=&)"[(-n+ 1)1~ k)" (=1) = (n—1)] }

— _(1— n\2
(1- k‘l)n_l . (n 1)871(@1)"’”) )2 n [1 —(1+(n—1Dk)(1 - kl)”_l]

ki oz (1= (L+ (n = Dk)(1 = k)1

Then ¢'(k;) > 0 is equivalent to

(n— k(1 —(1—k)")?*—n(l—k)"k [1— (14 (n— k)1 — k)" ']
—(1—k) 1= (1+(n—Dk)(1— k)" ] >0.
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Let 2 =1 — k; € [0,1), algebraic simplification gives that the left hand side is

(n—1)(1—2z)(1—2")?—nz"(1—2z) 1-—(1+®m-1)01- :c)):z”_l]
1= (14 (n - 1)1 —2))e" )
=1-z")(n—-1—nz+2z").

It is clear that 1 — 2™ > 0. We also have

n—1
n—1l-nr+a2"=nl-2z)-(1-2")=1~-=z) (n—Zx’) >0.
i=0
We conclude that the optimal maximin ratio mechanism is never in the SPA regime. ]

B.3 Proofs for Section 3.3

Proof of Corollary 1. We will use the equivalent formulation of Theorem 4. k; is a solution to
Mog(1/k;) =1, so ky = exp(—1/X). ky, is a solution to (1 — X\)(1 — kp) + Alog(1/kp) = (1 — k) or
log(l/kh) = (1 - k‘h), so kp = 1.

Therefore, we only need to consider the regime a/b < k; and k; < a/b < k.

For a/b < ki, the regret is b/e. For a/b > k;, we know that (v*, ) is a solution to the following

system of equations
*
1—a=Alog <v>
a

b—a U*—a:)\log<b>_(1—)\)a+(1—)\)a'

v* b v*

b v*

The solution to this is v* = b and a = 1 — Alog(b/a).
We now substitute n = 1 to the minimax A-regret and g (v) expressions. (We have ®(v) = g (v),
the price distribution CDF.) For a/b < k;, the minimax A-regret is

—(1—=A)b+ [(1—1@)—)\/;: (1—’:}) df] b

=—(1=N)b+[(1 = k) = A1 — ky + Ky log (k)] b
= (14 A+1—e P Ag e A4 e
= e 0,

and the price CDF is

. Un—l t=v (t _ T*)n_l t=v 1 v v
9u0) =My =y /t: Tt )\/t Fdt = Aog () = Alog ()

N =1+ Alog (%) for v € [r*,0].
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For a/b > k;, the minimax A-regret is

—(1—/\)b+b(1—%) +(b—a)a(1—1)—/\/i:b (1-%)@
=—(1-=Xb+(b—a)—Ab—a—alog(b/a)) = —a+ Aa+ Alog(b/a),

and the price CDF is

n—1 t=v n—1 t=v
- 1
g;(v):a+A< Y > / (ta)dtzl—Alog<b)+)\ St
t

v—a —a (Al a t—a

=1-\log (Z) + Alog (2) =1+ Alog (%) for v € [a,b].

We get the minimax regret by substituting A = 1, which is b/e for a/b < 1/e and alog(b/a) for
a/b > 1/e. The maximin ratio is A such that the minimax A-regret is zero. Because Ae~ /b > 0
always, minimax A-regret cannot be zero in this regime. In the other regime, k; < a/b < ky, The
A such that —a 4+ Aa + Alog(b/a) = 0 is A* = 1/(1 + log(b/a)), so this is the maximin ratio value,
and the corresponding price CDF is

@*(v):1+)\*log<%) :H% for v € [a,b]. O

C Proofs and Discussions from Section 4

C.1 Proofs and Discussions from Section 4.1

Before we prove the main theorem characterizing the minimax A-regret standard mechanism (The-
orem 2), we first derive the regret expression of generous SPA GenSPA(®).

Proposition C-3. The regret of the mechanism GenSPA(®) under distribution F that is n i.i.d.
with marginal F is
v=>b

a(A— ®(a)) + / (A —®(v) — v® (v)(1 — F(v)") + ®(v)(nF(v)" ! — nF(v)")dv

v=a

+F(a)" ' (b—a)(n — (n — 1)F(a))

v=>b
— F(a)"! / ((n = (n—1)F(a))®(v) + v(nF(v) — (n — 1)F(a))®'(v)) dv.

=a

Proof of Proposition C-3. The A-regret expression, pointwise at v, is

t=p(1) t=p(1)
M) — (un@(un) _ / <I>(t)dt> 10 > a) - <v<l> - / 1dt> 10® = a)
t t

=v(2) =v(2)

=p(2)

t=01)
= oM — (v(l)@(v(l)) —/ @(t)dt) 1(v? > a) - (0(2)) 1(v? =a).
t
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Writing 1(v® > a) =1 — 1(v® = a), the regret expression becomes

t=v@) t=ov)
(Av(l) — oW (M) —|—/ @(t)dt) + <U(1)<I)(U(1)) —/ O(t)dt — v(2)> 1(0? = a)
t

tZ’U<2) :1)(2>

t=p(1) t=p1)
= ()\v(l) — oW (m) +/ <I>(t)dt> + (v(l)q)(v(l)) —/ O(t)dt — a) 1(0? =a).
t

t:v(2> =a

We will now calculate the distribution of v™[v?) = q.
We note that, for any z € [a, b],

Pr(vM) > z,0® =a) = Pr( n—1 v’s are a, one is > z) = nF(a)" ' F((z,b])) = nF(a)"" (1 — F(z)),
and
Pr(v® = a) = Pr( exactly n — 1 are a ) + Pr( exactly n are a )
=nF(a)" (1 - F(a))+ F(a)" = F(a)" '(n — (n — 1)F(a)).
If Pr(v® = a) > 0 (that is, if F has an atom at a), then dividing the two equations gives

n(l — F(x))
n—(n—1)F(a)

Pr(v® > 2o =) = for z € [a, b].

This gives us the CDF of v(V|v(?) = ¢ as

f(r) e Pro®D < glo® — gy =1 A= F@) _nF@)-@n-DF@
Flw):=Pr(v™ < ] )=l T e o) F@ T nem-DF@  rreled

(If Pr(v® = @) = 0, then the expression we want to evaluate is zero and we won’t need this
conditional distribution anyway.)

We can now calculate the expected regret. The first term is exactly the expected regret expres-
sion from SPA:

t=v@)
Eyop | Ao — (vw@(vu» - / ) @(t)dt)]
v=b
=a(A—P(a)) + /: A —®(v) —vd'(v))(1 - F(v)") + @(v)(nF(v)”*1 —nF(v)")dv.
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The second term can be written as

t=ov(1)
(U(l)fb(v(l)) _ / | Bl a) 10® = a)]
t=ov(1)
(U(l)é(v(l)) - / O(t)dt — a) v = a]
—a+ /Ue[a’b] <U¢(v) - /ta <I>(t)dt> dF(v)

We now use the following integration-by-part-like statements.

E’UNF

=Pr(v® = a)E

— F(a)"'(n — (n— 1)F(a))

v=>b
/ h(w)dG(w) = h(b) — / B (v)G(v)dv .
we|[a,b] =

v=a

Therefore,

/ v ®(v)dF (v)
v€la,b]

v=b
— b (b) — / (®(v) + v () F(v)dv

v=a

v=b nF(v) — (n — a
:b_/: (®(v) + v (v)) f:l(_)(n(_ 1);)(5)( )

t=v
/ / ®(t)dtdF (v)
v€la,b] Jt=a

t=b

/ / (1) dF (v)dt
t=a Jve(t,b

t=b

/ B(1)(1 — F(1))dt

dv .

We also have

- F)
= [ e (n—1)F@)™"

Therefore, the second term is

v=b nF(v) — (n— a v=b n(l - F(v
F(a)" ' (n — (n — 1)F(a)) [—a+b— | @+t o (n(_ 1);)(1;) ) _ / @(v)n_((ln _F1()F)
v=b nF(v) — (n — a
=F(a)" Y(n—(n—1)F(a)) [b —a-— /: <(I)(U) +v® (v) F;L(_) (n(— 1);)(1;‘)( )> dv]
v=b

= F(a)" ! [(b —a)(n—(n—1)F(a)) — (n=(n—1)F(a))®(v) + v(nF(v) — (n — 1)F(a))®'(v)) dv] :

v=a

App-20



We therefore have the regret expression

v=>b
=a(A—P(a)) + / (A= ®(v) —vd'(v))(1 — F(v)") + &(v)(nF(v)" 1 — nF(v)")dv

v=a

+F(a)"" (b~ a)(n — (n— 1)F(a))

v=b
~ Pla)! / (n— (n - 1)F(a))®() + v(nF() — (n — 1)F(a)@(v)) do.
Note that the extra term (in the second line) is linear in F'. O

We are now ready to state and prove the main theorem.

Theorem 5. Fiz n and A € (0,1] and let k = a/b € [0,1). Define k; as in Theorem 2. The
minimazx A-regret problem Ry(Mgiq, Fiid) admits the following saddle point (m*, F*), depending on
a/b, as follows.

e For a/b < ki, the optimal mechanism m* and worst-case distribution F* are the same as
those of Theorem 1.

e Fora/b> ki, the optimal mechanism m* is GenSPA(®*) with
ﬁt::: )\(l—c/t)"_ldt

(1 —¢/v)" ™ = (1 —c/a)""

O*(v) =

forv € [a,b],

where ¢ € [0,a] is a unique constant such that ®*(c) = 1. The worst case distribution F* is
an isorevenue distribution defined by F*(v) =1 — c/v for v € [a,b) and F*(b) = 1.

Remark. Note that the worst case distribution has two point masses at v = a and v = b (of size
1 —c¢/a and ¢/b respectively), whereas the worst case distributions of M, in Theorem 1 each only
has one point mass at v = b. Also, the distributions ® and ¥ of the reserve of SPA and threshold
of POOL in Theorem 1 do not have any point masses, whereas the distribution ® of GenSPA in
Theorem 5 has a point mass at v = a of size ®*(a) = lim, |, ®*(v) = A(a/c —1)/(n —1).

Proof of Theorem 5. Seller’s saddle is that, fixing F'*, the given mechanism m* gives the lowest
regret over all standard mechanisms. Because F™* is fixed, this is equivalent to that m* maximizes
expected revenue under F*. This is a standard Bayesian mechanism design problem, and we check
with Monteiro and Svaiter [2010] that m* is indeed optimal, even over all DSIC mechanisms.
Henceforth, we will focus on Nature’s Saddle.

Note that if a/b < k;, then Theorem 1 immediately tells us that the same SPA(®*) is optimal
over M1, and thus over Myq also. Henceforth we assume a/b > k;.

We have the regret expression from Proposition C-3:
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v=>b
a(A — ®(a)) + / (A = ®(v) —v®' (v))(1 = F(v)") + ®(v)(nF(v)" ! — nF(v)")dv

=a

+ F(a)”_l(b —a)(n—(n—1)F(a))

v=b
— F(a)"! / (n—(n—1)F(a))®(v) + v(nF(v) — (n — 1)F(a))®'(v)) dv.

=a

The additional term is linear in F', so if pointwise optimization gives a global maximum then,
it will also give a global maximum now. The first-order condition gives

(A — ®(v) — v®' (v))(—nF(v)" 1) + ®(v)(n(n — 1)F ()" 2 = n?F@)" " — nvF(a)" '@ (v) =0,
v(F(0)" ' = F(a)" @' (v) + (n — 1)F(v)"2(1 — F(v))®(v) = AF(v)" L.

We want ® such that F'(v) =1 — ¢/v is a solution to that equation. With F'(v) =1 — ¢/v we
have F'(v) = 5 = %(U) So

v n—1
(F()"™" — F(a)" ) ®(0) + (0~ DF)F (w)a() = 10
v n—1
ey~ Flay () =
Because (F(v)" ™! — F(a)" 1)®(v) is zero when v = a, we have
t=v AF(t)"~1 =0 A1-)"""
(I)(’U) — t=a t dt t=a t dt

F(v)» L — F(a)n 1 - (1- %)n—l (1 g>n—1 :

We will now show that, for any ¢ € (0,a], ®(v) is increasing in v.
Let © =1 —c/v, @ = 1 — c/a, and use the substitution u = 1 —¢/t, t = 1%, dt = T ) sdu to
get

’—‘gldx

Loy — Jicg =t

Jus
)y -

u
an—1’
Showing that ®(v) is increasing in v is equivalent to showing that the right hand side is increasing

in v =1-c¢/v. From v > a we have ¢ > a. The derivative with respect to © of the right hand side
is

(! =@~ (L) 45 du) (- 1

1—v u=a
(,Enfl —an— 1)2
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This expression is nonnegative if and only if

u=>0 un—l o — dn—l@
du < — .
/u:& l—u  ~— (n=1)(1-02)

It is clear that this is true if it holds for ¥ = a and the derivative of LHS is < the derivative of
RHS. For © = a, both sides are zero, so the inequality holds. The condition that the derivative of
LHS is < the derivative of RHS is

This is equivalent to
(n—1"1t—(n-1"<ng" ! —a" ! —n"+a" o4+ 0" —a" o,
or

an—l g 671—1’

which is true because v > a.

Lastly, we will show that if a/b > k;, then there is a ¢ € (0, a] such that ®(b) = 1, making this
a valid solution. From

1=bp A(1-£)"""

dt
(I)(b) = tC:(:’L—l ‘ c\yn—1"
1-5)" -01-9

consider the right hand side as a function of ¢. The numerator is clearly a decreasing function of c,

A(=9)"!

because ——F——, for each fixed ¢, is a decreasing function of c¢. The denominator is an increasing
function of ¢ because

) G (B )

and each of ¢, 1 — 7, 1 — < are positive and increasing in ¢, and é — % > 0.
b

Therefore, the right hand side is decreasing in ¢. As ¢ | 0, the numerator converges to ftt::a %dt =
Alog(b/a) > 0, and the denominator converges to 0, so the expression converges to +0o. At ¢ = a,
the expression is

where the <1 holds because a/b > k;. Therefore, there is a ¢ € (0,a] such that ®(b) = 1.
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Lastly, we note that

®(a) =lim ®(v) = A\lim = (a=c) ,
vla vla (n _ 1) (1 _ %) v% (TL — 1)6
where the second equality holds by L’Hopital’s rule. O

C.2 Proofs and Discussions from Section 4.2

The main theorem in the main text (Theorem 3) is an immediate corollary of the main theorem in
this Appendix (Theorem 6). We first outline key challenges of the proof before diving into the full
proof of the main theorem.

Key Challenges of the Proof of The Main Theorem. The proof of the moderate information regime
is the hardest, and we outline key technical ideas here. Our candidate ®* has a point mass ®g at
a and a density on [r*,b], while the candidate worst-case distribution F"* has a point mass Fjy, an
isorevenue density on [r*,b), and a point mass at b. The seller’s saddle is to find ® that minimizes
the regret R(®) := R(®P, F*) such that ®(v) € [0, 1] is an increasing function. This is different from
previous saddle problems because in this case, the increasing condition is binding; if we optimize
pointwise, the result is nonincreasing, which is infeasible. We write the Lagrangian L£(®,pu) =
R(®) — ff pu(v)d®(v). Here, p : [a,b] — Ry is the dual variable associated with the increasing
constraint. Complementary slackness requires that p* is zero wherever ®* is strictly increasing;
this immediately suggests the correct form of ®*, and that p*(v) = 0 on [r*,b]. Lagrangian
optimality requires that ®* also minimizes £(®, *), which is linear in ® (as can be made explicit
by integration by parts on the d®(v) term). We satisfy this by requiring that the coefficients of
every ®(v) term to be zero. These, together with complementary slackness, pin down p*. Nature’s
saddle is significantly simpler because the condition that F' is increasing does not bind here, so
pointwise optimization (as before) works. The full proof is given in Appendix C.2. O

Before we proceed to the proof, we derive the regret expression for SPA(®), which is just (gu, 94)
with g, = ® and g4 = 0.

Proposition C-4. Let the mechanism be a second-price auction with random reserve CDF ® and
distribution F' with regret R(®, F).

Suppose @ : [a,b] — [0,1] is absolutely continuous, while F is arbitrary then we have the
(Regret-F') expression

m¢JvzmA—¢@»+/aHQ—@@yﬂ@mm@—Fm@»m

+/ d(W)(FP(v) = FD(v))dv .
€la,b
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If we further assume that F' is n i.i.d. then

R(®,F)=a(A— ®(a)) + /e[ b]()\ — ®(v) —vd® (v))(1 — F(v)")dv

=l nF(v)")dv.
+/E[a’b]‘1>(v)(nF(v) F(v)")d

Suppose instead that F' is i.i.d. with marginal F' that has a density in (a,b), and we denote by
F({b}) and FMV(b) the mass at b. Then we have the (Regret-®) expression

R(®,F)=Xb—a®(a)F(a)” — (1 — (1 — fp)")bP(b)+
v=b
/ —AF ()" 4+ ®(v)nF(v)" (1 — F(v) —vF'(v))dv.
Proof of Proposition C-/. These expressions follow immediately by taking g, (v) = ®(v) and g4(v) =
0. O

We are now ready to state and prove the main theorem.

Theorem 6 (Optimal SPA with Random Reserve). Fiz n and \ € (0,1] and let k = a/b € [0,1).
Define k; and kj, as in Theorem 3. The minimaz \-regret problem Ry(Msgpa-rand, Fiid) admits a
saddle point (m* = SPA(®*), F*) which is characterized as follows.

e Fora/b <k, an optimal mechanism m* and worst-case distribution F* are the same as those
identified in Theorem 1 and its proof.

e Fora/b> kj, an optimal mechanism is a SPA with no reserve and the worst-case distribution

F* is a two-point distribution with point masses at v = a and v = b with weights f, := ﬁ
and fp := n%m

o Fork; <a/b<kj, let Fy €[0,1) be a unique solution to

AFY - (1_ n—(n— 1)F0&>"1

(n—1)(1-Fy n
n—1 n—1 k
n—(n—l)F()N) 1 4 1< n—(n—l)F()N)
=\|log| ————%—a | — —Fy + - ([1—-————"0a ,
g( n(l — Fo) ;k 0 ;k n
and
r**n_(n_l)FOa
N n(l—F[)) ’
Ay
b —
T D1 - R’
— — 1)F
e=" (n )oa’
n
Jos 1
d= 0 +log(l—Fy))+ Y —FF.
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Then, an optimal mechanism (optimal reserve distribution) is

*(0) ) for v € [a,r*]
= n—1
Y A (—” ) [d +log (%) — 22;11 T (—”;c)k} forv e [r*b],

v—C

and a worst-case distribution is given by F*(v) = Fy for v € [a,7*], F*(v) = 1 —¢/v for
v € [r*,b) and F*(b) = 1.

Proof of Theorem 6. We will prove the 3 cases separately.

Low Information (a/b < k;) Regime. We know from Theorem 1 that SPA(®*) is minimax
optimal over M, and so it is also minimax optimal over Mgpa_rand-

High Information (a/b > (Ain) Regime. We claim that the minimax optimal mechanism

1+A)n—1
®* in this regime is SPA without reserve and F™* is a two-point distribution with mass f, := #‘b\
n—1
at a and f, :== nfi‘H\ at b. Here, R(®*, F*) = —(1 - A\)b+ (nfj}w\) (b—a).

We want to show that R(®*, F') < R(®*, F*) < R(®, F*).
Part 1: R(®, F*) > R(®*, F*)
We have the regret expression R(®, F') from Proposition C-4:

R(®, F) = b — ad(a)P(a)" — (1 — (1— f,)")b®(b)
v=>b
+ / —AF ()" 4+ ®(v)nF ()" (1 — F(v) — vF'(v))dv.
Under F*, we have F*(v) = F(a) = fanﬁiﬁw\ for all v € (a,b), which means every appearance
of F(v) becomes a constant:
v=b
R(B,F) = X~ affB(a) = (1= £2000) + [ =Af2 +nfy (1= )@(0)do,

We have ®(b) < 1 and —Af? +nfr (1 — f,)®(v) > —Af* +nfr~ 11— f,)®(a), so

R(®,F*) 2 Ab—a®(a)fy — (1= f)b+ (b — a)(=Afa + nfy~ (1~ fa)®(a))
=—(1=Nb+ (nfi™ = (n =1+ Nf)b—a) + (1 - () fy~ (afo — (b—a)(n —nfa)).

’I’L—TLfa

The last term is > 0 because we require that af, — (b —a)(n —nf,) >0 & ¢ > P
(Hiﬁ. We now see that the choice f, = nfﬁr 5 is chosen so the second term is maximized, and

the bound on 7 that is required to make the third term work follows accordingly. Therefore,

n—1
R(®,F*) > (1= b+ (nfi ™ = (n— 14+ A f2)(b—a) = —(1 - \)b + (aniA) (b—a).

Part 2: R(®*, F) < R(®*, F*)
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Because ®* is an SPA without reserve, we have ®*(v) = 1 for every v. This gives

v=b
R(®*, F) = a(A — 1) +/ (A= 1)1 - F()") + (nF(0)"! — nF(v)")dv

=a

(- b+ /v:b nF()" L — (n — 1+ A)F(v)"dv

=a

<—(1=MNb+(b—a) sup nz""t —(n—1+N)2"

z€[0,1]
n—1 n—1
=—(1-X)b _— b—a)=R(®", F").
-+ (1505) 0-@ = @)
Moderate Information (k; < a/b < (H:\\#) Regime. We will exhibit a saddle point with the
following structure: ®* has a point mass ®*(a) at a, then it is flat on [a, 7*] (that is, ®*(v) = ®*(a)

on [a,r*]), then it has a density on [r*,b], but no point mass at b (so ®*(b) = 1). F* has a
point mass F*(a) at a, then it is flat on [a,7*], then it is F*(v) = 1 — ¢/v on [r*,b). That is,
F*(v) = max(1l — ¢/v, F*(a)) on v € [a,b). Importantly, we assume that F* is continuous at r*, so
1 —¢/r* = F*(a), and this r* is the same as r* of ®*.

We use the regret expression (Regret-®) under F™*:

Ro(®,F) = Ab— F(a)"a®(a) — (1 — (1— fy)")b®(b)

v=>b
+ / —AF(0)" 4+ ®(v)nF(v)" (1 — F(v) —vF'(v))dv.

=a

Note that F*(b7) =1 — f, =1 — ¢/b. We will write Fy := F*(a) for convenience.
We can then write

v=r*

Rp(®,F*) = \b— Flla®(a) — (1 — (1 — ¢/b)")bd(b) + / AFJ + ®(v)nEFr (1 — Fy)do

- v=>b n
—I—/ —-A (1 — E) dv .
v=r* v

Consider the problem

R* = Inqin R, (2, F*) = Regret(®) s.t. ®(v) € [0, 1] non-decreasing .

We dualize the non-decreasing constraint.
Let

b
£(®, 1) = Regret(®) — / H(0)dd(w),
and

= mj i ith > 0.
q(p) @(51)161%7”5( , ) with pu(v) =0

Weak duality says that R* > q(u) for all u : [a,b] — R.
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To get to strong duality, we want to choose a specific y* such that:

e Complementary Slackness (CS): f; @ (v)d®*(v) = 0. That is, wherever ®* is strictly increas-
ing, pu* is zero.

e Lagrangian Optimality (LO): ®* € argmingecpr £(P, u*).

Because the condition that ®(v) is non-decreasing doesn’t bind (it is strictly increasing) on
[r*,b], by complementary slackness p*(v) = 0 on [r*, b].
We can then use the integration by partss to get (using p*(r*) = 0)

* *

v=b v=r
| w@dee) = [ w@dee) = w606 - e - [ ) o

=a v=a v

so that the above expression for £(®,*) becomes independent of ® (zero out the coefficient of
®(a) and ®(v) between a and r*; there still is ®(b) but we will let this be 1). From

v=r*

B =)+ [ Y e

0=aFy — (r* —a)nFy (1 - Fp)
aFy=n(r* —a)(1 - Fp).

With that p*, we have
v=b

(-5

L@, 1) = =\ —a)Fy — (1- (1- %)n) bd(b) — /\/

V=T

If we further assume that ®(b) = 1, then

L(®,1*) = —(1— b — A" — a)F + b (1 - %)” - A/vv:b (1 - f)"dv.

=r*
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Now we derive conditions from the fact that F' maximizes regret given fixed ®*, that is, the
saddle R(®*, F') < R(®*, F*). We use the Regret-F equation

v=>b
R(®,F)=a(A—®(a)) + / [()\ - ®(v) —vd®'(v))(1 - F(v)") + @(v)nF(v)”_l(l — F(v))] dv .

v=a

We do pointwise optimization for each v. For v € (a,r*). ®*(v) = ®*(a) is a constant, so F(v)
that maximizes that is a constant, the same for every v, given by

F*(v) € argmax(\ — ®*(a))(1 — 2") + ®*(a)nz""1(1 — 2).
Taking the derivative of z gives

—A=®*(a))nz""t +nd*(a)((n —1)2""2 —nz""1) =0
—A=®%(a))z+P*(a)(n —1—nz)=0.

Write ®*(a) = ®( for convenience. By the first-order condition, z = F*(a) = Fj satisfies this
equation, so

—(A=®g)EFy + Po(n — 1 —nky) =0.

For v € (r*,b), ®*(v) is no longer a constant (but this is the regime that we have dealt with
before). We have

F*(v) € argmax(\ — ®(v) — v®' (v))(1 — 2") + ®(v)nz""1(1 - 2).
The first order condition gives

—(A = ®(v) —v® (v))n2"t + d(v)n((n —1)z"% —n" 1) =0
—(A=®(v) —v®'(v))z + ®(v)((n — 1) —nz) =0.

By the first order condition, z = F*(v) = 1 — ¢/v satisfies this equation, so

—( = (@)(0) = (@) () (1= 2) + 2@w) (n =) =n (1= %)) =0,

v

which simplifies to

We have seen this ODE before. The solution is

() v o) 21 (5]

k=1
for some constant d.
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O*(r*) = ®*(a) = P is the point mass of ®* at a, which is unknown. We get

-\ ! r* a1 —c\F
Qp=X\|d+1 — |- — .
() m=afer(5) -5 ()
k=1
From 1 — ¢/r* = Fy > 0 we have ¢ < r* with strict inequality if Fy > 0. So the summation
makes sense (and also tells us it doesn’t necessarily go away as zero like before). With ®*(b) = 1

(b;c)”_l /\d+log<> 2;( >k]

Therefore, we have 5 equations for 5 unknowns ®g, Fy, c, d, r*:

—(A = ®@9)Fp + Po(n — 1 — N;I:; z g(r* B Eg:g
(r*r: C)"—l &y — 2 |dt log ( *) - :z::_i]i <r*7; c)k:] o
(b;c)"_lz)\ d + log (i) :_i;<bgc)k] (C-5)

— Ti —Fy : (C-6)

For notational convenience, we will write F*(a) as Fp.
We will write every variable in terms of Fp, so we have a single-variable equation we can solve.
From (C-2), we get

f g Fy _n—(n—l)Fga i
"= <n<1—Fo> “) TR ()
From (C-3) we get
B AFp ]
P ena- R s
From (C-6) we get
c=r*(1— Fy) = ’"&_(T‘n_l)F‘)a. (C-9)

Subtracting (C-4) and (C-5) gives

(“2) - (5 = () -SH(E) S (5]

Substituting the expressions of r*, &g, ¢ in terms of Fy from (C-7), (C-8), (C-9) gives (writing
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AER (o n (=1 nl
(n—1)(1 - o) <1 n )

n—1 n—1 k
n—(n—1)F. 1 1 n—(n—1)F.
=\l ——a| - —F, - l1-—""
S D B R v (R
k=1 k=1
Let fn(Fp) be the left hand side minus the right hand side (taking @ = a/b as fixed):

B AED n—(n—1)F_\""! n—(n—1)F._
= G~ () s (R )

n—1 n—1 k
Zl & Zl n—(n—1)F.

(When a is not fixed, we will write the above expression instead as L(Fp,a), and we will use
this notation later in the proof.)
We first note that, because a > k;, by definition of k; we have

n—1
1
fn(0) = —(1—a)" ' = Aog(@) — A (1= ak <o,
k=1
with equality only when a = k;.
We also note that as Fy 1T 1, LHS grows as ﬁ whereas RHS grows as log (ﬁ), SO
lim g1 fn(Fp) = +oo.
Lastly, we compute the derivative of fn as
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fn’ (Fo) = Aanl_(Ti)(l(ﬁ Fol))QFO) —(n—1) <1 - ”(”nl)FOa> "2 (n - b
Y U N +:Z:F;—1 _,; (1 n—(r&;l)%)k - 1)61
- AF(E,; 1_(71)_(1(71 }01))2F°) —(n—1) <1 _ n—%—l%&y” (n - 1.
s = = |
_ AF(E‘;_(?;)—(l(vz;ol))QFo) (n ;UQa (1 - n_(n{l)Fbéy_z
+A _1F§‘;O . —(?n_—li)Fo (1 n-— (nn— 1)F0d> ”1]

e n—(n—1)F 1
=t 1A((71—1)(1—1%0)2 B 1—F0>

N <1_ n— (n—l)Fod>”2 [_(n;n?&+ An —1) <1_ n—(n—l)Fga>]

n n—(n—1)F

T —iﬁ—l Fy)? + <1 B n(nnl)ﬂ]d)H (n—1) <n — (n)\— DFy nrlLH‘Q '

We can see from the expression that fn’(Fp) is increasing in Fp, so either fn is increasing for all
Fy in range (if fn’(0) > 0, or it is decreasing for Fyy < Ff for some constant Fjj and increasing for
Fy > Fjj. Because, for a/b > ki, fn(0) < 0 and limgy 4 fn(Fp) = +o00, we conclude that the equation
fn(Fy) = 0 has a unique solution Fy € (0,1).

We will also need to show that this unique solution Fj leads to feasible values of other parameters
as well. The ones that concern us are ®*(a) and r*.

We must have

)\Fo n—1
o* = <leh<——m—
@ = ha—ry S oS T
and
n—(n—1)F n(l —a)
G S A4 <bsFFH< —mM |
" n(l—Fy) = 0= " (n-1a

We will show that Fjy < "Tfl
= =1 hecause when we plug in @ = ()‘7” Fy =

= A -1
We note that Fy(a = (1+)\7)1n71) = A )n—T° Ty
in the L(Fy,a) expression we get zero. We claim that L(Fy,a = m) is increasing in Fy

nﬁif}n\ < Fyp < 1. If this is true then we are done, because if for some a < (H:\\%

have Fo(a) > 37ty then 0 = L(Fy(a),a) > L(Fo(a), graga—t) > LG s arage—t) = 0: a

An

for we

contradiction.
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To show that L(Fp, m) is increasing in Fj for 1 > Fj > nfiﬁ)\, we calculate (taking the

expression from the fn'(Fy) earlier)

OL(Fy,a = (Hﬁ#) B
F N
B AFP! An — (n—1)F)\" 2 1 n—14+A

(n—D&—P@2+<L_ (14+XNn—1 > w"_UA<n—m—1ﬁb_u+Am—1>Za

This is true because

1 S 1 o on—1+A
n=m=1F " n-(n-gprg  T+Nn—17

and

A(n — (n—1)Fp)
1+ M\n—1

1-— >0,

. .. .. . . 8L(F07¢~1=(1+;\$) .. .
so the derivative is positive, as desired. (Note also that the expression a is increasing

in Fy so we can also just plug in Fy = nﬁf}w\ in that expression and check that the resulting
expression is > 0. i
Lastly, we want to show that Fy < % Note that a < ﬁ implies that 1+/\ <

n(1=3) o5 this inequality is immediately implied by Fy < "= which we just proved.

n—(n—1)a’ n— 1+
We conclude that for k; < a < (1&#, these parameters give rise to a feasible mechanism
that is minimax optimal, as desired. O

Proposition C-5. The worst-case A-regret of SPA(r), the second-price auction with fixed reserve

T, 18
n—1
Q=N+ (i) ir=a
RA(SPA(r), Fiia) = 4 —(1 = Nb+ 2ose= s ifa <7 < 125b
A7 if 1+/\b <r<b.
Therefore,
n n n—1
—(L=Ab+ (:25) b if§<1-(3x) (520
infb R\(SPA(r), Fiq) = ( : ( +/\1) n—1 . ’ < +/\>"( 141’/\)”1
iy ~-np ()T 0-a) ag - (G) ()

The optimal r in the first case (“low” a/b) is r = n%r/\b and the optimal v in the second case
(“high” a/b) is r = a.

This result is valid for any n > 1, if for n = 1 we interpret any term with the n—1 exponent as 1.
In agreement with results from Mgpa_rang and our intuition, when scale information is important
(a/b is high), the regret-minimizing reserve is no reserve r = a.
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Before we prove the main result (Proposition C-5) characterizing the minimax A-regret SPA

with fixed reserve (including no reserve), we first derive the regret expression of SPA(r) for a fixed
T

Proposition C-6. Fiz r € [a,b]. The regret of SPA(r) against a joint distribution F is
=b
—(1=\Nb+rF{ / FU(v)dv +/ (FO () = A\FWD(v))dv,

where Fg)(r*) = Pr(v(l) < w). If we further assume that F' is n i.i.d. with marginal F, then the
regret 1s

C(1 =AYb rF(r)" — A / T R)rdu + / T F @) (1 V() do.

=a =T

Proof. The regret is
AE[v™M] — E[max(v®, r)1(v™ > 7)]
= )\E[U(l)] _ E[U(Q)l(v@) > )] — E[rl(v@) <r< U(1))] '

The first term is

E[v(l)]:/ Pr(v™® > v) v—b—/ F(
v=0

The second term’s calculation is analogous to that of Lemma B-3. We have

E[,U(Q)l(v(Z) >7)] = / v/ng) (W) = / (a +/ dv) ng) (V)
v'e(r,b] v'e(r,b] vEla,v’)

= a(FP(b) — FA (1) / / dF? () dv + / / dF? (v')dv
€la,r] Jv'€(r,b] ve(r,b] Jv'€(v,b]

— a1 FO () +/ (1= FO(r))dv +/ (1— FO (p))dv
v€la,r] veE(r,b]
v=>b
=b—rFP () — FO (v)dv.

v=r

The third term is

E[r1(v® <r <o) =rPr(w® <r <o) =rPr(?® <r) —Pr(e® <))
=r(FP(r) = FP (7).

Together, we have, for r € [a, b],

Ry(SPA(r), Fp) = —(1 = \b+rF1(r7) — A / o FU(v)dv + / v:b(F§3> (v) — AFWD (v))dv,

=a

as desired.
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When F'is n iid. F, we have F%l)(r_) = Pr(max(v) <r) =[], Pr(v; <r) = F(r~)" where
the second-to-last equality uses the fact that the v;’s are independent. We also have Fg) (v) = F(v)"
and F'? (v) = nF(v)"! — (n — 1)F(v)" 0

Now we are ready to prove the main result.

Proof of Proposition C-5. From Proposition C-6, the A-regret of SPA(r) is
=b
Ro(SPA(r), F) = —(1 — A)b+ rF_( / Fo)dv + / nF()" — (n— 1+ \)F(v)"dv.

We first assume that n > 2 and r € (a,b]. Let ¢ = F_(r). (Note here that we require r > a in
order for us to have the freedom to set the value of ¢ = Pr(v < r), the mass strictly below r. If
r = a, i.e. there is no reserve, then ¢ = 0 by definition. This is why we consider the case r = a,
i.e. no reserve, separately.) Note that the integrand nF(v)"~! — (n — 1+ \)F(v)" is increasing for

F(v) < I+>\ and is decreasing for F'(v) > "I}L)\ To minimize [ clas] F(v)™dv we must have

Fv) = 0 for v € [a,r —¢] for arbitrarily small € > 0, and to maximize f c rb] nF( )l —nF( )dv,

the only constraint we have is F'(v) > ¢ so for v € (r,b] we set F( ) = if ¢ < and

n— 1+/\ 1+A
is simply the second case with

F(v) = c otherwise. Note that the sup over first case of ¢ < -t + 5

c= Because we take the sup over F', we can let € | 0 and get that the worst-case regret is

n— 1+)\

—(1=XNb+  sup  rc"+(b—r)(nc"t = (n—14+N)c").
ce[ﬁ,l]

Now, the derivative of this expression of ¢ is nc® 2 [rc+ (b—7)(n —1— (n — 1+ X)c)]. The ex-
n—1
pression in [---] is linear in c. At ¢ = "1 + =, the derivative expression is nr ( n-l ) >0. At

n— I—&-)\
¢ = 1, the expression is n((1 + \)r — )\b) So if r > 1+)\

b, the first derivative is always > 0, so
the maximum is achieved at ¢ = 1 and the value is Ar. If r < 5 i /\b the maximum is achieved at

% n—1)(b—r n—1 n—1)""1
= (1+>\))((b T% — € [anA, 1} and the value is —(1 — \)b + ((n(_1+z\)gb_r))_r)n71_

Now we consider the case r = a. In this case, by definition ¢ = 0 and we have

Ry(SPA(a), F) = —(1— A)b+ /G( FE = (= T N,

Rn(SPA(a),F) = —(1=A)b+(b—a) sup nz"' —(n—1+X\)2"
z€[0,1]

The maximum occurs at z = which gives

n— 1+>\

. n—1
R, (SPA(a), F) = —(1 = \b+ (b — a) <nﬁ1—il—)\> .
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Now we deal with the case n = 1. The regret expression reduces to
Ri(SPA(r),F) = —(1 = AN)b+rF_(r) — )\/ F(v)dv + / (1= AF(v))dv.
Ue[a 7“] ’UG(T b}

For r > a, we have
Ri(SPA(r),F) =—(1—=X\)b+ sup rc+ (b—r)(1 — Ac)
c€0,1]
Ab—1 1fa<r< Ap

T+X
Ar ifr>

= max(Ab —r, A\r) = { b,

1+)\

because the expression under sup is linear in ¢ so it achieves the extrema at one of the end points,
either at c=0or c = 1.
For r = a we have

R1(SPA(a), F) = —(1 - \)b + /E( b](1 — AF(v))dv.

This is maximized when F'(v) = 0 for all v € (a,b] and we get
Ri(SPA(a), F)=—(1—=XNb+(b—a)=Xb—a.
We therefore have

MN—a ifr=a
Ri(SPA(r),F) =< Xb—r ifa<r<i>\b

A
A1 1fr>1+)\b

Note that the second regime and the first regime are continuous whenever the second regime
is applicable, but we will keep them separate for clarity (because the first regime r = a is always
applicable, whereas the second regime r € (a, 1+iAb] is applicable only when ¢ < 7 + o~

Now we want to choose the optimal 7 to minimize the worst-case regret. First consider the case

n > 2. We note that
n—1 \""! (b—a)"(n—1)""!
(b_a)<n—1+/\> S((n—l—l—)\)(b—a)—a)"_17

with equality if and only if @ = 0. Therefore, if § < 3 +)\, that is, the reglme r € (a, 1%\b] is
permissible, then the worst-case regret under r = a 1s lower than under r» = a™, slightly above a.

In contrast, the worst-case regret is continuous at r = b. leen that the regret in the third

b with regret 1’\+)\b

1+)\

regime Ar is linear in 7, the Worst r (lowest regret) occurs at r = 5 + Tox
First consider the case § < + 1% S0 all 3 regimes of r are permissible.

In the r € [1+)\b b] regime, the regret is Ar, so the lowest regret occurs at r = 1i)\b and has

)\2
value mb
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In the r € (a, Hi/\b] regime, the regret is

—(1=Nb+ (n—1)"texp{nlog(b—r) — (n—1)log((n — 1+ X\)b— (n+ \r)} .

The derivative of the expression in {---} is

__" (n—1)(n+A) B (n+X)r—Xb
b—r (n—=1+XNb—(n+XNr b= ((n—14+Nb—(n+Nr)’
Therefore, in this second regime, the worst-case regret is decreasing for § < ﬁ and increasing

A

for ¢ > A Soif 7 < A_the r that minimizes worst-case regret is r = Y

n+" n+\’
regret,
n n
—(1—=X)b b.
( ) +<n+>\>

b, which gives the

Therefore, the overall worst-case regret, including r = a also, has regret

min <—(1 —\)b+ <ni>\>nb —(1=Ab+ (nﬁIiA)nl (b— a)) :

corresponding to r = ﬁb and r = a respectively.

We can show that
n—1 n—1 n n
_— > .
(n—1+)\> _<n+)\>

n 14 n—1 N
— (L> (u) , r = —=-b gives the lowest worst-case regret, and for ¢ >
L\

n—1 n-+A b

n n—1
0<1- n n—1+A < A ’
n+ A\ n—1 n+ A

so this threshold is always interior.

For ﬁ <7< HLA’ the worst-case regret is increasing in r for the second regime, so the
worst-case in the second regime is when 7 = a™, but we already know that the worst-case regret is
lower under r = a than under r = a™, so the best r is r = a with regret

—O—AW+<niIiA>n1®—a)

For ¢ > IJ%A, the second regime is not possible, and the third regime’s worst case is again

r = a™ which has highest regret than r = a, so again the best r is 7 = a with regret

—u—Aw+<n”IiA)nlw—a%
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so the r that minimizes worst-case regret is r = ﬁb, which gives the regret

(1= M\)b+ (nZan

If5 < + 7 then the worst-case regret is minimized at r = ¢ /\b and the worst-case regret value
is
nn
—(1=-XANb+-—--D.
( ) (n+ )"
If 7 > i 5> then we always have r > a > n—i/\b, so the worst-case regret is minimized at r = a™,

but We have already shown that r = a™ always has higher regret (worse) than r = a.
Therefore, for ¢ < the worst-case regret is

n—l—)\’
) (b—a)(n—1)""1 n" A2
—(1=X)b —14+X]0b bl .
mm( ( )b+ (n—1+X)""1 "\ (n+ )" + "1+
The first, second, and third terms correspond to r = a, r € (a, ﬁb} and r € [1+Ab b] respec-

tively.

The third one is higher than the second one because the third one, as we have already shown,
is the second one with r = /\b which by our proof has higher regret than that at » = b. So
the worst-case regret becomes

1+>\

) (n _ 1)n—1 n
min <(n—1—|—)\)"_1<b —a)— (1 =MN)b, mb —(1- /\)b> .

n—1 n—1 n n
n—1+A “\n+A

T
= exp {zlog(z) — zlog(z + N\)} is a decreasing function of z: the

We note that

This is true because (75
derivative of the expression in the {---} is

1 1 T
N Az —— 1 —1- -7 410 <
(m x+ og(x)) <:c +)\+ og(nc—i-)\)) +)\+ g<m+/\)0,

because 1 + log(u) < u for all u. (Let ' = log(u); this because the well-known 1 + v’ < exp(u’).)
We however have
n—1 n—1 n n—1
(n—1+)\> _(n+)\>
Therefore, we have

<aniA)n_l(b_a)—(1—A)bz <Ain>nb—(1—A)b,
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when a¢ = 0 but

n—1 n—1 n n
— —_ —_ — < —_ —_
<n—1+)\> (b—a)=(1=Nb= <)\-|—n> b= (1=p,
when a = ﬁ. The threshold to define which one is better is therefore always in the middle, at

() ()
n+A n—1 :
We now consider n%r)\ < % < 1%\ We have shown that the worst-case regret in the second

regime occurs at r = a® which is always higher regret than r = a, so we only need to consider the
first and third regime: the worst-case regret is

) n—1 \"1 )2
mln(—(l—)\)b+(b—a)<n_1+)\> ,1+)\b>

n—1
— min ((b —a) <ni;1m> 1—|1—)\b> (1= \)b.

n—1 T
We know that ( n_l ) < = because n — 1 > 1 and ( L ) is a decreasing function of

n—1I+X = T+ T+A
x. We also know that b — a < b. Therefore, the first expression in the min (first regime) is always
lower than the second expression (third regime). So the worst case regret in this case is just

(1= Nb+(b—a) (7%)"_1 ,

which is achieved at r = a.
Lastly, we consider the case § > 1_%\ Then the second regime is never applicable, and the
worst-case regret is

min (-(1 — b+ (b—a) (%)nl , 1)\:)\b> — (1- b+ (b—a) (7%)”1 7

where we know the first term in the min is less than the second term by what we just proved. This
is also achieved when r = a.

We therefore conclude that for n > 2 the worst-case regret (and the corresponding optimal
reserve r*) as a function of a and b is as follows.

n—1 n n—1
n—l b—a)—(1=MNb if2<1—(-n) (=12 or &> -2
inf R, (SPA(r), F) = <”‘1+ 2) (=)= =) ’ <",j A) 1< A"‘nll) T
() ot - () () <
In the first case, 7* = a. In the second case, r* = ﬁb.

Now we calculate the optimal r* and the best worst-case regret for the case n = 1. In the case
. : . L2
< H%’ then all 3 regimes are possible. The lowest worst-case regret in the second regime is li\T/\b
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A

when r = X

b, which is the same as the lowest worst-case regret in the third regime. Therefore,

A2 A2
inf R;(SPA(r), F) = min <)\b —a b) b,

rela,b] DY :1+)\
where the last part is true because § < 1%\ implies \b — a > %b. Here, r* = ﬁb.
Now consider the case § > H—LA’ then the second regime is inapplicable, and the third case holds

for any r € (a,b], and the lowest worst-case regret in this regime is Aa at 7 = a™, so

inf R;(SPA(r),F) =min (Ab—a, a) = \b—a,

r€la,b]

where the last part is true because % > p%\b implies \b — a < Aa. Here, r* = a. O
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